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Abstract

This paper investigates the existence of solutions for Riemann-Stieltjes integral boundary value problems of fractional
differential equation by using Mawhin’s coincidence degree theory. An example is given to show the application of our result.
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1. Introduction

In recent years, by the extensive development of the theory for fractional calculus, the fractional
differential equations have been applied in many research fields, such as physics, chemistry, biology,
control theory, economics, biophysics, signal and image processing, etc. (see [6, 8, 10, 13-15]). For
example, SIS epidemic can be modeled with fractional derivatives, which is given by

DNS(t) = A — BSI— uS + ¢,
D*I(t) = BSI— (b + 1+ o),

where D% is Caputo fractional derivatives with 0 < o1 < 1, S(t) is the number of individuals in the
susceptible class at time t and I(t) is the number of individuals who are infectious at time t (see [6]).
Furthermore, a large number of valuable results about fractional boundary value problems have been
achieved by many scholars (see [2—4, 7]). Bai and Lii [3] investigated the following fractional boundary
value problems
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where D, is the standard Riemann-Liouville fractional derivative with 1 < o < 2, and f € [0,1] x
[0,00) — [0, 00) is continuous. By using fixed-point theorems on cone, the existence and multiplicity of
positive solutions are obtained.

Recently, there are some papers deal with the existence of solutions for differential equation with
Riemann-Stieltjes integral boundary value problems and got some interesting results (see [1, 5, 9, 16-19]).
For example, In [5], Cui considered the solvability of second order boundary value problems at resonance
involving Riemann-Stieltjes integral conditions by using Mawhin’s coincidence degree theory:

{ x"(t) = (¢, ()x'(t)), (01)
x(0) = [ x(s)da(s) fo

where «, B are functions of bounded variation, fo s)do(s) and fo df(s) denote the Riemann-Stieltjes
integrals, f € C([0,1] x R%, R).

In [18], Zhang and Han investigated the existence and uniqueness of positive solutions for the follow-
ing higher order nonlocal fractional differential equations by using monotone iterative technique:

D ox(t) +f(t,x(t)) =0, 0<t<1l n—-1<a<n
{x(k 10) =0, 0<k<n—2, x(1) = [3x(s)dA(s)

where D, is the standard Riemann-Liouville fractional derivative with & > 2, A is a function of bounded

variation and jo s)dA(s) denotes the Riemann-Stieltjes integral of x with respect to A, dA can be a
signed measure, f : (0 1) x R™ — R™" is a continuous function.

Thus, motivated by the results mentioned, in this paper, we discuss the following Riemann-Stieltjes
integral boundary value problems by using Mawhin’s continuous theorem:

{ D&, x(t) = f(t,x(t), D 'x(t), te€(0,1),

lim 27ox(0) = [yx(DAA(Y), x(1) = [ox(t (1.1)

where D , is the standard Riemann-Liouville fractional derivative with 1 < o« < 2, f: [0, 1} xR? > Risa

Caratheodory function, A and B are functions of bounded variation, fo t)dA(t) and fo dB(t) denote
by two Riemann-Stieltjes integrals.

Our innovations can be shown in two points: Firstly, to the best of author’s knowledge, there are no
papers consider fractional boundary value problem at resonance with Riemann-Stieltjes integral, so our
paper enriches some known existing articles. Secondly, our paper extends the result of [5] from integer
order differential equation problem to fractional differential equation problem, when we take & = 2, the
result of [5] will be a particular case of our result.

Throughout this paper, we assume that the following condition holds:

(HO) A1A2A3AL #0, AjAs— ApAs =0 and

A3

1
A= J t* 11 —t)dA(t)+
) Jo

1

F(oc—i—l 0

where

1 1
A =1 —J t*2(1—t)dA(t), A= J t*1dA(1),
0 0

1 1
As —J t*2(1—t)dB(t), As=1 —J t*1dB(t).
0 0

A boundary value problem is said to be resonance, if the corresponding homogeneous boundary value
problem has a nontrivial solution. Mawhin’s continuous theorem [11, 12] is an effective tool to solve this
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kind of problem. We note that if condition (HO) holds, then Riemann-Stieltjes integral boundary value
problem (1.1) happens to be at resonance in the sense that the following boundary value problem

lim 2~ %x(t) = [ x(t)dA(t), x(1) = [4x(t)dB(t),

t—0+t

{ D& x(t) =0, te(0,1),

has x(t) =c[1+ (p—Dt]t*2,c € R, p = A3/A4 = A/, as a nontrivial solution.

