Available online at www.isr-publications.com/jnsa
J. Nonlinear Sci. Appl., 10 (2017), 5351-5359

Research Article

ISSN : 2008-1898

Scie
22 Nceg .
D &

/1/0/)

Journa/

of,

Journal of Nonlinear Sciences and Applications

Q
€)
Suopeond®

PuEicanoss
Journal Homepage: www.tjnsa.com - www.isr-publications.com/jnsa

Viscosity approximation of solutions of a split feasibility problem in Hilbert
spaces

Yantao Yang®*, Yunpeng Zhang®

4College of Mathematics and Computer Science, Yanan University, Yanan, China.
binst. Fundamental & Frontier Sci., Univ. Elect. Sci. & Technol. China, Chenghua District, Chengdu, China.

Communicated by X. Qin

Abstract

In this paper, we study two viscosity approximation iterative methods for solving solutions of a split feasibility prob-
lem. Strong convergence theorems are established in the framework of infinite dimensional Hilbert spaces. (©2017 All rights
reserved.

Keywords: Convergence analysis, Hilbert space, monotone mapping, split feasibility problem.
2010 MSC: 47H06, 90C33.

1. Introduction and Preliminaries

Let C and D be two nonempty, closed, and convex subsets of a real Hilbert space H with inner product
(-,-) and norm || - ||. Recall that a mapping f: D — D is said to be contractive if and only if there exists a
real constant & € (0,1) such that

[f0) = f(Y)[| < xflx—yll, Vx,y€D.
f: D — D is said to be a Meir-Keeler contraction if for every e > 0, there exists 5 > 0 such that
Ix—yl| < e+ implies |f(x)—f(y)|| <e

for all x,y € C. It is known that every Meir-Keeler contraction is a generalization of contractions and also
has a unique fixed point; see [12] and the references therein.
f:D — D is said to be nonexpansive if and only if

Hf(x)_f(U)H < HX_yH/ VX,y eD.
For every point x € H, there exists a unique nearest point in D denoted by Ppx such that
[x—=Pox|[I<[fx=yl, VvyeD.

Pp is called the metric projection of H onto D. It is well-known that Pp is nonexpansive mapping and
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satisfies
(x —y,Ppx—Ppy) >| Pbx—Ppy ||%, ¥xyecH.

Moreover, Ppx is characterized by the fact Ppx € D and
<X - PDXIU - PDX> < 0/

and
|x—y [>>| x—Pox|*+ | y—Ppx > VxeHyeD.

In a real Hilbert space the following holds
A%+ =y P=Afx 2+ =2) [y 2 A0 =N) [ x—y |
for all x,y € Hand A € (0,1). It is well-known that every nonexpansive operator f : H — H satisfies for

all x,y € H x H, the inequality

(x—f(x) = (y—1f(y)), fly) — f(x)) < 5 || (Fx) —x) = (fy) —y) |I*,

N[ —

and therefore, we get for all (x,y) € H x Fix(f),

e 00,y — ) < 5 1 00 —x P

A mapping f : H — H is said to be averaged if and only if it can be written as the average of the
identity mapping and a nonexpansive mapping, i.e., f :== (1 — «)I 4+ «g where « € (0,1) and g: H — H
is nonexpansive and I is the identity operator on H. We note that averaged mappings are nonexpansive.
Further, firmly nonexpansive mappings (in particular, projections on nonempty closed and convex subsets
and resolvent operators of maximal monotone operators) are averaged. If f = (1 — «)g+ «g’, where
g : H — His averaged, g’ : H — H is nonexpansive and « € (0,1), then f is averaged. The composite of
finitely many averaged mappings is still averaged.

If D is bounded closed and convex, then the set of fixed points of nonexpansive mapping f is not
empty. The theory of nonexpansive mappings has been investigated for solving various convex optimiza-
tion problems; see [8, 6, 15, 14] and the references therein. Halpern iterative algorithm is an efficient tool
to study fixed points of nonexpansvie mappings in infinite dimensional Hilbert spaces. Halpern iterative
algorithm generated a sequence in the following manner

