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Abstract

In this paper, we propose and investigate a new iterative algorithm for solving the general split common fixed point problem
in the setting of infinite-dimensional Hilbert spaces. We also prove the sequence generated by the proposed algorithm converge
strongly to a common solution of the general split common fixed point problem. As application, some particular cases of directed
operator and quasi-nonexpansive operator are also considered. Finally, we present several numerical results for general split
common fixed point problem to demonstrate the efficiency of the proposed algorithm. (©2017 All rights reserved.
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1. Introduction

The split feasibility problem was first introduced in 1994 by Censor and Elfving [4]. Let H; and H;
be real Hilbert spaces, C and Q be two nonempty closed convex sets of H, and Hy, respectively. Let
A : Hy — Hj be a bounded linear operator. The split feasibility problem SFP is formulated as to find a
point x € C such that

x € C and Ax € Q.
Throughout this paper, we use S to denote the solution set of the SFP, that is
S={xeH;|xeC Ax € Q}.

As we know, the SFP has received much attention due to its application in intensity-modulated radia-
tion therapy, signal processing, and image reconstruction, for instance [2, 3, 5, 6, 8,9, 11, 12, 14, 16, 17].
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To solve the SFP, an algorithm called the CQ-algorithm was proposed by Byrne [1, 2]as the following:
Xnt1 = Pc(xn — pA*(I— PQ)AXH)/ n =0,

where 0 < p < 2/||A[|> and Pg denotes the nearest point projection from H, onto Q. The sequence
generated by CQ-algorithm converges to a solution of the SFP for any starting point xg € H;, whenever the
SFP has a solution. However, when the split feasibility problem has no solution, the sequence generated
by CQ-algorithm converges to a minimizer of |Pq(Az) — Az|| over all z € C, whenever such a minimizer
exists.

Split common fixed point problem is a generalization of the split feasibility problem, which is an
inverse problem that consists of finding an element in a fixed point set of some operator, whose image
under a bounded linear operator is an element of another fixed point set of operator. Split common fixed
point problem SCFP is finding a point x € H;, with the property:

x € Fix(U) such that Ax € Fix(T), (1.1)

where Fix(U) and Fix(T) denote the fixed point sets of nonlinear operators U : H; — H; and T : Hy —
Hy, respectively. A is a bounded linear operator. This problem was introduced by Censor and Segal [6],
who proposed the following algorithm for solving such a problem. For given xy € Hj, then iterative
sequence {xn, } is generated as follows:

Xn41 = u(I— pA*(I —T)A)xn, n 20,

where U and T are two directed operators. This algorithm was extended to the case of finitely many
directed operators by Wang and Xu [14], quasi-nonexpansive operators by Moudafi [12],and demicon-
tractive mappings by Moudafi [11]. Recently, Cui and Wang [9] proposed the following iterative method
to solve the problem (1.1). For given xg € H; and A € (0,1 — 1), the iterative sequence {x,,} is generated as
follows:

Xn41 = Uy (xn — pnA*(I —T)Axn), n >0, (12)

where Hy, H; are two real Hilbert spaces, U : H; — H; is a k-demicontractive operator with k < 1, and
T:Hy — Hp is a T-demicontractive operator with T < 1. Denote U, := (1 —A)I+ AU a A relaxation of the
operator U. A is a bounded linear operator with adjoint A* and the step size pn is chosen in such a way
that

2|A*(I-T)Axnl? 7

on = LOIEDAG® Ay T(Ax,),
on =0, otherwise.

and they proved the sequence converges weakly to a solution of the SCFP.

Motivated and inspired by Cui and Wang’s work [9], we consider the general split common fixed
point problem GSCFP and construct an algorithm for demicontractive operators that produces sequences
that always converge strongly to a solution of GSCFP and whose step size does not depend on the norm
of the operator A. The constructed algorithm is Halpern type [10]. We also consider particular cases such
as directed operators and quasi-nonexpansive mappings.