The structure of this paper is as follows. In Section 2, we recall some definitions and lemmas. In
Section 3, based on the Mawhin’s continuation theorem, we establish an existence theorem for the problem
(1.1). In Section 4, an example is given to illustrate the usefulness of our main results.

2. Preliminaries

In this section, we recall some definitions, lemmas which are used throughout this paper.
Let X and Y be two Banach spaces with the norms ||-||x and |||y, respectively. Define L : dom(L) C
X — Y be a Fredholm operator with index zero, P: X — X, Q : Y — Y be two projectors such that

ImP =Kerl, ImL=KerQ, X=KerLdKerP, Y=ImL®ImAQ,

then, L ‘ domLnKerp : domL — ImL, is invertible. We denote the inverse by K,. Let Q be an open
bounded subset of X and domL N Q # (), then the map N : X — Y is called L-compact on Q, if QN (Q) is
bounded and Kp oN =K, (I— Q)N : Q — X is compact (see [11, 12]).

Lemma 2.1 ([11, 12]). Let L : domL C X — Y be a Fredholm operator of index zero and N : X — Y is L-compact
on Q. Assume that the following conditions are satisfied:

(i) Lu # ANu for any u € (domL\KerL) N 0Q, A € (0,1);
(ii) Nu & ImL for any u € KerL N 0Q);
(iii) deg(QN |gpp QN KerL,0) 0.
Then the equation Lx = Nx has at least one solution in domL N Q.

Definition 2.2 ([8, 13]). The Rieman-Liouville fractional integral of order « > 0 for function x : (0, +oc0) —
R is given by

I&, x(t) = r(l(x) L (t—s)* 'x(s)ds,

provided the right side integral is pointwise defined on (0, +o0).
Definition 2.3 ([8, 13]). The Riemann-Liouville fractional derivative of order « > 0 for function x :

(0, +00) = R is given by

& dr n—o 1 dn [t n—o—1
D x(t) = dti“IO* x(t) = T — o) atr J, (t—s) x(s)ds,

where n = [«] + 1 provided the right side integral is pointwise defined on (0, 4-00).

Lemma 2.4 ([3, 7, 8, 13]). Let o > 0. Assume that x, D, x € L1(0,1), then the following equality holds
I, D& x(t) = x(t) + c1t¥ T Feat® 2 4o b ent™ T,

wheren=[]+1,c;eR,1=1,2,---,n.
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Lemma 2.5 ([3, 7, 8, 13]). Assume that x € L'(0,1), « > p > 0, then
I8 15 x(t) = 15 Px(t), D I8 x(t) = 15 Px(b).
Lemma 2.6 ([3, 7]). Assume that « >0, A > —1, t > 0, then

rA+1)

MA+1) oo
F'A+1+ )

Ioc )\:
0+t MAtl-o)’

toc+)\, D8c+t)\ —
in particular Dt ™ =0, m=1,2,---,n, wheren = [of + 1.

3. Main result
In this part, we let x4 (t) = t>~*x(t) and take
X={x:xq D§ x€Cl0,1}, Y=L'0,1].

It is easy to check that X and Y are two Banach spaces with norms

1
[Ixll = max {|xalloo, DG Xlloo }, Iyll = Iyl = L ly(t)ldt,

respectively, where [|x|lc = sup [x(t)].
tel0,1]

Define the linear operator L : domL C X — Y and nonlinear operator N : X — Y as follows:
Lx(t) = Dy, x(t), x(t) € domL, Nx(t)= f(t,x(t),DSﬂ:lx(t)), x(t) € X,

where
domL = {x € X: D{_x(t) € Y, x satisfies boundary value conditions of (1.1)}.

Then problem (1.1) is equivalent to the operator equation Lx = Nx, x € domL.