X1 € D,xni1 = oanu+ (1 —on)f(xn), Yn>1,

where u is a fixed element in D and f is a nonexpansive mapping. It is known that {x,,} converges to
a special fixed point of f with some restrictions imposed on {«,}. For more convergence results in the
framework of Hilbert spaces, one is referred to [1, 9, 10, 19, 20] and the references there. Moudafi viscosity
iterative algorithm has recently extensively investigated for solving fixed points of the class of nonexpan-
sive mappings; see [13] and the references therein. He proved that the special fixed point is also a solution
to some monotone variational inequality; see, also [7, 16, 18] and the references therein. Recently, Suzuki
[17] further improved the viscosity approximation method with the Meir-Keeler contraction.
A mapping F: D — H is said to be:

(i) monotone, if
(Fx—Fy,x—y) >0

for all x,y € D;
(ii) v-inverse strongly monotone, if
(Fx—Fy,x—y) > v|[Fx— Fy®

for all x,y € D;
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(iif) L-Lipschitzian, if
[IFx —Fyll < Lix —yll

for all x,y € D, in particular, F is called nonexpansive when L = 1. It is known that if F is v-inverse
strongly monotone, then it is 1-Lipschitzian and monotone.

Split feasibility problem was first introduced by Censor and Elfving [4] in 1994. Censor and Elfv-
ing first studied the split feasibility problem in a finite-dimensional Hilbert space for modeling inverse
problems that arise from phase retrievals and in medical image reconstruction. Many image reconstruc-
tion problems can be formulated as the split feasibility problem; see, for example, [2] and the references
therein. Recently, it is found that the SFP could also be applied to study the intensity-modulated radi-
ation therapy; see, for example, [3, 5] and the references therein. Byrne [2] recently developed the split
feasibility problem in the setting of infinite-dimensional Hilbert spaces.

Let C and Q be nonempty, closed, and convex subsets in Hilbert spaces H; and Hj, respectively. Then
the split feasibility problem is formulated as finding a point x € C with the property:

xe(C, AxeQ, (1.1)

where A : C C H; — Hp is a bounded linear operator. We denote by I' the solution set of the split
feasibility problem, that is,

N={xeH:xeC, Axe Q}=CnNA Q).

It is clear that A~1(Q) is a closed convex subset of H;, and hence T is also a closed convex subset of Hj.
Let Pc and P be metric projections onto sets C and Q, respectively. It is well-known that if I' # (), then
solving the SFP is equivalent to solving a fixed point equation

x = Pc(x —yA*(I-Pg)Ax),
where A* is the adjoint operator of A and v > 0 is a parameter. If we define a mapping U, by
U,x =x—vA*(I—-Pq)Ax,

then we have x = PcUyx. Assume that problem (1.1) is consistent, i.e., it has a solution, it is easy to
see that Fix(U,) = A71(Q) and hence ' = CnN Fix(U,) = Fix(PcU, ) for sufficiently small y > 0. It is
well-known that if y € (0,2/||A||?), then U, is averaged and hence Pcll, is also averaged. We observe
that the averaged nonexpansiveness of U, heavily depends on the choice of v, that is, vy € (0,2/ |Al|?) is
required, and hence the choice of vy is closely related to the norm ||A|| of operator A.

The following lemmas are essential to prove our main results.

Lemma 1.1 ([17]). Let g be a Meir-Keeler on a convex subset C of a Banach space E. Then for each € > 0, there
exists k € (0,1) such that ||[x —y|| > e implies ||g(x) — g(y)| < k|[[x—y||, forall x,y € C.

Lemma 1.2 ([11]). Let {an} be a sequence of nonnegative real numbers satisfying
ant1 < ontn+ (1 —an)an, n>1,
where {otn} C (0,1) and {rn} C R satisfy
(i) 2 =1 %n = o00;
(i) limsup, ,  Tn < co.

Then

limsup a,, < limsupry.
n—oo n—oo
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The following two lemmas are not hard to derive.

Lemma 1.3. Let Pc : H — C be the metric projection from H on a nonempty, closed, and convex subset C. Then
the following conclusions hold true:

(a) Given x € Hand z € C. Then z = Pcx if and only if there holds the inequality

(x—z,y—2z) <0, Yy eC.

(b) (Pcx—Pcy,x—y) > [Pcx—Pcyl? WxyeH.
(¢) (I=Pc)x—(I—=Pcly,x—y) = [(I-Pc)x—(I-Pcly|>, VxyeH.
(d) Pc = %I + %S with S nonexpansive.
(e) IPcx —Pcyl? < [Ix—yl|> = [[(I—Pc)x— (I1—Pc)yl? Vx, y € H. In particular, we have:
() IPex—yl? < [x—yl2— (1= Pc)x|? vx e H, y € C.
Lemma 1.4. Let H be a real Hilbert space. Then the following equality holds

Il +20¢,y) + lyl? = Ix +yl?, - ¥xy € H.

