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Abstract

In this paper, we introduce a new concept of cyclic («, )-type y-FG-contractive mapping and we prove some fixed point
theorems for such mappings in complete b-metric spaces. Suitable examples are introduced to verify the main results. As an
application, we obtain sufficient conditions for the existence of solutions for nonlinear integral equation which are illustrated by
an example. (©2017 All rights reserved.
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1. Introduction

Banach contraction principle is the most celebrated result in fixed point theory which illustrates that
in a complete metric space, each contractive mapping has a unique fixed point. There have been a great
number of generalizations of this principle by using different forms of contractive conditions in various
spaces. In recent years, many interesting but different generalizations of the Banach-contraction principle
have been given by Samet et al. [10] and Wardowski [11]. In 2012, Wardowski [11] introduced the
notion of an F-contraction mapping and investigated the existence of fixed points for such mappings.
Afterwards, the concept of F-contraction has been generalized by many other authors, see for example
[2, 4]. Wardowski and Van Dung [12], as well as Piri and Kumam [9] generalized the concept of F-
contraction and proved certain fixed and common fixed point results. Very recently, Parvaneh et al. [8]
used slightly modified family of functions, denoted by Ag g and generalized the Wardowski fixed point
results in b-metric and ordered b-metric spaces.

On the other hand, Samet et al. [10] introduced the concept of x-admissible maps and gave the concept
of a-\p-contractive mapping, thus generalizing BCP. Afterwards, several other authors used x-admissible
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mappings to obtain various fixed point results. Following this line of work, Alizadeh et al. [3] introduced
the notion of cyclic («, 3)-admissible mapping and proved basic fixed point results.

Following this direction, in this paper, we introduce new concepts of cyclic (x, 3)-type y-FG- con-
tractive mapping and we prove some fixed point theorems concerning such contractive mapping and
supported by examples. Some consequences are given along with the results for a cyclic mapping. As an
application, a solution for nonlinear integral equation is also given and indeed illustrated by an example.

2. Preliminaries

Throughout this paper, we denote by IN,IR; and R the sets of positive integers, nonnegative real
numbers and real numbers, respectively.

Definition 2.1 ([6]). Let X be a nonempty set, and let s > 1 be a given real number. A function
d: X x X — [0, 00) is called a b-metric space if for all x,y, z € X the following conditions hold:
(b1) d(x,y) =0if and only if x = y;

(b2) dlx,y) = d(y,x);

(bs) d(x,y) < sld(x,z)+ d(z,y)l.

Then (X, d) is said to be a b-metric space, and the number s is called the coefficient of (X, d).

Then, the concepts of b-convergent, b-Cauchy sequence, b-continuity and completeness in b-metric
spaces are naturally given below:

Definition 2.2 ([5]). Let (X, d) be a b-metric space. Then a sequence {x,,} in X is called:
(a) b-convergent if there exists x € X such that d(xn,x) — 0 as n — oo. In this case, we write
limn 00 Xn = X;
(b) b-Cauchy if d(xn,Xm) — 0asn, m — oo;
(c) the b-metric space (X, d) is complete metric space if every b-Cauchy sequence in X is b-convergent.
Each b-convergent sequence in a b-metric space has a unique limit and it is also a b-Cauchy se-

quence. Moreover, in general, a b-metric is not continuous. We need the following simple lemma about
b-convergent sequences in the proof of our main results.

Lemma 2.3 ([1]). Let (X, d) be a b-metric space with coefficient s > 1 and let {xn}, {yn} be b-convergent sequences,
which converge to x,y € X, respectively. Then we have

1
—d(x,y) <liminfd(xn, yn) < limsup d(xn,yn) < s*d(x,y).
S n—oo n—oo
In particular, if x =y, then we have limy o, d(Xn,Yn) = 0. Moreover, for each z € X we have

1
—d(x,z) < liminfd(xn,z) < limsup d(xn, z) < sd(x,z).
S n—oo n—o0

Definition 2.4 ([5]). Let (X,d) and (X', d’) be two b-metric spaces. Then a function f : X — X’ is called
b-continuous at a point x € X if it is b-sequentially continuous at x, that is, whenever {x,,} is b-convergent
to x, {fxn} is b-convergent to fx.