Find x € (] Fix(U") such that Ax € ("] Fix(Ts), (1.3)

i=1 i=1

where Hj, Hp are real Hilbert spaces, ut : H; — H; is a ki-demicontractive operator with k; < 1,
Ti : Hp — H; is a Ti-demicontractive operator with 7y < 1,1 =1,2,...,00. A : H; — Hj is a bounded
linear operator.
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In this paper, we will introduce a more general iterative method for GSCFP (1.3) and fixed point
problem, which is defined in the following way:

Xni1 = 0nV+ Bnxn + ) ViU (xn — pniA*(I=Ti)Axn), n >0, (1.4)
i=1
where oy, Bn,Yni € (0,1),veE Hyand an +Bn + 2 jo1VYni = L U}\i = (1 —=2A)I+ AUt Note that, if
i=1,0n =Pn =0,vn =1, scheme (1.4) can be reduced to (1.2).

Meanwhile, we will prove the sequence generated by (1.4) converges strongly to a common element
of the solution set of the GSCFP, and what is more important is that when v = 0, the {x,} generated by
(1.4) converges strongly to the minimum norm solution of the GSCFP. As application, particular cases
of directed operator and quasi-nonexpansive operator are also considered. Finally, we present several
numerical results for the general split common fixed point problem to demonstrate the efficiency of the
proposed algorithm.

2. Preliminaries

We first recall some definitions, notations and conclusions which will be used in the proof of our main
results. Let H be a real Hilbert space with inner product (-,-) and the norm || - ||. We denote by “ — ”
strong convergence, by — weak convergence. In order to establish our convergence theorem, we need the
following definition.

Definition 2.1.
(1) A mapping T : H+— H is nonexpansive if
Mx =Tyl < lx—yll, ¥xyecH

(2) A mapping Pc is called the metric (nearest point) projection of H onto C, if Pcx is the unique point
in C with the property
|x —Pcx| = min{|[x —y||:y € C}, ¥x € H.

It is well-known that Pc is nonexpansive mapping of H onto C and it is characterized as follows:
given x € H, there holds the inequality

(x —Pex,y—Pcx) <0, Yy e C. 2.1)
Note that (2.1) is equivalent to
IPex =yl < [x —yl> = lx = Pex||.

(3) A mapping T : H — H is said to be quasi-nonexpansive if the fixed point of T, given by Fix(T):={x €
H|Tx = x}, is not empty and for all z € Fix(T), x € H

ITx —z[| < [x—z]|.

(4) (Demiclosedness-principle) Let C be a nonempty closed convex subset of H, and let T: C— C be a
non-expansive mapping with Fix(T)# (. Then I —T is said to be demiclosed at zero, that is, if for any
sequence {xn} C C with x, = x € Cand |[xn, — Txn| — 0, then x = Tx.

(5) Let T: H — H be an operator with Fix(T)# ¢. Then, for all z € Fix(T) and x € H, T is
1. t-demicontractive with T < 1 if

ITx —z||? < ||x — z|> + t||x — Tx||?>, Vz € Fix(T). (2.2)
It is easy to verify that (2.2) is equivalent to

T—

1
5 |[x — Tx||%, x € H.

(z—x,x—Tx) <
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2. If 1 =0, then the inequality (2.2) becomes
|Tx —z|| < |[x—z|, Vz e Fix(T).

