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Abstract

For («,p) € (0,1) x (1, c0), this note focuses on some integrability estimates for solutions of the following Dirichlet problem

Lapu(x) =g(x) asxeQ,
u(x) =0 as x € R™M\Q,

where Ly is the fractional p-Laplace operator. (©2017 All rights reserved.
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1. Introduction

Unless stated otherwise, we will always assume that («,p) € (0,1) x (1,00) and Q is a bounded
Lipschitz domain. This paper is devoted to a further study of the integrability estimates for weak solutions
of the following Dirichlet problem

Lapu(x) =g(x) asxeQ, 11)
u(x)=0 as x € R™M\Q. '
Here L}, is the so-called fractional p-Laplace operator

u(y) —u(x)P?(uly) —u(x))
Lopu(x) = p.V.J N [y — e

dy.

When p = 2, Ly has already been known as the classical fractional Laplace operator, which has initially
been studied ([11, 18]). It is a generator of a strongly continuous contractive semigroup on L?(R™) that can
be extended to contraction semigroup on LP(IR™) for p € [1,00] ([3, 8]). The Dirichlet boundary problem
of Ly has been intensively investigated and many fundamental results have been proved, we refer the
reader to [2, 4, 8, 12, 14] and the references therein for a fuller treatment of this topic. As a nonlinear
generalization of Ly, L has been extensively explored in recent years ([1, 5, 10]).
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When g = —Alu/P~2u with A > 0, the equation
Lo pu(x) = —Ahu(x)P~2u(x), (1.2)

which also called the nonlocal Euler-Lagrange equation was fully discussed in [13] for large values of
p and the limit equation as p — oo was derived. Equation (1.2) was closely related to the nonlocal
eigenvalue problem and its viscosity solutions have many interesting properties. If g = —[u(x)|P2u(x), a
local version of (1.1), i.e.,

Lo pu(x) = —Ju(x)P~2u(x) asxe€Q,
u(x) =1 as x € K, compact K C Q, (1.3)
u(x) =0 as x € R™M\Q,

was studied in [15, 16]. It was proved that the weak solution of (1.3), which was nothing but the viscosity
solution, was the capacitary potential of the relative fractional Sobolev capacity.

In [1], Barrios et al. studied the summability of the finite energy solutions to (1.1) in terms of the
summability of g for ap < n by adapting the ideas used in [12] for p = 2. In this paper, highly inspired by
their methods and some known estimates for bounded Lipschitz domain, we obtain the following results
for ap > n.

Theorem 1.1. Let g € L*(Q), p < q < oo with ap = n and Q be a W*P-extension domain. Then the solution
of (1.1), denoted by ., satisfies the following boundedness:
(a) for s > —=9—, there exists a constant C1 := C1 (n, &, q, Q, ||g||s(q)) such that

xq—n’

L) < Cy;

(b) for s = =9, there exists a constant C, := Cy (n, «, q,Q, ”gHLS(Q)) such that

oaq—m

J expﬁlu(XJl dx < Cy, for some P > 0;
Q

(c) for % <s < ag‘ﬂn, there exists a constant C3 := Cz(n, o, s) such that

gs(n—«)
s(n—qo) + qoc’

||u||LS*(Q) < C3||9||E?€Q) as s* =

Theorem 1.2. Assume that g € L1(Q), ap > n and u is a solution of (1.1). Then there exists a constant
Ci=C(n, a9, Q,|gll1(0)) such that
[ullie () < C

We end this section with the outline of this paper. Section 2 presents some basic definitions and
preliminaries. In Section 3, we give the proofs of Theorem 1.1 and Theorem 1.2.