Alizadeh et al. [3] introduced the concept of cyclic («, 3)-admissible mapping as follows:

Definition 2.5 ([3]). Let X be a nonempty set, f be a self-mapping on X and let o, 3 : X — [0, 00) be two
mappings. We say that the mapping f is a cyclic («, 3)-admissible mapping if

x € X, with a(x) > 1= pB(fx) > 1,

and
xe X, withB(x) > 1= «a(fx) > 1.
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3. Main results

In this section, we investigate some fixed point results for the new concept of cyclic («, 3)-type v-
FG-contractive mappings and then we prove some fixed point results in b-metric and partially ordered
b-metric spaces.

To prove our main result, we will use the following notations cited in Parvaneh et al. [8]. We will
consider the following classes of functions.

Ar will denote the set of all functions F : R, — R such that:

(A1) Fis continuous and strictly increasing;

(A2) for each sequence {t,} C R, lim t, =0if and only if lim F(t,) = —o0.
n—,oo n—oo

Ag, will denote the set of pairs (G,y), where G: Ry — R and v : [0,00) — [0,1) such that:

(Az) for each sequence {t,} C Ry, limsup G(tn) > 0if and only if limsuptn, > 1;

n—oo n—o0

(A4) for each sequence {tn,} C [0, 00), limsupy(tn) =1 implies lim t, =0;
n—oo n—oo

(As) for each sequence {tn} C Ry, Y 3 1 G(y(tn)) = —c0.

Example 3.1 ([8]). If F(t) = G(t) = Int and y(t) = k € (0,1), then F € Af and (G,y) € Ag,, . Let
F(t) = —%, G(t) =Intand y(t) = %e_t for t > 0 and y(t) =0. Then F € Ar and (G, v) € Ag,.

Definition 3.2. Let (X, d) be a b-metric space with coefficient s > 1. Suppose that «, 3 : X — [0, c0) and
f: X — X is a self-mapping on X. Then f is called cyclic (e, )-type y-FG-contractive mapping, if there
exist F € Af, (G,v) € Ag,y such that the following condition holds:

a(x)B(y) = 1,d(fx, fy) >0 = «(x)B(y)F(s’d(fx, fy)) < F(Ms(x,y)) + G(v(Ms(x,y))) 3.1)

for all x,y € X, where

M;(x,y) = max {d(x,y), d(y, fy), d(x, fx), d(x, fy) +d(y, fx) } .

2s

Theorem 3.3. Let (X, d) be a complete b-metric space with coefficient s > 1, o, p : X — [0, 00) and let f : X — X
be a cyclic (o, B)-type y-FG-contractive mapping satisfying the following conditions:

(1) one of the following conditions holds:
(a) there exists xg € X such that «(xg) > 1;
(b) there exists yg € X such that B(yg) > 1;
(2) fis b-continuous;
(3) fisa cyclic («, 3)-admissible mapping.

Then f has a unique fixed point. Moreover, if the sequence {xr,} in X defined by x, = fxn_1 for all n € IN is such
that x is an initial point in condition (a) and the sequence {yn} in X defined by yn = fyn_1 for all n € N is such
that yo is an initial point in condition (b), then {xn} and {yn} converge to a fixed point of f.

Proof. Case I: Let xg € X such that «(xp) > 1. Define the sequence {xn} by xn4+1 = fxn. If there exists
ng € IN such that x,,, = xn,+1, then x,, is the fixed point of f, and hence the proof is completed. So we
assume that xn, # xn41 for all n € IN. It follows that

d(Xn,Xn+1) > 0, ¥VneN.
Now, we need to prove that

lim d(xn,xny1) =0.
n—o00
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As f is cyclic («, )-admissible mapping, we have
x(x0) =2 1= B(x1) = B(fxo) = 1= a(x2) = afx1) > 1. (3.2)

By induction, we obtain
a(xor) =1, and Bxoq1) =1

for all k € IN. Since x(xg)P(x1) > 1, we get

F(d(fxo, fx1)) < a(x0) B (x1)F(s>d(fxo, Fx1))

F(M;(x0,%1)) + G(v(Ms(x0,%1))).
B(xny1) =1, for all n € IN.