In the case T is a quasi-nonexpansive operator.
3. If T = —1, then the inequality (2.2) becomes

[Tx —z|® < |x — 2|+ (—=1)||x = Tx||?>, Vz e Fix(T). (2.3)
In the case T is a directed operator, it is easy to verify that (2.3) is equivalent to
(z—Tx,x—Tx) <0, Vze Fix(T).
Proposition 2.2 ([7]). In Hilbert spaces, the following inequality holds,
e+ yll* < IIxl* + 2y, x+y), Vxy€H. (2.4)

Proposition 2.3 ([13]). Let H be a real Hilbert space, and {xn} be a sequence in H. Then, for any given sequence
{oen } of positive numbers with Y71 o = 1 for any positive integers i, j with i < j the following holds:

o o
| Z ‘XanHZ < Z (ananZ — ot 0o [[xi — X; Hz (2.5)
n=1 n=1

Lemma 2.4 ([9]). Let A : Hy —— Hy be a bounded linear operator and T : Hy —— Hy be a t-demicontractive
operator with T < 1. If A=Y (Fix(T)) # 0, then:

1) I-TIAx=0< A*(I-T)Ax =0, Vx e H;
(2) in addition, for z € A~ (Fix(T))

(1—1)% |[(I-T)Ax|*
4 |JA*(I—T)Ax|]?’

[x — pA*(I—T)Ax —z|* < |[x — z||* — (2.6)

where x € H, Ax # Tx and
(1-1) [(I-TAx|?
2 JA*(I-T)Ax|?*

Lemma 2.5 ([9]). Let U : H —— H be a k-demicontractive operator with k < 1. Denote Uy, := (1 —A)I+ AU a A
relaxation of the operator U, where A € (0,1 —k). Then for all x € H and z €Fix(U)

[Unx — 2| < fx — z||* = A(1 — k= A)[x — Ux|]*. 2.7)
Clearly, z € Fix(U) if and only if z € Fix(U,).
Lemma 2.6 ([15]). Assume {an} is a sequence of non-negative real numbers satisfying:
ant1 < (I —axn)an +anbn +cn, 20,

where {otn }, {bn}, {cn} satisfy the following conditions:
(i) on €10,1], with Y 7y on = 00;

(i) cn > 0forallmn > 0with Y 37 jcn < o0;

(iii) limsup,_,  bn <O0.

Then, limp_,o an = 0.
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Lemma 2.7 ([10]). Let {Sn} be a sequence of real numbers that does not decrease at infinity, in the sense that there
exists a subsequence {Sn, }j>o of {Sn} such that

{Sn;} <{Swn;41} forall j = 0.
Also consider the sequence of the integers (n(n)}n>n, defined by
n(n) = max{k <n|Sy < Sk}

Then (M) }n>n, is a nondecreasing sequence verifying limy, oo n(n) = oo, and for all n > ny, the following two
estimates hold:

Snn) S Snm)+1, Sn S Snny+1-

3. Strong convergence theorems for GSCFP

Throughout this section, we propose an iterative method for solving the GSCFP and prove the theo-
retical convergence.
We denote I the solutions of set the GSCFP (1.3).

M= {x* e () Fix(uh), Ax* € () Fix(Ti)} . (3.1)
i=1 i=1
Proposition 3.1. Denote tn = xn — pniA* (I —Ti)Axn, if pni # 0, and take an * € T, arbitrarily. We derive
from (2.6) and (2.7)
IUR tn = %] < fltn = RIP = Ac(1 = A¢ = k) [[tn — Utta |?
= [[xn — PnaA* (1= T)Axn — K[ = A (1= A — k) [[tn — Uty |?

(1—m)® ||(I-T)Ax|* ~ )
S lhen =81 = T A A Tkl — Ut < e =1
On the other hand, in the case pn i = 0, then t, = Xy, we derive from (2.7)
IUR X = &I < e = RIF = A1 = A = ki) [[xen — U |* < [xen — R (3.3)

Next we prove the strong convergence of the sequence generated by the iterative method (1.4). Denote
Prv is the metric (nearest point) projection of v onto TI'.

Theorem 3.2. Let Hy, Hy, A, A*, U, T; be the same as above, and assume that the solution set T is nonempty. If
the sequences {on},{Bn}, {Yn,i} satisfy the following conditions:

(1) Kn, Bn/Yn,i € (0/1)/
(ii) on +PBn + Zfozl Yni=1
(iii) limn_eo an =0and Y 7 on = 00,

then the sequence {xn } converges generated by iterative method (1.4) strongly to a point x*, where x* is the nearest
tov, that is x* = Prv.