Lemma 3.1. Assume that (HO) holds. Then operator L : domL C X — Y satisfies,

KerL = {x € domL: x(t) =c[l+ (p— 1)t}t* %, c € R},

1 r1
ImL — {y EY:As L L o(t, s)y(s)dsdA (¢)
3.1)

1,1

+A1j J o(t, s)y(s)dsdB(t) =o},
0J0o

where p = A3/ Ay =A\1/ Ny, and

1 {t"‘_l(l—s)“_l, 0<t<s<],
(

9t s) = Ma) | ¥ 11—s)* T —(t—5)*1, 0<s<t <1

Proof. If Lx = D, x = 0, by Lemma 2.4, we have
x(t) = at* T4+ bt* 2, a,beR,

which together with boundary conditions of (1.1), we can derive

1

1
b= J x(t)dA(t) :J (at* 1+ bt*2)dA(t) = aAp+b(Ay — A1 + 1),
0 0
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and

1 1

x(t)dB(t) :J (at* 1+ bt*2)dB(t) = a(l — Ag)+b(A3 —As+1).
0

Then, a =b(p—1). So, KerL C {x e domL:x(t) =c[l+ (p—Dtlt*2,c € ]R} . Conversely, take

x(t) = [1+ (p—1)t}t*2, then DF x = 0 and

a+b:J
0

1

1 1
Jx(t)dA(t):J t“sz(t)—l—J (p—1)t* 1dA(t)
0 0 0

=1 —A14+pA; =1 = lim t2~%x(t),

t—0+

1

1 1
J x(t)dB(t) :J t‘xde(t)—l—J (p—1)t* 1dB(t)
0 0 0

=A3+p(1—Ag) = p =x(1).

So, {x e domL:x(t) =c[l+ (p—Dtlt* 2,c € ]R} C KerL. For y € ImL, there exists x € domL such that
Dg x(t) = y(t). Considering the boundary conditions of (1.1), one has

1
x(t) = J g(t,s)y(s)ds + [lim tz—“x(t)} (1—t)t* 2 4 x(Dt> L. (3.2)

0 t—0+

Integrating (3.2) with respect to dA(t) and dB(t) from 0 to 1, respectively, we obtain

1 1,1
J x(t)dA(t) :—J J g(t, s)y(s)dsdA(t) + [lim tz_“x(t)} (1—A1) +x(1)Ay,
0 0 Jo t—0+

and

1 11
J x(t)dB(t) :—J J g(t, s)y(s)dsdB(t) + {lim tz“x(t)} Az +x(1)(1—Ayg).
0 0Jo t—0+

By simple calculation, we get
AL A [ofog(ts)y(s)dsdA(t)

ASUA ) 3.3
N3 Ny J‘(l) J‘é g(t,s)y(s)dsdB(t) ( )

that is,

1,1 1,1
ImL C {y eY: A3 Jo L g(t,s)y(s)dsdA(t) + Aq Jo Jo g(t,s)y(s)dsdB(t) = 0} .

Conversely, let y € Y satisfy (3.3), take

1 ax—1 pl p1
X(t)z—J 9(‘c,5)y(s}ds—t J J g(t,s)y(s)dsdB(t),

0 Mg Jo Jo
thus,
Lx(t) = D& x(t) =y(t), lim t>~*x(t) =0,
t—0*
and
1 1 r1
x(1) = _/\J J g(t, s)y(s)dsdB(t).
4 Jo Jo

Then, we have
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and
wan) =— | [ gt asab(t)— = [ g dsdB(t
J, xaBe) == | | ott,sy(s)asanie) 5 | | git,spy(s)asap(o
1 1 rl
=— /\4J0 L g(t,s)y(s)dsdB(t) = x(1).
Therefore,
11 11
{y EYZ/\3J J g(t,s)y(s)dsdA(t)—l—/\lj J g(t, s)y(s)dsdB(t) :O} C ImlL.
0Jo 0Jo
So, (3.1) is satisfied. O

Lemma 3.2. Assume that (HO) holds, then L is a Fredholm operator of index zero. The linear projector operator
P:X — Xand Q:Y — Y can be defined by

(Px)(t) = {lim tz"‘x(t)} 1+ (p— 1)t t*72,

t—0+

Qv = +

0J0

11 11

p | sttssiasaam | | g(t,s)y(s)dsdB(t)] .
0Jo

Proof. Obviously, ImP = KerL. For x € X we have

(P?x)(t) =P(Px(t)) = [lim tz_“Px(t)} 1+ (p—1)ttx2

t—0+t

_ [hm tzocxm} 1+ (p— DU t*2 = (PR)(1),

t—0+

and

Dgy Ipx(t) = J (t—s)! [hm 2% (1)s* 2 + lim t2“x(t)(p—1)s°‘1} ds

t—0t+ t—0+

[hm 2% (N2 — )T (e —1) 4+ lim tz_“x(t)(p—l)F(Z—oc)F(oc)t]

—0+ t—0+

4
o) dt
a4
o) dt
)

=(p nr ( Jim 27X ().