< ot(xn)B(xXn+1)F(s?d(fxn, FXni1)) (3.3)
< F(Ms (xn, Xn41)) + G(Y(Ms (xn, Xn41))). .

<
<

—_— —

Proceeding in the same manner, we get a(xn,

Fld(fxn, fXn41))

Now, for all n € IN we have

d(xn/ 1:Xn—o—l) + d(xn—l—l/ an) }

d(XT‘L/XTL—l—l)/ d(xn+1/ an+1), d(xn, fxn), s

d(xn, Xn+2)
2s

sld(xn, Xn+l) + d(Xn+1/ Xn—l—Z)] }

M (Xn, Xn41) = max

=t

— N AN AN

ax d(XTL/ XTLJrl)/ d(xn+1/Xn+2)/

N
=

ax § d(xn, Xn+1), A(Xn41,Xn+2),

2s

d(Xn/ Xn+1) + d(XnJrl/ Xn+2) }

<

3

ax § d(xn, Xn+1), A(Xn41,Xn+2),

2

< max § d(Xn, Xn41), d(xn+1/Xn+2)}~

If Mg(Xn, Xn+1) = d(Xn41,Xn2) for some n € IN, then inequality (3.3) implies that

F(d(xn41,%xn42)) < o‘(xn)B(Xn+1)F(S3d(Xn+1/Xn+2))
< F(d(xn—i—l/ Xn+2)) + G(v(Ms(xn, Xn+1)))-

So, G(Y(Ms(Xxn,Xn+1))) = 0 which implies that y(Mg(xn,Xn+1)) = 1 which is a contradiction. Therefore,
foralln e N

M (%n, Xn+1) = d(xn, Xn+1)-
From (3.1), we have
ot(xn) B xn+1)F(s*d(Xn 11, Xn+2))
F(d(%n, xn+1)) + G(y(Ms(xn, Xn+1)))
for all n € IN. Consequently, we deduce that

Fld(xn41,%n+2)) < F(d(xn—1,%n)) + G(y(Ms(xn—-1,%xn))) + G(¥(Ms(xn, Xn+1))).

Iteratively, we find that

F(d(Xn41,Xn42)) <
<

n

F(d(xn, xn41)) < F(d(xo,%1)) + Y G(v(Ms(xi—1,%:))).
i=1

Taking n — oo we obtain 1i_1>n F(d(xn,xn+1)) = —oo, since (G,y) € Ag, and since F € Af gives
n o
Iim d(xn,Xn41) =0. (3.4)
n—oo

Next, we prove that {x, } is a b-Cauchy sequence in X. Suppose not, then there exists ey > 0 for which we
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can find subsequences {x,r)} and {xq ()} of {xn} such that p(r) > q(r) > r and
d(X'p(r)/ Xq(r]) = €, (35)
and ((r) is the smallest number such that (3.5) holds:
d(Xp(r)/Xq(r)fl) < €p. (36)
By (bs), (3.5) and (3.6), we get
€0 < d(Xp(r), Xq(r)) < 8d(Xp(r), Xq(r)—1) +5d(Xq(r)—1,Xq(r))
< seg +8d(xg(r)—1,Xq(r))-
Taking the limit supremum as r — oo in above inequality which together with (3.4) shows
lim sup d(xp (r), Xq(r)) < S€0, (3.7)
T—00
using the triangular inequality, we deduce,
d(Xp(r)/ Xq(r)) < S[d(xp(r)/ Xq(r)—i—l) + d(xq(r}—b—lrxq(r)ﬂ/ (38)
and
d(Xp (r), Xq(r)+1) < slAd(Xp (1), Xq(r)) + Ad(Xq(r), Xq(r)+1)]- (3.9)
Letting v — +o00 in (3.8) and (3.9), so by (3.4) and (3.7) we obtain
€0 < slimsup d(xp (r), Xq(r)+1)
T—00
and
limsup d(xp(r), Xq(r)+1) < s2eq.
T—00
This implies that
€0 < limsup d(xp (r), Xq(r)+1) < s2e. (3.10)
S T—00
Similarly, we obtain
€0 < limsup d(xq(r), Xp(r)41) < s2eg. (3.11)
S T—00
Finally, we obtain that
d(xXq(r), Xp(r)+1) < sld(xqr), Xqr)+1) + AXq(r)+1, Xp (r)41)]- (3.12)