Proof. We divide the proof into three steps.
Step 1. We prove that the following inequality holds:

It = X712 < (1= ) e — x|+ 20 (v = %", X1 — X7). (3.4)
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For the case pn i # 0, from (2.4), (2.5), and (3.3), we have

o0
xne1 = X2 < IBr(xn = %) + D Y i (U tn = x*)|* + 2060 (v — X*, Xn 1 — X7)
i=1

o0
i=1
o0
1—1)?2 ||(I-T)Ax|*
< _ux2 . —x* 2—( '
Brlben —=x* |2+ > vnilllxn — x| 1 HA*(I—Ti)AxHZ]

i=1

(.¢]
— ZYn,J\i(l — A — k) [t — UWtn | 4 2000 (v — X*, X1 — X¥)
i=1

o
< Blben =X P+ ) Yailxn = RIP 4200 (v = x*, xnp1 —x)
i=1

= (1— o) |Ixn — X + 200 (v — X*, X1 — X5).

For the case pn i =0, from (2.4), (2.5), and (3.2), we have

o0
n1 = X[ < B (xn —x*) + D Y i(UR X0 — %) [[* + 2000 (v = X%, X1 — X7)
i=1

(e 9]
< Brnllxn — x>+ ZYn,i”U;\an —X? + 2000 (v — XF, X1 — XF)

i=1

(o)

< Brlxn =X 1P+ Y vailln =77 = A1 = Ap = 1) xn — Utk |
i=1

+ 200 (Vv —x", X411 — X7)

o0

< Brlxn =X 7+ Y Yailxn =X [P + 200 (v = X%, Xp 1 —X7)
i=1

= (1 — otn) ||xn — X¥||2 4 2000 (v — X, Xy 1 — X7).

Therefore, the inequality (3.4) is proved.
Step 2. We show that the sequence {x,,} is bounded, and take an % € T', arbitrarily.
We will prove that the following inequality holds:

Ixn = &1 < max{[lv —&I|?, [xo — =[|%.

If pn,i #0, from (3.1), (2.5), and (3.2), we get

o0
HXTI+1 - 7A<H2 = H(xn(v — %)+ Bnlxn—%)+ Z'Yn,i(u}\itn _72)”2

i=1

[ee)
< onllv _7A‘H2 + Brnlxn _f‘HZ + ZYn,i”u}\itn _72”2

i=1
o0
< o2 2 _ 512
< o[V =2+ Brlxn — %12+ Y viln — 2]
i=1
_ o112 512
= ot |[v—%|“+ (1 — an)|[xn — K|

< max{||v —R|?, [xn — %%}

(3.5)

(3.6)

(3.7)
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< max{||v— 7A<||2, lIxo — >?||2}.

For the case py i =0, we have t,, = x, and by (3.1), (2.5), and (3.3), we get

00
Hxn+1 _72”2 = H‘Xn(\) _72) + Bn(xn _72) + ZYn,i(u}\ixn _Q)HZ

i=1

o
< atn[v=RI2 + Brlxn —&I7 + Y vnalUx xn — &I

i=1
o0
< N PN _ 2
<oV —%[7+ Bnlln —RIP+ D Ynilxn —%|
i=1
_ &2 A2
= otn|[v—%["+ (1 — an)|xn — X

< max{||v —&[?, [xn — %}

< max{|[v —&|%, [Ixo — &[*}.
Therefore, the inequality (3.7) is proved and this implies that the sequence {x, } is bounded.

Step 3. Let yn := ||[xn — x*||? and we prove {yn} converges strongly to zero by considering two cases on
the sequence {yn}.