2. Main results

Theorem 2.1. Let C and D be two nonempty, closed, and convex subsets of a real Hilbert space H such that C C D.
Let F : D — H be a v-inverse strongly monotone operator such that C N F~1(0) # 0. Let {xn} and {Bn} be two
sequences in (0, 1] that satisfy the following conditions:

(i) n =0, By > 0asn — oo;
(i) > W om =00
(iii) otn = o(Pn).
Let f: C — C be an o-contractive mapping. Let {xn} be a sequence generated by the following iterative process
x1 € D, xny1 =Pcloanf(xn) + (1 —on)(xn —PBnFxn)l, n>1. (2.1)
Then {xn} converges in norm to x* € C N F~1(0), where x* uniquely solves the following variational inequality
(f(x*) —x*,x* —x) >0, ¥Yxe CNF0).

Proof. Since F is continuous, we see that F~1(0) is closed. Next we show that F~1(0) is convex. Indeed, for
any x1, xa € F71(0), write x¢ = tx1 + (1 —t)x; for t € (0,1). Then we have x; € D and

(Fx¢, x¢ —x1) = vHFxtHZ, (2.2)

and
(Fx, Xt —Xx2) = VHFXtHZ. (2.3)

Multiplying t and (1 —t) on the both sides of (2.2) and (2.3), respectively, and adding up yields
0 = (Fxe, Xt —x¢) = V|[Fxe|%,

which means that Fx; = 0 and F~1(0) is convex. Therefore C N F~1(0) is close and convex. So the metric
projection onto C N F~1(0) is well-defined. Since Projcqp-1 (0)f is a-contractive, we see that P r-1(0yf has
a unique fixed point. Next, we use x* to denote the unique fixed point, that is, x* = Pcqp-1(0)f(x™).
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Next we show that {x,,} is bounded. Write v = Xn — frnFxn. For all z € F71(0), by using Lemma 1.3,
we have
[V =zl = [[xn — 2= B (Fxn — F2) 7
= [|xn — z|* = 2Bn (xn — 2, Fxn — Fz) + 2 ||Fxn — Fz|?
< fxn = 2| = 2B V|[Fxn [ + B2 [Fxn |2

= Hxn - ZHZ - Bn(zv - Bn)”FXnnz

(2.4)

for all n > 1. Since 3, — 0, without loss of generality, we can assume that $, < 2v. It follows from (2.4)
that
[vn —z| < [xn =2

for all z € F~1(0) and all n > 1. It follows that

[Xn+1— x| < Jloen ) —x ) (1— o)l vn Bl
< ‘Xan Xn) — F(X)[| + oen [[f(x") —x ||+ (1= otn)[[vn —x*||
<(1—ocn(1—0¢))HXn—X*H+0€an 1) =
: ) =
= (1 —otn(1—a))|[xn —=x"|| + atn(1— Hl_H

for all n > 1. This implies that

f(x*) —x*
Pensa = < max {7, PR,

This shows that {xy,} is bounded. Using Lemma 1.4, we find from (2.4) that

[Xnie1 —x*|* = ||Pclanf(xn) + (1 — &n)vn] — Pex*|?
< lon (Flen) =x*) + (1 — o) (vn — *)Hz
= (1= am)?[[vn = x*|2 + 200 (1 = o) (F(xn) = X", vn = X%) + o [ () — x|
<(1- o‘n)zHXn _X*”Z Bn(2v— )(1 o‘n)zHFXnHZ
+ 20t (1 — ot ) (F(xn ) — F(x*), vin —x™)
+ 20t (1 — otn ) (F(x) —x*,vn — XY+ o |[f(xn) — x|
< (1T —on)[xn _X*”z —Bn(2v—PBn)(1— an)z”FXnHz
+ 20t (1 — ot ) o)X — x| ||y — x|

+ 200 (1 — ot ) (F(X*) = X, v —X*) + o [[f(xn) —x*||?