Taking the limit supremum as r — oo in (3.12), from (3.4) and (3.10), we obtain that

€0 . 3
2 < limsup d(xq(r)41, Xp(r)+1) < s7€p.
T—00

Using the cyclic property of «, 3 we get
o(xp(r))B(xXq(r)) = 1.

Now,
< “(Xp(r))ﬁ(xq(r))F(SSd(Xp(r)H/Xq(r)H))
< F(MS (Xp(r)/Xq(r))) + G(Y(MS (Xp(T)/Xq(T))))/
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where

M (Xp (1), Xq(r)) = max {d(xp(rwxq(r) ), dXp (1), TXp (1)),

dxp(r), fXg(r)) + d(xq (), PXp(r) }
2s

dlxq(r), fXq(r)),
(3.13)

= max {d(xp(r)/xq(r) ), A(Xp (r), Xp (r)41), AXq(r), Xq(r)+1)s

d(Xp (r), Xq(r)+1) + AXq (1), Xp (r)41) }
2s

for all r € IN. Letting limit supremum as r — +oo in (3.13) and using (3.4), (3.7), (3.10), and (3.11), we
obtain

s2eg + s2e }

—— [ = S€p.

M (Xp (), Xq(r)) :max{seo, s

Now,

(s°5)

F(sep) 2

<F
< F(SS lim sup d(xq (r)+1, Xp(r]+1))
T—00

< lim sup F(MS (xp(r)rxq(r))) +1lim sup G(Y(MS (Xp(r)/xq(r))))

T—00 T—00

< F(seo) + limsup G(v(Ms(xp (), Xq(r)))),
T—00
which implies that
hmsup G(Y(MS (Xp(r)rxq(r)))) > 0.

T—00

This yields to limsup,._, v(Ms(xp(r),Xq(r))) = 1, and since y(t) < 1 for all t > 0, we have

limsup y(Ms(Xp (r), Xq(r))) = 1.
T—00
Therefore,
lim sup Ms (xpm,xq (r)) = 0,
T—00
which is a contradiction because of (3.5) and (3.13). Therefore {x,,} is a b-Cauchy sequence in X.
Using the completeness of b-metric space, there exists x* € X such that

d(x*,x") = lm d(xn,x") = Hm_d{xn,xm)=0.

By b-continuity of f, we get
lim d(fxn,fx) =0.

n—,oo
Using (b3z), we have
d(x, fx) < sld(x, fxn) + d(fxn, x)]

for all n € IN. Taking the limit as n — oo in the above inequality, we obtain
d(x,fx) =0,

and then fx = x. Let x,y be fixed points of f where x # y. Now, using (3.2) we have x(x)pB(y) > 1, and
then from

F(d(fx, fy)) < a(x)B(y)F(s>d(fx, fy))

<
< F(Ms(x,y)) + G(v(Ms(x,y))),
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where At als
M) = { a0, w), i, o), dly, ), TS gy,

we get
Fld(xy)) < Fldlxy)) + Gly(d(x,y))),

so G(y(d(x,y))) > 0 which yields that y(d(x,y)) > 1, a contradiction. Hence x = y. Therefore, f has a
unique fixed point.

Case II: Assume that there exists yo € X such that 3(yo) > 1. Proceeding in a similar manner as above, we
get the conclusion. Hence the proof is completed. O

Consequently we have the following corollaries:
Taking v(t) = k,G(t) = Int where k € (0,1) and then putting —Ink = T in the above theorem, we
obtain a generalization of the results from [11, 12] in the setup of b-metric spaces.