Case 1: Suppose that {y,} is a monotone sequence, since {xn, } is bounded, it follows that {y,} is conver-

) 2 T 4
gent. For the case pni # 0, let uni = vn,iM(1—Ay — ki) |[tn — Ut |1 + u 4T) H/U\(*I(IIIT)S\X;!HW by (3.5) and

the boundedness of the sequence {x,,}, there exists a constant L; > 0, such that

00
ZYn,iun,i < (yn _yn—l—l) + 20(n<\) —x¥, Xn+1 _X*>
i=1

(Yn —Ynt1) + 20 [[v—=x"|| [[xn41 — x|

(yn _ynJrl) + an L.

NN

Take on both sides of the inequality limits and by the fact that {yn} is convergent, we get

lim un; =0.
n—oo

In other words,

(1—1)2 ||(I—T)Axn|* _
4 JJA*(I—Ty)Axn|? '

lim [[t, —U't,|* = lim (3.8)
n—oo n—oo

If pni = 0, then, clearly (I —T;)Ax,, = 0 and it follows from (3.6) and the boundedness of the sequence
{xn}, there exists a constant [; > 0 such that

(o)
D Yrihi(l =N — ki) [xn = U |? < (Yn = Yni1) + 20 (v = X%, xn 1 —x7)
i1

(Yn —Ynt1) + 20 |[v —=x"|| [[xn41 — x|

(yn _ynJrl) + an L.

NN
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Take on both sides of the inequality limits and by the fact that {y,} is convergent, we arrive at
lim [|x, — Uixn|* =0. (3.9)
n—oo

By (3.8) and (3.9), we get

(1—1)2 [|(I—T)Axn|*

. 1. 2 _ T ERTH 2 _ 1 _
Jim flxn —Uixn [[" = lim [[tn = Uitn |7 = lim — AT A~ (3.10)
Now suppose {xn, } is a subsequence of {x,} that converges weakly to z such that
limsup(v —x*,xn —x*) = lim (v —x",xn, —x*) = (v—x",z—x"). (3.11)
n—o0 k—00
For pn i # 0, we have from the definitions of t, and p, ; that
1—1; [|(I—T)Axn|?
th — =pnillAx (I-TH)A = .
Moreover, )
1 [I(I—T)Axn|| 1(1—T)Axn)?
——|(I—=T))Axn| = < .
A A = R =T Al S TAT = To AR
Then from (3.10), we derive that
lim ||t —xn|| = lim [|(I—T;)Axn| =0. (3.12)
n—oo n—oo

Because {xn,, } converges weakly to z, it implies that {t,,, } converges weakly to z as well. Then from (3.10)
and the demiclosedness of I — U! at zero, we obtain that z € Fix(U;). Moreover, from AXn, — Az as
k — oo and (3.10) that the demiclosedness of I — T; at zero, we obtain that Az € Fix(T;). So,z € T.

Next we derive that z € T for p,; = 0, it follows from x,,, — z as k — oo, k11_r>r;o IXn, — UixnkH =0,

that the demiclosedness of I — U' at zero, we obtain z € Fix(U'). Moreover, from continuity of A, we have
Axn, — Az as k — oo. By klim |Axn, — TiAXn, || = 0 and the demiclosedness of I — T; at zero, we obtain
—00

that Az € Fix(T;). So, z € T. Since z € T, by (3.11) and (2.1), we have

limsup(v —x*,xn —x*) = (v—x*,z—x*) <0.
n—oo

From the definition of U,, we have U x —x = Ai(Uix —x), for all x € H, it follows that for Pni #0
Oo .
[Xn+1—xnll < an|lv—xnl+ ZYn,iHu}\itn —Xn|
i=1

o
= onllv—xnl + ) ynilUf tn —tn +tn —xn|
i=1
< on[lv—xn ]+ [[UX tn = tall + [[tn —xn|
< otn ||V —xn || + AUy — tn]| + [t —xn .
Together with (3.10) and (3.12), which implies that
lim |[xn41—Xnl|| =0.
n—oo

By (3.11), we get

limsup (v —x*, xn+1 —x*) < 0. (3.13)
n—o0
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Note that for p,,; =0, we have t, = xn and

o0
||Xn+1 _XnH < anHV_Xn” + ZYn,iHui)\ixn _an
i=1

o ||V —Xn | + Huixixn —Xn||

N

= o [[v—=xnl + Adf[Uixn —xnl
Take on both sides of the inequality limits and by (3.10), we get
Bim [xnsr — x| = 0.