for all n > 1. Setting an = ||xn —x*||? and

Th = in(l—ocn) (2v—Bn)||Fxn||2—2(1—ocn)cx||xn—x*\|||vn—x*||
43

—2(1 — ot ) (F(X*) = X*, v — X*) — otn || (xn ) — x*|)?,

we arrive at
an1 < (1_0‘11)6111‘1'0(11( T'n)

for all n > 1. Noting that {r,,} is bounded below, we see that {—r,} is bounded above. By using Lemma
1.2, we conclude that

limsup a, < limsup(—rn) = —liminfr, < oco. (2.5)
n—o0 n—o0 n-—o0
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Assume that liminf, ;o T = limy_,o T, , then {1, } is a bounded subsequence of {r,}. This implies that
there exists a positive constant ¢ such that

Bry

(Xnk

for all k > 1. It follows from (2.6) that

(1 - ocnk)2(2v - Bnk)HFXnk”Z < C (26)

Ony 1
Bnk (1— O‘nk)Z(zV - Bnk)

for all k > 1, which derives that Fx,, — 0 as k — oo, in view of conditions (i) and (iii) on {xn} and
{Bn}. Without loss of generality, we may assume that x,,, — X as k — oo, then X € C, since {x,} C C
and C is weakly closed. Setting E = I —F, we see that E is nonexpansive. From the demiclosed principal
of nonexpansive mapping, we find that x = Ex. It follows that we have also Fx = 0. Thus we have
x € CNF10). It follows that

IFxn, 17 < €

(f(x") —x*,x —x*) <0. (2.7)

Since v —Xn = —PBnFxn, Pn — 0 and {Fx,} is bounded, we see that v, —x,, — 0 as n — oo, and thus
Vn, — X as k — oo. Consequently, from the definition of {r} and (2.7), we have

liminfry, = lim 1y, > —2(f(x") —x*,x —x*) > 0. (2.8)
n—o0 k—o00
Combining (2.5) and (2.8), we derive that a, — 0 as n — oco. This completes the proof. O

Remark 2.2. Choose the sequences {«xy,} and {} such that ¢, = % anc B, = %, where 0 < b < a < 1.
Then it is clear that conditions (i)-(iii) in Theorem 2.1 are satisfied.

Corollary 2.3. Let C and D be two nonempty, closed, and convex subsets of a real Hilbert space H such that C C D.
Let F : D — H be a v-inverse strongly monotone operator such that C N F~1(0) # 0. Let {&n} and {Bn} be two
sequences in (0, 1] that satisfy the following conditions:

(i) an =0, Bn—0asn — oo;
(il) X neq &n =00
(iii) on = o(Bn).

Let f: C — C be an «-contractive mapping. Let {xn} be a sequence generated by (2.1), where w is a fixed element
in D. Then {xn} converges in norm to x* = Pcrp-1(g) -

Next, we give a viscosity convergence theorem with a contraction.

Theorem 2.4. Let C and Q be two nonempty, closed, and convex subsets of real Hilbert spaces Hy and Hy,
respectively. Let A : Hy — Hj be a bounded linear operator. Suppose that the split feasibility problem (1.1) is
consistent, i.e., T' # (. Let {otn } and {Bn} be two sequences in (0,1] that satisfy the following conditions:

(i) an =0, Bn—0asn — oo;
(i) 27 on =00
(iii) otn = o(Bn).
Let f : Hy — Hy be contractive mapping. Let {xn} be a sequence generated by the following iterative process
x1 € Hi, Xnt1 = Pclanf(xn) + (1 —on)(xn — BnA*(I=Pg)Axn)], n>1. (2.9)
Then {xn} converges in norm to x* = Prf(x*), that is, x* uniquely solves the following variational inequality

(f(x*) —x",x*—x) >0, VxeT.
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Proof. Define F: H; — Hy by Fx = A*(I —Pq)AXx, for all x € H;. Then (2.9) becomes (2.1). It is sufficient
to prove that F is W—inverse strongly monotone such that F~1(0) = A71(Q). Indeed, by using Lemma

1.3, we have
(x—y,Ix—Fy) = (x —y,A"(I-Pg)Ax — A*(I - Pq)Ay)

(I-=Pg)Ax —(I—-Pqg)Ay, Ax—Ay)
> |I( I—PQ Ax — (I Pq)Ay]>

(2.10)

WV

WHA*(I —Pq)Ax—A*(I—Pq)Ay|?

1
= e P

which verifies that F is —-inverse strongly monotone. Assume that x € F~1(0). We have Fx = 0. Since

HAH
I' # (), we can take a point w € I'. This implies that Aw = Po Aw, and hence Fw = 0. In view of (2.10), we

have
0= (Fx—Fw,x —w) > [|[(I-Pq)Ax|?

which implies that x € A~1(Q). It is clear that A~1(Q) c F~!(0). Then A~'(Q) = F1(0). This completes
the proof. 0

Using Theorem 2.4, we have the following result.