2. Preliminaries

We recall that the inhomogeneous fractional Sobolev space WP (IR™) is defined as

L Ifly) — (%)

P (RM -— P(RM
WP (R™) ; {fel_ (R™): 2

€ LP(R™ ><IR”)},

endowed with the norm

_ 1/p
e (L I R

R |y — X|n+ocp
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Also, W*P(Q) can be defined similarly with R™ replaced by Q. The homogeneous fractional Sobolev
space WP (R™) can be defined by the semi-norm

[(y) — F)IP e
fll\isap (ny = ———dyd ,
o= ([ [ T dyax

which is the so-called Gagliardo semi-norm of f. Fractional Sobolev spaces have been a classical topic
in functional and harmonic analysis all along, see e.g., the review paper [6] and the references therein.
C(Q) is the space of all real-valued and continuous functions on (). For each natural number k, i.e.,
k € N, C*(Q) denotes the space of all functions being k times continuously differentiable, C‘c‘(Q) stands
for the space of all functions in C*(Q) having compact support. C®(Q) is the subspace of CX(Q) given
by C®(Q) := Nk CK(Q). Wy"P(Q) is the closure of C2(Q) in the norm | - |lwar ().

Theorem 1.1 is based on the assumption that Q) is an extension domain. We say that Q) is a W*P-
extension domain, if there is a positive constant C := C(n,p,Q, «) such that for every function f €
WP (Q)), there exists a function f € WP (R™) with

flx) =f(x) asxe€Q, and |flwermn) < Cllfllwer(q)-

Fractional extension results are essential to improve some fractional embedding theorems and have been
discussed by many people such as Nezza-Palatulli-Valdinoci [6], Shvartsman [17], Triebel [19] and Zhou
[21]. It is well-known that the space W*P(Q) is continuously embedded in L9(Q) for any q € [p, o)
when Q is a W*P-extension domain. That is:

Lemma 2.1. Let ap =n, q € [p,00) and Q be a W*P-extension domain. Then there is a constant
C:=C(Q,n,«p) >0,

such that
IfllLa(a) < Cllfllwar(q), ¥ feWP(Q).

Moreover, if f € W*P(Q) N C.(Q), then

”fHLq(Q) < C”fHW%p(Q)/
where C.(Q) stands for all real-valued and continuous functions on Q having compact support.

Proof. The first estimate is just [6, Theorem 6.10]. It only needs to prove the second one. If
f e W*P(Q)NC(Q),

then supp f := K is a compact set, it follows from [9, Lemma 2.6] that f € LP(K), i.e., there is a constant
C:=C(n,a,p,Q) > 0 such that

Ifllee (k) < Cliflhyer (-
Consequently, one has

[fllLa) < Clifllwar ) = CUIflle (k) + Iflliar () < Cliflhiar (a)-
O
A function u € W*P(Q) is a weak solution of (1.1) subject to the boundary condition u(x) = 0 on
R™\Q if
<L“/Pu' d)> = <9; ¢>/ V(b € W((]X’p(Q)/

where

J lu(y) —u(x)lp_z(u(y) —u(x))(d(y) — d(x)) dydx 2.1)
Q

|y — X|n+ xp

Lo ) 5= |

Q
and (g, ¢) is given by the duality product. It follows from [7, Theorem 5.5] and [1, Theorem 2.6] that there
exists a unique weak solution to (1.1). That is:
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Lemma 2.2. Forany f € WP (Q), the dual space of WP (Q), there is a unique function w € WP (Q) such
that
Lopu="T.

The next lemma is a straightforward consequence of [1, Lemma 2.8, Proposition 2.10, Lemma 2.13],
we collect here without their proofs.

Lemma 2.3. Let u,v € W*P(Q).

(a) IfF € Lip(R) with F(0) = 0, then F(u) € W*P(Q). Furthermore, if F is a convex function and differentiable
almost everywhere, one has

LopF(u) < [F'(W)P2F (WLapu, ae. in Q.