Therefore, by (3.11) we again derive (3.13).

Take b, = (v —x* xn41 —x*), then limsup _ _, by < 0, from Lemma 2.6 and (3.4). Therefore,
1i_1>n Yn = li_r)n [Xn —x*[| =0, xn = x* as . — oo.
n—oo n—oo

Case 2: If {||x, —x*||} is not a monotone sequence, we consider the sequence of the integers {n(n)} defined

by
N(n) = max{k < n: |Jxe — x| < [|xeq1 — x|}

It is easy to see that {n(n)} is nondecreasing and when n — co we get n(n) — oo. For all n > 0, we obtain
%0 (n) = X*|| < [1Xq(n)+1 — x*[|. Then {|[xy; ) —x*||} is a monotone sequence and according to Case 1, we
have lim ||x,q) —x*[| =0and lim |x; ()41 —x*| = 0. Finally, from Lemma 2.7, we have

n—oo n—oo

0 < [lxn = %" < max{|xn = x"[|, [[%n(n) =X} < [Ixn )41 =% =0, n— oo

Therefore, the sequence {x, } converges strongly to x*. This completes the proof of the theorem. O

4. Application: some special cases of GSCFP

In this section, we consider general split common fixed point problem for some special cases of k-
demicontractive operator (k < 1). In (1.3),

e U' is a quasi-nonexpansive operator, if ki = 0;
e Ul is a directed operator, if ki = —1;
¢ T; is a quasi-nonexpansive operator, if T; = 0;
e T; is a directed operator, if 1; = —1;
e both I —U! and I — T; are demiclosed at zero.
Let in following U}, T; be the same as above assumptions.

Algorithm 4.1. Choose initial point xo € H; arbitrarily, and let A; € (0,1 —k;), the iterative sequence {x }
is generated as follows:

o0
X1 = oV + Brxn + ) Yn iR, (xn — pniA* (1= Ti)Axn), n >0,

i=1

where A is a bounded linear operator with adjoint A* and the step size p,, is chosen in such a way that

2[|A*(I—=Ty)Axn |2 7

T _T: 2
pn,i — (1 Tl)”(l T1)AXnH Axn # Ti(AXn),
Pn,i =0, otherwise.

We denote I" that is the set of all solutions of problem GSCFP (1.3).
I ={x* € Fix(U') : Ax* € Fix(T;)}.
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Proposition 4.2. Denote tn, = xn — pn,iA* (I —Ti)Axn, for pn,i # 0, and take an X € T, arbitrarily. We derive
from (2.6) and (2.7),

;\-ln_),\C S n_f( —/\q — A — K{ n - .n
[UA,t 1> < |1t [2=Ai(1—A )t — Uty |?

= |[xn — P A (I — T)Axn — &[> = Ai(1 = Ap — kq) |[tn — Uty |?
P (1—1)? ||(I-T)Ax|*

ST AT A A el U
1

On the other hand, in the case pn, i = 0, then tn, = xy. We derive from (2.7)
Uz = RIP < Jxen = RIP = A1 = A = ki) xn = UWxa |2 < Jxn — %[

Corollary 4.3. Let Hy, Hy, A, A%, Ui, Ty, ty be the same as above, and assume that the solution set T is nonempty.
If the sequences {an}, {Bn}, {yni} satisfy the following conditions:

(1) Kn, Bnﬂ’n,i € (0/1)/
(i) otn +Pn + Zsozl Yni=1
(iii) limn_eo an =0and Y 7 on = 00,

then the sequence {xn } generated by Algorithm 4.1 converges strongly to a point x* € I, where x* is the nearest to
v, that is x* = Prv.
5. Numerical results for SCFP

In this section, we give an example and several numerical results to illustrate the efficiency of our
algorithm.