Hence, P : X — X is a continuous linear operator. It follows from x = (x — Px) + Px that X = KerP + KerL.
For x € KerL NKerP, that is, x € KerL and x € KerP, then x can be rewritten as

x(t)=cll+ (p—DtIt* 2, ceR,

and
0= (Px)(t) =c lim t* %1+ (p—Dtlt* 2 =c.

t—0+t

So, KerL N KerP = {0}. Thus, X = KerP @& KerL. For y € Y, we have

> =

1 p1 1 p1
(Q2y)(t) = Q(Qy(t)) = l/\aQy(t)J J o(t, s)dsdA () + AL Qu(t) J J g(t,s)dsdB(t)]
0JO 0Jo

A3 ! a—1 A ! a—1
Mo+ 1) Jot A=0dAM + F 1 Lt (1-t)dB(t)| Qy(t)

= Qy(t),
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which implies that Q is a projector operator. Obviously, InL = KerQ. Set y = (y — Qu) + Qu, then
(y—Qy) € KerQ =ImL, Qy € ImQ. So, y = ImL 4+ ImQ. Furthermore, it follows from KerQ = ImL and
Q%y = Qy that ImL NImQ = {0}. Thus, Y = ImL @ ImQ. Therefore, we have

dim KerlL = dimImQ = codimImL = 1.
That is, L is a Fredholm operator of index zero. O

Lemma 3.3. Assume that (HO) holds, define linear operator K, : ImL — domL N KerP by

1 a—1 p1 1
Kou)lt) = | gl shuls)ds == | | glt,siulsidsab)

[otealB(t)]
then Ky, is the inverse of Ll 5,11 ~kerp @14 [Kpyllx < Allylly, for all y € ImL, where A = r =+ ‘ . FaTAG]

Proof. For y € ImL, we have

1 1 rl A 1
|, (uiman == | | gttsiytsidsante - éJJMmmmmwm

1 p1
=EJJMmmMmMU MLJMmmmmwm

0 Jo A3
=0 = lim X (Kpy) (1),
and

1 1,1 1—Ag (1T
| owieiase) = | | gt siysiasaso) — || gtespyisiasabo
0 0 Jo 4 0J0

1 1 rl

—= % | | st sntsrasase) ~eun.

So, Kp is well-defined on ImL. In addition,

(LKp)y(t) =Dg;

1 x—1 1 rl
—J g(t,s)y(S)ds—t J J 9(t,s)y(8)dsdB(t)]
0

_ x
=Do:

1
—J g(t,S)y(s)ds] =y(t).

0

Furthermore, for x € domL N KerP, we have lirgl+ t27%x(t) = 0 and x( fO ), then
t—

1 a—1 rl 1
(KpL)x(t) :—L g(t, s)D§ x(s)ds — 7 L L g(t, s)D x(s)dsdB(t)

=x(t) — [lim tz“x(t)] (1—t)t* 2 —x(1)t* !

t—0+

tafl 1
+ J {x(t) — [lim tzo‘x(t)] (1 —t)t“z—x(l)t‘xl}dB(t)

AV 0 t—0+
=x(1).

That is, K —1. Next, we divided IIKpyllx < Alpylli. In fact,

P (UdommKerP)

1 r1
2Kyl < f)JMNm+1JJMmmmmwm

A4l
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1
Iyl + . JO QB (Y]

<yl + ——— |yl
ST Y il

=Allylls,

and

1 r 1 rl
DS " Kpyl| <2L ly(s )Ids+|/(\°‘|) J J g(t, s)y(s)dsdB(t)

1 _
lylh + —— Tyl J (1B (1)
|A4] 0

1
Iyl + ' JO LT @B ()

<=2yl + — |1yl

ST (o)l Ag"
=Allylls.