Corollary 3.4. Let (X, d) be a complete b-metric space with coefficient s > 1, o, p : X — [0, 00) and let f: X — X
be a mapping satisfying the following conditions:
(1) ome of the following conditions holds:
(a) there exists xg € X such that «(xg) > 1;
(b) there exists yo € X such that f(yo) = 1;
(2)
«(x)B(y) > 1,d(fx, fy) > 0= T+ a(x)B(y)F(s’d(fx, fy)) < F(Ms(x,y))
for some T > 0, for all x,y € X and M is defined as earlier;
(3) fis b-continuous;
(4) fisa cyclic («, B)-admissible mapping.

Then f has a unique fixed point. Moreover, if the sequence {xr} in X defined by xr, = fxn_1 for all n € IN is such
that xg is an initial point in condition (a) and the sequence {yn} in X defined by yn = fyn_1 for allm € IN is such
that yo is an initial point in condition (b), then {xn.} and {yn} converges to a fixed point of f.

Taking F(t) = G(t) =1In(t), and x(x)B(y) =1 in the above theorem, we obtain the following result.

Corollary 3.5. Let (X, d) be a complete b-metric space with coefficient s > 1, o, 3 : X — [0, 00), and let f : X — X
be a mapping satisfying the following conditions:
(1) ome of the following conditions holds:
(a) there exists xg € X such that o(xg) > 1;
(b) there exists yog € X such that 3(yo) = 1;
2)
s*d(fx, fy) < v(Ms(x,y))Ms(x, y),
d(fx, fy) > 0 for all x,y € X, and My is defined as earlier;
(3) fis b-continuous;
(4) fisa cyclic («, B)-admissible mapping.

Then f has a unique fixed point. Moreover, if the sequence {xr,} in X defined by xn, = fxn_1 for all n € IN is such
that x¢ is an initial point in condition (a) and the sequence {yn} in X defined by yn = fyn_1 for all n € IN is such
that yo is an initial point in condition (b), then {xn.} and {yn} converges to a fixed point of f.

Taking F(t) = —% and G(t) =In(t), and «(x)B(y) =1 in the above theorem, we obtain the following
result.

Corollary 3.6. Let (X, d) be a complete b-metric space with coefficient s > 1, o, 3 : X — [0, 00), and let f : X — X
be a mapping satisfying the following conditions:
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(1) one of the following conditions holds:
(a) there exists xg € X such that «(xg) > 1;
(b) there exists yo € X such that 3(yo) = 1;

(2)
M;(x,y)

[1 Y MS (X/y) lnY(MS (XIU))]Z

for some d(fx, fy) > 0 for all x,y € X where (Int,y) € Ag,, and My is defined as earlier;
(3) fis b-continuous;
(4) fisa cyclic («, B)-admissible mapping.

s3d(fx, fy) <

Then f has a unique fixed point. Moreover, if the sequence {xn} in X defined by xn, = fxn_1 for all n € IN is such
that x is an initial point in condition (a) and the sequence {yn} in X defined by yn = fyn_1 for all n € IN is such
that yo is an initial point in condition (b), then {xn} and {yn} converges to a fixed point of f.

Taking y(t) = v, where v € (0,1) and «(x)B(y) = 1 in the above corollary and denoting k' = —k, we
obtain the following result.

Corollary 3.7. Let (X, d) be a complete b-metric space with coefficient s > 1, o, 3 : X = [0, 00), and let f : X — X
be a mapping satisfying the following conditions:
(1) one of the following conditions holds:

(a) there exists xg € X such that «(xg) > 1;
(b) there exists yo € X such that 3(yo) = 1;

(2)
M;(x,y)

[1+%"/Ms(x,y)I2

for some d(fx, fy) > 0 for all x,y € X where k' > 0, and My is defined as earlier;
(3) fis b-continuous;
(4) fisa cyclic («, 3)-admissible mapping.

s3d(fx, fy) <

Then f has a unique fixed point. Moreover, if the sequence {xn} in X defined by xn, = fxn_1 for alln € IN is such
that xq is an initial point in condition (a) and the sequence {yn} in X defined by yn = fyn_1 for allm € IN is such
that yo is an initial point in condition (b), then {xn} and {yn} converges to a fixed point of f.