Example 5.1. Let H; = Hy = R?, i = 1,2, then the iterative method (1.4) becomes
Xn41 = GpV+ ann + h’n,lu%\l (Xn - pn,lA*(I - Tl)AXn) + Yn,Zu%\Z (Xn - pn,ZA*(I - TZ)AXn)]/n = 0.

We define the mappings u;l,u§2 :Hy — Hy, Ty, T2 : Hp — Hp, and A : Hy — Hy by

03 3 1 02 2 3 —0.1 08
1 _ 2 _ — —
UM[ 0 1}' uAZ[l 0.7}' Tl[—l 1.4]' TZ[—0.6 2 ]

2 3
Y
where U} = (1—A)T+AUL U2, = (1—A) 1+ AU2, Ay € (0,1—Kq), Az € (0,1 —kz). We have x* = {0,0),
which satisfies x* € ﬂ%zl Fix(Ul), Ax* € ﬂ%;l Fix(Ty).

and

Let & = 0.5, 8n = 0.3,yn1 = 0.1,yn2 = 0.2, then atn +Bn+ Y 7 Yni =1, pn1 = 0.3, pn 2 = 0.5. Take
v ={0.1,0.1} and these parameters satisfy all conditions of Theorem 3.2. Then we present the following
algorithm.

Algorithm 5.2. For the case py i = 0:
Step 0: Choose initial point x; € {(0,1 x 10°), (0,1 x 10°)} arbitrarily and put n = 0.

Step 1: Compute x,, 41 as follows,

Xn41 = 0V + BnXxn +Yn,lug\1xn + Yn,zu%\ZXn/ n = 0.
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Step 2: Set ||xn|| < € as stop criterion, else set n =n + 1 and go to Step 1.
On the other hand, for the case pn i # 0:

Step 0: Choose initial point x; € {(0,1 x 10°), (0,1 x 10°)} arbitrarily and put n = 0.

Step 1: Compute x,, 11 as follows.
Xn41 = GnV+ ann +Yn,1u%\1 (Xn - pn,lA* (I - Tl)AXn) +Vn,2u%\2 (Xn - pn,ZA* (I - TZ)AXTL)/ nz 0.

Step 2: Set ||xn|| < € as stop criterion, else set n =n + 1 and go to Step 1.

Table 1: p,, ; =0, e = 107°.

Initial point Xn+1 Iter. Time
0.01 {1.02139 x 107 6,6.50878 + 10~7} 16  0.01

0.1 {1.11002 x 1076,6.94472 + 107} 20  0.01

1 {6.88956 x 10~7,4.25804 +10~7} 25 0.01

10 {7.43616 x«1077,4.57234 107} 29  0.01

100 {8.01605%10-7,4.91456 x 10~ 7} 33  0.02

For pn 1 =0, Table 1 presents the number of iterative step, X1, and CPU time of Algorithm 5.2 with
different initial points.

Table 2: pr; =0, ¢ = 10,

Initial point Xnal Iter. Time
0.01 {4.80227 x 10~ 7,3.59497 + 10~ 7} 23 0.01

0.1 {—9.16139 %« 1077,8.02908 x 108} 24  0.01

1 {4.45887 x 10~ 7,5.15753 « 10~ 7} 27  0.01

10 {8.28239 % 10~ 7,4.00402 « 10~ 7} 31 0.01

100 {5.73443 x 10~ 7,4.45479 « 10~ 7} 36 0.02

For pn 1 # 0, Table 2 presents the number of iterative step, x,,41, and CPU time of Algorithm 5.2 with
different initial points.