Therefore, [[Kpyllx < Allylh. -

Lemma 3.4. Assume that (HO) holds and Q C X is an open bounded subset with domL N Q # 0, then N is
L-compact on Q.

Proof. From f: [0,1] x R? — R satisfies the Carathéodory conditions, we can get that QN(Q) and
(I— Q)N(Q) are bounded, that is, there exist constants L, L > 0 such that

IQONx| <L, [(I-Q)Nx| <L, x€Q, ae. te[0,1].

So, we only need to show that K, (I—Q)N : QO — Xis compact. By Lemma 3.3, K, (I— Q)N (Q) is bounded.
It follows from the Lebesgue dominated convergence theorem that K, (I— Q)N : QO — X is continuous.
For 0 < t; <t <1, x € Q, we have,

87K, (1= QINX(t1) — Ky (1= QINx(ts)]

1 1 pl
2—x t
e L g(t1,s)(I— Q)Nx(s )ds—AJ0 JO (t,s)(I— Q)Nx(s)dsdB(1)
” 1 1 p1
+t5 . g(tz,s) Q)Nx(s)ds + /\4J0 L g(t,s)(I—Q)Nx(s)dsdB(t)
1 p1 1
< -t J J g(t, s)(I— Q)Nx(s)dsdB(t)| + J 2-%g(ty, 5)(1 — Q)Nx(s)ds
|A4l 0Jo 0

4

1
— J t2%g(ty, s)(I— Q)Nx(s)ds

0

considering that,

1

1
L 37 %g(ta, s)(I— Q)Nx(s)ds — L t27%g(ty,s)(I— Q)Nx(s)ds

1%

1
—— || t(1—8) (I—Q)Nx(s)ds — [ t5 *(t2—s)* (I—Q)Nx(s)ds
1 1 % 1
0 0

- M)

1 t
—J tl(l—s)“l(I—Q)Nx(s)ds+J 2%ty —5)* (1 — Q)Nx(s)ds
0

0
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L
<—t—t)+

1%)
o J 2% (ty —5)* 1 (I— Q)Nx(s)ds

0

7

— rl t27%(t; —5)* (I — Q)Nx(s)ds
0

and
t

Jtz 2%ty —5)* (1 — Q)Nx(s)ds —J 2%ty —5)™ (1— Q)Nx(s)ds
0 0

r 2%ty — s)* (I — Q)Nx(s)ds

t

t
+ L (2% (ty — ) 1 =27 %(t; —s)* (I — Q)Nx(s)ds

L L
< atg_“(b — )%+ &[(t% — 1) — 5 % (tp —t1)%].

Since t and t? are uniformly continuous on [0, 1], we can get tz_"‘Kp (I— Q)N(Q) is equicontinuous. In
addition,
D Kp (T = QINx(t1) — D¢ 'Ky (1 — Q)Nx(ta)]

Jtz (1— Q)Nx(s)ds| < L(ts —t;).

t

Since t is uniformly continuous on [0, 1], we can get Dg‘;le (I— Q)N(Q) is equicontinuous. By Arzela-
Ascoli theorem, we obtain that K, (I— Q)N : Q — X is compact. O

In order to obtain our main results, we suppose that the following conditions are satisfied:
(H1) There exist nonnegative functions p, g, € Y such that
[0t %yl < %O+ qiyl +7(t), ¥ (txy) € [0,1] xR,
and

(o)

llplli + llqlly < m

(H2) There exists a constant G > 0 such that if t*~%[x(t)| > G or ‘Dg‘glx(t)‘ > G forallt e (0,1), then
QN(x(t)) # 0.
(H3) There exists a constant M > 0 such that for all ¢ € IR, if |c| > M, then either
cQN{c[1+ (p—1)t]t* 2} >0, (3.4)

or
cQN{c[1+ (p— DtJt* 2} < 0. (3.5)

Lemma 3.5. Suppose that (H1) and (H2) hold, set
Qq ={x € domI\KerL : Lx = ANx, A € (0,1)},
note 6 = max{1, |p|,|p — 1|}. Then Qy is bounded.