Taking F(t) =t, G(t) = (r—1)t,v(t) = r where r € [0,00) and putting k =1, x(x) =1, f(x) =1 in the
above theorem, we obtain the following result.

Corollary 3.8. Let (X, d) be a complete b-metric space with coefficient k > 1, o, 3 : X — [0, 00), and let f : X — X

be a mapping such that
d(fx, fy) < vM(x,y)

for some v € [0,1) and for all x,y € X, and M is defined as earlier. Then f has a fixed point. Moreover, if the
sequence {xn } in X defined by xn, = fxn_1 for all n € N is such that x¢ is an initial point then {x,} converges to a
fixed point of f.

Taking s = k and «(x)B(y) = 1 in Theorem 3.3, we obtain the result of Parvaneh et al. [8].

Corollary 3.9. Let (X, d) be a complete b-metric space with coefficient s > 1, &, 3 : X — [0, 00), and let f : X — X
be a mapping satisfying the following conditions:
(1) one of the following conditions holds:

(a) there exists xg € X such that «(xg) > 1;
(b) there exists yo € X such that 3(yo) > 1;
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()
x(x)B(y) > 1,d(fx, fy) > 0 = F(kd(fx, fy)) < F(M(x,y)) + G(y(M(x,y))) (3.14)

forall x,y € X, and

7

f f
M, y) = max { dlx, ), dty, fy), afx, ), 20T A0
(3) fis b-continuous;
(4) fisa cyclic (x, B)-admissible mapping.

Then f has a unique fixed point. Moreover, if the sequence {xr,} in X defined by xr, = fxn_1 for all n € IN is such
that xg is an initial point in condition (a) and the sequence {yn} in X defined by yn = fyn_1 for allm € IN is such
that yo is an initial point in condition (b), then {xn,} and {yn} converges to a fixed point of f.

Taking F(t) =t, G(t) = (1 —k)t,v(t) = k where k € [0, 00) and putting «(x) =1, 3(x) =1 in the above
theorem, we obtain the following result.

Corollary 3.10. Let (X, d) be a complete b-metric space with coefficient s > 1, o, 3 : X — [0, 00), and let f : X — X
be a mapping such that
sd(fx, fy) < rMs(x,y)

for some r € [0,1) and for all x,y € X, and My is defined earlier. Then f has a fixed point. Moreover, if the sequence
{xn} in X defined by xn = fxn_1 for all n € IN is such that xq is an initial point then {xn} converges to a fixed
point of f.

Now, let us consider the following examples:

Example 3.11. Let X = [0,00) and let d : X x X — [0, 00) be defined by d(x,y) = Ix —y[? for all x,y € X.
Then (X, d) is a complete b-metric space with s = 2. Define the mappings «, 3,: X — [0,00), v : [0, 00) —
[0,1) and f: X — X as follows:

{ XTHI X 6 [O/ %]/ Xf%/ X E [O/ %]/
7

and B(x):{ %

x(x) =

0 otherwise , otherwise,
and , )
x2 0,1] 2
f(x) = 37 x€0,3], d t) = —.
(x) { x+0.01, otherwise, and  y(t) 9

Now, we will prove that f is a cyclic («, 3)-admissible mapping.
For x € [0, %], we have

Mﬂ>1$ﬁﬁﬂ=6<ﬁ>=<égﬁ>>L

and

B(x) 21:>oc(fx):oc(7;2) . (%”) >1.

Therefore, f is a cyclic («, 3)-admissible mapping.

Next, we will prove that f satisfies the contractive condition (3.14), with the mappings F,G : R" — R
as F(t) = G(t) = Int, for all t € [0,00). Assume that x,y € X are such that «(x)3(y) > 1. Then we have
x,y € [0, %] and

2

2
sd(fx, fy) =2 X —%

2
3
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2|2

=
N

N

-y

N
=
|
<
=

(M(x,y))d(x,y)
(M(x,y))M(x,y),

=< =< VINYIN

NN

hence,
F(sd(fx, fy)) < F(M(x,y)) + G(yv(M(x,y))).