6. Conclusions

The general split common fixed point problem arise in many practical applications in the real world.
Many iterative algorithms have been developed to solve them. In this paper, we propose and investigate a
new iterative algorithm for solving the GSCFP in the setting of infinite-dimensional Hilbert spaces. Under
proper conditions, the theoretical convergence of the algorithm proposed is presented. Several numerical
results confirm the effectiveness of the proposed algorithm.

Acknowledgment

We wish to thank the referees for their helpful comments and suggestions. This research was sup-
ported by NSFC Grant (No. 11071279) and National Science Foundation for Young Scientists of China
(No. 11501431).

References

[1] C. Byrne, Iterative oblique projection onto convex sets and the split feasibility problem, Inverse Problems, 18 (2002),
441-453. 1

[2] C. Byrne, A unified treatment of some iterative algorithms in signal processing and image reconstruction, Inverse Prob-
lems, 20 (2004), 103-120.1



R. Chen, T. Sun, H. He, J.-C. Yao , J. Nonlinear Sci. Appl., 10 (2017), 5433-5444 5444

3]

(10]

Y. Censor, T. Bortfeld, B. Martin, A. Trofimov, A unified approach for inversion problems in intensity-modulated radiation
therapy, Phys. Med. Biol., 51 (2005), 2353-2365. 1

Y. Censor, Y. Elfving, A multiprojection algorithm using Bregman projections in a product space, Numer. Algorithms, 8
(1994), 221-239. 1

Y. Censor, Y. Elfving, N. Kopf, T. Bortfeld, The multiple-sets split feasibility problem and its applications for inverse
problems, Inverse Problems, 21 (2005), 2071-2084. 1

Y. Censor, A. Segal, The split common fixed point problem for directed operators, J. Convex Anal., 16 (2009), 587-600. 1,
1

R. D. Chen, Fixed point Theory and Applications, National Defence Industry Press, (2012). 2.2

P. L. Combettes, V. R. Wajs, Signal recovery by proximal forward-backward splitting, Multiscale Model. Simul., 4 (2005),
1168-2000. 1

H.-H. Cui, E-H. Wang, Iterative methods for the split common fixed point problem in Hilbert spaces, Fixed Point Theory
Appl., 2014 (2014), 8 pages. 1,1, 1,2.4,2.5

P. E. Maingé, Strong convergence of projected subgradient methods for nonsmooth and nonstrictly convex minimization,
Set-Valued Anal., 16 (2008), 899-912. 1, 2.7

A. Moudafi, The split common fixed point problem for demicontractive mappings, Inverse Problems, 26 (2010), 6 pages.
1,1

A. Moudafi, A note on the split common fixed-point problem for quasi-nonexpansive operators, Nonlinear Anal., 74
(2011), 4083-4087. 1, 1

W. Takahashi, Nonlinear functional analysis, Fixed point theory and its applications, Yokohama Publishers, Yoko-
hama, (2000). 2.3

F-H. Wang, H.-K. Xu, Cyclic algorithms for split feasibility problems in Hilbert spaces, Nonlinear Anal., 74 (2011),
4105-4111. 1, 1

H.-K. Xu, Iterative algorithms for nonlinear operators, J. London Math. Soc., 66 (2002), 240-256. 2.6

Y.-H. Yao, R. P. Agarwal, M. Postolache, Y.-C. Liou, Algorithms with strong convergence for the split common solution
of the feasibility problem and fixed point problem, Fixed Point Theory Appl., 2014 (2014), 14 pages. 1

Y.-H. Yao, M. Postolache, Y.-C. Liou, Strong convergence of a self-adaptive method for the split feasibility problem, Fixed
Point Theory Appl., 2013 (2013), 12 pages. 1



	Introduction
	Preliminaries
	Strong convergence theorems for GSCFP
	Application: some special cases of GSCFP
	Numerical results for SCFP
	Conclusions