(b) (Lopit, dv) =2 [ 5 uLgpv.
(c) Forany m > 0and & € R, define the truncated functions
Fm (&) == max{—m, min{m, &}}, and Hun (&) :=&—TFm(E).
Then I (1), Him (1) € WP (Q) and
| Fm( ||WOLp Q) < <Lalpu,3"m(u)>, and || Hm ( Hwocp Q) < <La,pu,9-(m(u)>.
The following fractional Morrey Sobolev inequality is essential to the proof of Theorem 1.2.
Lemma 2.4 ([20, Theorem 4.1]). Let xp > n. Then there is a constant C := C(n, &, p, Q) such that
Il (o) < Cllfllvyer (@), ¥ f€W*P(Q).

3. Proofs of the main results

In this section, we give the proofs of Theorem 1.1 and Theorem 1.2 by the so-called Moser’s method.
Following [1], we can also give the proofs with a stampacchia’s type result. We omit here for their
similarity.

3.1. Proof of Theorem 1.1
Let us begin with the proof of (a). There is no loss of generality in assuming that [()| = 1. We consider
the following truncated function

IE]Y as 0 < &) <V,
Fy(&) = ¢yWY HE—W)+WY  as&>Y, (3.1)
—YWYTHE+ W)+ WY as E <Y,

where y > 1 and ¥ > 0 to be announced later. It is easy to check that Fy satisfies Lemma 2.3 (a), and
hence Fy(u) € W*n/*(Q). It follows from Lemma 2.1, (2.1) and Lemma 2.3 that

e Fu ) — Py () GO/
I <), |,

[y — x>
— C<I—o¢,n/ocF‘P ('LL), F‘y (LL)>

=2C o Fu () (%) [Lon/aFw(w)] (x)dx

[[Fw (u dydx

<2C [ FL W00 TRy (w) (0 L jaulx)dx
JQ

—20 | R, (w01 Ry () (0 flx) dx.
JQ
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Since
Fy(u) < [ul, and [Fy(uw) < yu/™*,

the Holder inequality gives

F n/oc <2C n/a—1 . H n/oc(y—l)—o—l) )
[Pt ¥ glls ) [ o
Hence y
[ |YHn o o) < CYn/(x*ngHLS(Q) H|u|n/cx(vfl)+l‘ oy’
by taking ¥ — oo. Finally,
— oy _ / [0
[ulivao) <€ (Yn/(x 1H9||LS(Q)>y (J hu(x) |/ xy=1+1)s dx> . (3.2)
Q nys
Applying Young’s inequality to p; = yil/ and p2 = 2=, (3.2) can be rewritten as
— ¥ / [0
lulltvao) < C (Yn/“ 1H9||L5(Q)> ! (1 +J u(x) s mdx) . (3.3)
Q nys

Denote by

(o4

1
k T q T
e =mk = (L“/) ;o e = <J |u|rkqu) k » and Jio= (CTE/(x 1Hf”LS(Q)) o
Q

ns

It is obvious that m > 1. We conclude from the fact rkH“TS/ =1k q and (3.3) that

1
Lep1 < Ty (T+ L) na,

Therefore, up to a re-normalization to obtain that I[p =1 and Ix > 1, one has

In'+1 < Infen —i—i (LD < InJx+ _,_L +1nte .

T q ™q
Hence,
k+1 k+1
Z(lnhﬂ lnI‘) < Z (ln]‘H + > ,
i=0 i=0 rid
which implies that
k+1
In'et In)t + + In' < In)t + =N < oo0.
ICIED e SRS WD w

We have completed our proof after the following observation

i1 <C=eN<oo, and lim I = [ul[reo()-
k—o0
Next, we proceed the proof by showing (b). For any ¥ > 0 and y > 0 will be fixed later, we define

eyinl —1 as 0 <
Gym):=qyer!mM—-¥)+e¥ -1 asn=VY,
—ve¥¥M+¥)+e¥¥ -1 asn<
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It is easily seen that Gy (u) satisfies Lemma 2.3 (a). A further use of Lemma 2.1 and Lemma 2.3, one has
16w (WIITi(e) < ClLan/aGw(u), Gu(w)