Then, f satisfies all the conditions of Corollary 3.9, and therefore f has a unique fixed point x* = 0.
Example 3.12. Let X = [0,00) and let d : X x X — [0, 00) be defined by d(x,y) = |x —y[? for all x,y € X.

Then (X, d) is a complete b-metric space with s = 2. Define the mappings «, 3 : X — [0, 00), v : [0, 00) —
[0,1) and f: X — X as follows:

x2+3 2x245
— 5 X € [011]/ d _ =1 X € [0,1],
{x) { 0, otherwise, an Bx) 1, otherwise,
and
#/ € 0/ 1 ’
f(x) =< 3V3Hx2 el ] and y(t) = §
2x, otherwise, 9

Now, we will prove that f is a cyclic («, 3)-admissible mapping.
For x € [0, 1], we have

X _ (29(#2%))4_5
alx) =>1=B(fx) =P (W) = (4

B X _ (9(%2%))4_3

Therefore, f is a cyclic («, 3)-admissible mapping.

Next, we will prove that f satisfies the contractive condition (3.1), with the mappings F,G : R — R
as F(t) = G(t) = Int, for all t € [0,00). Assume that x,y € X are such that «(x)B(y) > 1. Then we have
x,y € [0,1] and

WV
=

and

X y
3V3+x2  3,/3+y2

K3d(fx, fy) = 8

8
< —lx—yP

9
<v(M(x,y))d(x,y)
<Y(M(x,y)IM(x,y),

hence,
F(s’d(fx, fy)) < F(M(x,y)) + G(y(M(x,y))).

Then, f satisfies all the conditions of Theorem 3.3, and therefore f has a unique fixed point x* = 0.

In the following, we give some fixed point results involving cyclic mappings which can be regarded
as consequences of the previous results.
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Definition 3.13 ([7]). Let A and B be nonempty subsets of a set X. A mapping f: AUB — AUB is called
cyclic if f(A) C B and f(B) C A.

Definition 3.14. Let (X, d) be a b-metric space with coefficient s > 1. We say that a mapping f: AUB —
A UB is an (A, B)-y-FG-contractive mapping if there exist F € Af, (G,v) € Ag,, such that the following
condition holds:

A(X)B(Y) = 1,d(fx, fy) > 0 = A(x)B(Y)F(s’d(fx, fy)) < F(Ms(x,y)) + G(v(Ms(x,y)))

for all x € A and y € B where

M;(x,y) = max {d(x,g), d(y, fy), d(x, fx), d(x, fy) + d(y, fx) } .

2s

Theorem 3.15. Let A and B be two nonempty subsets of the complete b-metric space (X, d) with coefficient s > 1
and f: AUB — AUB is an (A, B)-y-FG-contractive mapping. Then f has a fixed point in A N B.

Proof. Define mappings «, 3 : AUB — [0, 00) by
B
oc(x){l' x €A, d B(X){l’ x € B,

0, otherwise, 0, otherwise.
For x,y € AUB such that «(x)B(y) > 1, we get x € A and y € B. Then we have
a(x)B(y) = 1,d(fx, fy) > 0 = «(x)B(y)F(s’d(fx, fy)) < F(Ms(x,y)) + G(y(Ms(x,1))),

and thus condition (3.1) holds. Therefore, f is an («, 3)-y-FG-contractive mapping. It is easy to see that f
is a cyclic (o, )-admissible mapping. Since A and B are nonempty subsets, there exists xg € A such that
a(xg) > 1 and there exists yo € B such that $(yo) > 1. Now, all conditions of Theorem 3.3 hold, so f has a
fixed pointin AUB, say z. If z € A, then z = fz € B. Similarly, if z€ Bthenz€ A. Hencez€c AUB. [

Similarly, by replacing Ms(x,y) = d(x,y) we obtain the following corollary.

Corollary 3.16. Let A and B be two nonempty subsets of the complete b-metric space (X, d) with coefficient s > 1
and f: AUB — A UB be a mapping such that

A(x)B(y) > 1,d(fx, fy) > 0 = A(x)B(y)F(s’d(fx, fy)) < F(d(x,y)) + G(y(d(x,y))).
Then f has a fixed point in A N B.
Taking F(t) = G(t) =1In(t), and «(x)B(y) = 1 in Theorem 3.15, we obtain the following corollary.