Proof. For x € 1, we have Nx € ImL, that is, QN(x(t)) = 0. Thus, from (H2), we obtain that there exist
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constants tg, t; € (0,1) such that téf"‘lx(to)I < Gand |D(‘)’:1x(t1)] < G. It follows from Lx = ANx that

x(t) = AL§F(t, x(1), DS % (1) + eit™ P+ eot* %, cp,c0 € R

Then,
t
D& x(t) = )\J f(s,x(s), D& 'x(s))ds + 1T (e),
0
and
2% (1) = M2 TG (4, (1), DS X (1) + crt + ca.
So,
1 ax—1 h x—1
|01|:r— Dy, x(tl)—AJ f(s,x(s), Dy "x(s))ds
(o) 0
1 ! 1
<— x—
N G—l—L f(s,x(s), Doy x(s))lds
=L (G+IINxIh)
and
A to .
lca| = té_“X(to)té_"‘J (to—s)* (s, x(s), D§; "x(s))ds — c1to
M) 0
1t .
< 7\ 7 ,DCX—
G+ o) L If(s,x(s), Dy "x(s))lds + [cq|
1
=G+ mIINXIh + eyl
Thus,
2—o 1 2—x ¢ o1 ax—1
[t *x(t)] <r(“)t . (t—s)" "[f(s,x(s), Dgy "x(s))lds + |c1[t+]ca|
<1Jl (s, x(s), D& 1x(s))|ds + |eq]+lcal
\r((x) 0 7 7 0+ 1 2
4 2G
<——|IN — .
Therefore,

IPXlIx = max{[[t*~ *Pxlloo, 1D " Pxlloo)

4 2G (3.6)

Also, for x € Q4,x € domL\KerL, then (I — P)x € domL NKerP, LPx =0, from Lemma 3.3, we have

I(T=P)xl[x = l[Kp L{I = P)x[lx < AlIL(I—P)x[ly

(3.7)
= AllLx[l; < AlINx[ly.
It follows from (3.6) and (3.7) that

lIxllx = [IPx + (I—=P)xlIx < [[Pxllx +[I(T—P)x[[x

2G 45 (3.8)
< (r(oc) + G) o+ <r((x) +A> IINx][;.
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By (H1), we have

_

Nl = JO (5, x(s), D& Ix(s))Ids
Ll 22 (s (5| + [ (s)IDE () + Ir(s)l]ds (39)
< Ixlx (Il = llglh) + lirl.
Substitute (3.9) into (3.8), one gets,
< (24 T(0)GS + 1 (45 + T()A)
Ma) — (45 + (o)) (Ipll + gl
That is, Q)7 is bounded. O

Lemma 3.6. Suppose that (H3) holds, set
0y ={x € KerL : Nx € ImL}.

Then, Q5 is bounded.

Proof. For x € Q,, then x can be rewritten as x = c[1 + (p — 1)t]t* 2, ¢ € R and QNx = 0. From (H3), we
get |c| < M. Then, we have
DS xlloo = le(p — 1)IM(a) < MST(),

and
Xealloo = 27 *x(t)llos = llc + c(p — Dtlloo < M(1+48),

which implies that Q, is bounded. O
Lemma 3.7. Suppose that (H3) holds, set
Q3 ={x € KerL: 9AJx+ (1 =A)QNx =0, A € [0,1]},
where ] : KerL — ImQ is the linear isomorphism defined by
el + (p—Dtht* 2} =¢, VceR.
Then Qg3 is bounded where © =1, if (3.4) holds and & = —1 if (3.5) holds.

Proof. For x = c[1+ (p—1)tlt* 2 € Q3, without loss of generality, we suppose that (3.4) holds, then there
exists A € [0, 1] such that
Ac+ (1 —A)QN{c[l+ (p— DtIt* 2} = 0.

If A =1, then |c] = 0 < M. Otherwise, if [c| > M, by (3.4) we have

Ac? = —(1—A)eQN{c[l + (p — 1tlt* 2} <0,
which is a contradiction. So, Q3 is bounded. O
Theorem 3.8. Suppose that (HO)-(H3) hold. Then the problem (1.1) has at least one solution in X.