Corollary 2.5. Let C and Q be two nonempty, closed, and convex subsets of real Hilbert spaces H; and Hy,
respectively. Let A : Hy — Hp be a bounded linear operator. Suppose that the split feasibility problem (1.1) is
consistent, i.e., T' # (). Let {otn} and {fn} be two sequences in (0, 1] that satisfy the following conditions:

(i) an — 0, Bn—0asn — oo;
(i) > 71 otn = o0;
(iii) on = 0(Pn)-
Let f: Hy — Hy be contractive mapping. Let a sequence {xn} be generated by the following iterative process
x1 € Hi, Xn41 =Pelanu+ (1 — o) (xn — BnA*(I=Pg)Ax,)], n>1,
where W is a fixed element in Hy. Then {xy} converges in norm to x* = Pru.
Finally, we give another viscosity convergence theorem with a Meir-Keeler contraction.

Theorem 2.6. Let C and Q be two nonempty, closed, and convex subsets of real Hilbert spaces Hy and Hy,
respectively. Let A : Hy — Hp be a bounded linear operator. Suppose that the split feasibility problem (1.1) is
consistent, i.e., T' # (). Let {otn } and {fn} be two sequences in (0, 1] that satisfy the following conditions:

(i) an =0, Bn—0asn — oo;
(i) YW om = 00;
(iii) on = o(Pn).
Let g : Hy — H; be a Meir-Keeler contraction. Let {xn} be a sequence generated by the following iterative process
x1 € Hi, Xng1 =Pclong(xn) + (1 — on)(xn — BrnA*(I=Pg)Axn)], n > 1. (2.11)

Then {xn} strongly converges to x*, where x* = Prg(x*), that is, x* uniquely solves the following variational
inequality
(f(x*) —x",x*—x) >0, VxeT.
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Proof. Define a sequence {yn} by

Ynt1 = Pclong(x™) + (1 —otn ) (yn — BnA™ (I — PQ)AUn)]-

From Corollary 2.5, we see that {yn } strongly converges to x* = Prg(x*). Next, we prove that x,, —yn — 0
as n — oo. Let limsup, . || Xxn —yn |[=A > 0. For all ¢ € (0,A), we can choose 1 > 0 such that

limsup || Xn —yYn |[|> e +1.

n—oo

For above ¢ > 0, we see [17] that there exists k € (0,1) such that
K[ x =y [[Z] f(x) = f(y) |
for all x,y € Hy with || x —y ||> ¢, which implies that
max{k [| x =y [|, e} > f(x) —f(y)

for all x,y € H;. Since yn — Xx* as n — oo, we see that there exists some integer ng > 1 such that
n(1—B) 2|l yn —z ||, for all n > ny.

Now, we divide the following two cases:

There exists some n; > ng such that || xn, —Yn, ||< € +n. It follows that

| %41 = Yngt1 | < oy [ glxn, ) = g(X7) || +(1 — o) || Fxny — Fyn, |
< oy || 90y ) = gy, ) [ +Hony || g(ynm,) — g(x™) ||
+(1— O(‘nl) H Xn; —Yny H
< oty max{k || Xn; —Yn, ||, €}
+otny 1 9(yn,) —gx") | +(1—an)) [ Xny —Ym, ||
< e+
Similarly, we can prove that || xn, 12 —Yn,+2 |[|< € +1. By induction, we have || Xn,4+m —Yn,+m (< €+7,
for all m > 1, which implies that limsup_ _, _ || Xxn —Yn [|< € +n. This is a contradiction. Hence x,, — x*.

Finally, we show that the other case || xn, —Yn, [[> € +mn, for all n > n, is impossible. Note that
K| Xn —yYn ||Z| f(xn) —f(yn) ||, for all n > ny. It follows that

[ Xy +1 = Yny+1 [ < an || g0xn) — glyn) || +on || glyn) —g(2) |
+ (1 —an) [ Xn —yn ||
<=1 =«on) [[ Xn—Yn || +otn [ yn —x" ||,
which yields to x, —yn — 0 as n — co. Hence, ¢ + 1 < 0, which is a contradiction. This shows that the

second case is impossible. The proof is completed.
O
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