Corollary 3.17. Let A and B be two nonempty subsets of the complete b-metric space (X, d) with coefficient s > 1
and f: AUB — A UB be a mapping such that

s2d(fx, fy) < Ms(x,y)y(Ms(x,y))

forallx € A, y € B and My is defined as earlier. Then f has a fixed point in A N B.

4. Application to nonlinear integral equations

Consider the nonlinear integral equation

1
x(t) = g(t) —|—7\L k(t,s)f(s,x(s))ds, teI1=1[0,1], A>0. (4.1)

Also, suppose that the following conditions hold:
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(@) g: I — R is a continuous function;
(b) f:I xR — R is a continuous function, f(t,x) > 0 and there exists a constant § € [0,1) such that for
all x,y € R,
If(s,x(s)) — f(s,y(s)) < dx(s) —y(s)l;
(¢) kxR :Ix — R is continuous at t € I for every s € I and measurable at s € I for all t € I such that
k(t,x) = 0 and

1
J k(t,s)ds <K;
0

(d) APKPEP < 5rp=r;
(e) the space X = C(I) of continuous functions defined on I = [0, 1], with the standard metric given by
p(x,y) =supx(t) —y(t)l, forx,y e C(I).
tel

Now, for p > 1 we define

P
dix,y) = (p(x, y))¥ = (Sug [x(t) —y(t)l> =sup x(t) =y, forx,y e C(I).
te te

Also, define

M(x,y) = {d(x,y), d(x, fx), d(y, fy), d(x, fy) 42‘ d(fx,y) } ‘

Then (X, d) is a complete b-metric space with s = 2P~1.
Theorem 4.1. Under the assumptions (a)-(e), the nonlinear integral equation (4.1) has a unique solution in C(I).

Proof. Define the operator T : X — X by

1
Tx(t) = g(t) +?\J k(t,s)f(s,x(s))ds, telI=1[0,1], A>0.
0
Now, for x,y € X we have

1

1
[Tx(t) — Ty(t)| = k(t, s)f(s,x(s))ds — g(t) —AL k(t,s)f(s,y(s))ds

g(t)—i—?\J

0

1
<A

(=]

k(t, s)[f(s, x(s)) — (s, y(s))lds

<A [ k(t,s)0/x(s) —y(s)|ds.

(=] [SY

—

S)| — p(X/U),
ITx(t) — Ty(t)] < AKdp(x, y).

As [x(s) —y(s)| < sup,; Ix(s) —y

Now,
d(Tx, Ty) = sup [Tx(t) — Ty(t)|P
tel
(AKdp(x,y))P
APKPSPd(x, y)
1
22p—1

<
<

M(x,y).

Therefore, all the assumptions of Corollary 3.8 are satisfied by the operator T and the equation (4.1) has a
unique solution in C(I). ]
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Example 4.2. Consider the following functional integral equation:

1 1J1 s Ix(s)]

T17t 6o 201+ ) 3et(1+ Ix(5)])

x(t) ds, tel=1I0,1].

It is observed that the above equation is a special case of (4.1) with

1 S [x|

o) = 7y MU = gy T = sy

Now, for arbitrary x,y € R such that x > y and for t € [0, 1], we obtain

] |
'“LX”‘““X”‘:k%1+mn_3auwwyﬂ
BT m‘
=3t T4 A+
< 1Ix—yl-
3

Thus, f satisfies condition (b) of the integral equation (4.1) with 6 = % It can be easily seen that g is a
continuous function and k satisfies condition (c) with

Jlk(ts)ds—J1 S ds = 1 <1—K
o o 2014127 4(1+1t2) T4 T

and A = % in condition (d), we get

=

By substituting § = §,K =

1 1 1 1
<

TR TRET =t
The above inequality is true for each p > 1. Consequently, all the conditions of Theorem 4.1 are satisfied
and hence the integral equation (4.1) has a unique solution in C(I).
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