Proof. Set Q be a bounded open set of X such that U3_;Q; C Q. By Lemma 3.4, N is L-compact on Q.
From Lemmas 3.5 and 3.6, we get

(i) Lx # ANx for every (x,A) € [(domL\KerL) N 0Q] x (0,1);
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(ii) Nx € ImL for every x € KerL N 0Q.
In the following, we only need to check (iii) of Lemma 2.1 is satisfied. Take,
H(x,A) = 9AJx + (1 —A)QNx,

where ¥ = 1, if (3.4) holds and ¥ = —1, if (3.5) holds. According to Lemma 3.7, we derive H(x, A) # 0 for
all x € KerL N 0Q. Thus, it follows from the homotopy of degree that

deg{QN|ker; , Q NKerL, 0} = deg{H(- ,0), Q N KerL, 0}
= deg{H(-,1),QnN KerL, 0}
= deg{?d], QN KerL, 0} # 0.

Therefore, by Lemma 2.1 we can get that operator function Lx = Nx has at least one solution in domLN Q,
which is equivalent to problem (1.1) has at least one solution in X. O

4. Example

Example 4.1. Consider the boundary value problems

Dy/2x(t) = sint + =t/ 2sin x(t) + & (t1/2x(t)] + Dy, x (1)), t € (0,1),
. 1/2 1 rl (41)
Jim t1/2x(t) = 2tum,x() 3 Jox(tat,
where we take
0, €[0,1/2), 1 3
Alt) {f/z tenspy, BW=zb e=g
f(t,x(6), D= x(1)) = sint 4 7t2sinx(t) + 55 (¢ 2he(t)] + DY x(0)). (42)
Then, we have
1 1 1
tlir(r)1+ 2% () = L x(t)dA(t) = \fx(l/Z), x(1) = L x(t)dB(t) = ;L x(t)dt. (4.3)

Thus, (4.1) can be as an example of boundary value problem (1.1). By (4.2) and (4.3) we can derive

1
—w“ﬂ(n+—4D”2un+L

[F(t, x(1), DFT X (W) < 15

1 1
1 1
A zl—J t*2(1—t)dA(t) = =, /\QZJ t*1dA (L) = 2,
0 2 o 2

! ox—2 2 oa—1 2
A= t**(1—-t)dB(t) ==, Ag=1-— t dB(t) = =,
0 3 0 3

2 ‘f(l) t*1d[B(t)| 5

p=A3/Ayg =A1/Ay =1, b =max{l,lpl,lp—1} =1, A= + =

M) o) [Ayl VT
M e M e 14
A= Fra Lt (1 -0+ Lt (1-1)dB(t) = ;= #

Let, p(t) = 11—0, qt) = 3i, r(t) =1, then

=]

2 yan T(w)
llplli +1lqllh = 15 < 13 45+ T(x)A’
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Therefore, the conditions (H0) and (H1) hold.
Now, we show that the conditions (H2) and (H3) hold. Take G = M = 40, we easily check for

t1/2|x(t)| > 40 or ID(l)fx(t)l > 40, then f(t, x(t), Défx(t)) > 0. According to the definition of g(t, s), we can
get g(t,s) > 0, thus

1 rl 1,1
QN(x(t)) :MJ J g(t,s)f(s,x(s),D(l)fx(s))dsdA(t)—|—/\1J J g(t, s)f(s,x(s), DL/?x(s))dsdB(t)

A 0Jo A 0 Jo Yo
2N 1 A 1 r1
= \g/\s . 9(1/2,5)f(s, x(s), Dy x(s))ds + j L Jo g(t, s)f(s, x(s), Dy *x(s))dsdt
VoA [t 1/2
> A Jo 9(1/2,S)f(S,X(S), 130+ X(S))ds
\/E/\ 1/2
= ﬁ/{o’ . [(1/2—3/2)1/2 B (1/2—S)l/z]f(s,X(S),D(l)fx(s))ds
NN § s, x(s), Dy, x(s))ds
As 1/2

1
> A L/2 (1—s)"2f(s,x(s), Dy’ x(s))ds > 0.

In addition, when |c| > 40, we have N{c[1 + (p — 1)t}t* 2} = N(ct~¥/2) = f(t,ct1/2,0) > 0, that is, the
conditions (H2) and (H3) hold. By Theorem 3.8, problem (4.1) has at least one solution.
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