=2C . Gy (u)(x) [Lon/aGw(u)] (x)dx

<2C | G (W)™ Gy (1) (X)L jau(x)dx
JO

=20 | 16w Gy () (xglx)dx

+j Gl (1) (1™ %1 Gy (1) (x) g (x) dx
(0}

= 2C(K1 + Kz),

where Q7 :={x € Q: [u(x)| > ¥}
Set
Qf; ={x e Qf : Gy(u)(x) > 1}, and QFf, :={x € Qf : Gy(u)(x) < 1}

We see at once that
(Gu(w) () + 1™ <2721 ((Gy(w)())™* 1 +1) as x € O,
and
(Gw(w)(x) + /et g on/eml con/eml((Gy (u)(x))™V/* 71 +1) as x € QF,.

Since
Gy (w)(x)| = v(Gy(u)(x) +1) as x € QF,
the Holder inequality shows that

Ko <2V Vet (Gl (6] g(x) + (Gl (x)g(v)] dx

Qf
<@ gl G + @11 | Gulwixghdx
Q
= K11 +Kqp,
and hence
Kiz < (2v)™* Miglles (o) lIGw (Wl (o) < V)™ * HiglLs (o) |Gy (W) [La(o) Q= .
By the Minkowski inequality, K2 can be further estlrnated as
[«
Kz < (21" (2lgll Gl 74 01”5 o)
Therefore,
n/o,,n/a—1 TL/CX x n/oc nn a)
Ky < 2™/ %y lgllLs (o) IGw (W)l 4 ;IIQHLS(Q)IIGW Wl o)l
n—o«
nn o<)
<2“/“Y“/°‘_1\\9||LS(Q)||GW i (1+ S0
T L TR

For the term K, we first note that
min Gy(u) = Gy(¥) = Gy(—¥) =e¥¥ —1.
1
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Choosing y¥ > 1, Holder’s inequality gives
(,Y ey‘i’ ) n/ou—1

Ko< ——
TR

J G ((x))™ *g(x)dx
0O,

v

oY n/o—1 /
—1
() el lSe I,

< @YY gl (o) [1Gw W[ -

On account of the above estimates, we have

nn oc)
16w, < 2% )™ glle o G )%, ( o )

n—o« _
+— ——2" ()™ gl s o
Therefore, )
HGW Hn “ E(n,oc, q/”gHLS(Q)IQ)/

by choosing vy small enough. This forces
IGw(Wllraga) = le"™ = 1fLa(0) < C < oo,

after taking ¥ — oco. Thus, we get our des1red result by taking 3 =vyq > 0.

Finally, we give the proof of (c). For ¥ > 0 big enough to be determined later, we consider the function
(3.1) withy = q . We deduce from the fact i <s< 4 that y > 1. By the similar analysis as that in
the proof of (a), we have

1
7

IFe (w75, <2y gl a) (J |u(x)|5’(”‘”“”d") '
Q

Hence,
1
57

<jQ |u(x)|qux) <2CvE gl (JQ u(x)[° “V—”a“)dx) ,

by taking ¥ — oo. It follows from the fact

B n 1 aq—s(xqg—n)
vq =s'((y 1) +1) = and xq s s >0,

that -
Iulli =0, <207 lglliea)

which gives

Il () < Callglfa i)

3.2. Proof of Theorem 1.2
Using the similar arguments as that of Section 3.1, we can prove Theorem 1.2. In fact, for the function
defined in (3.1) with y =1 and ¥ > 0, by Lemma 2.3 and Lemma 2.4, we have

) 1/p
Iyl < 2C (J |F<y(u(x))|p—1Fw(u(x))g(x)dx)

1 1
<2C o) gl

Taking ¥ — oo, one has
1 1
(o) < 2CIull o) lgleP,
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Hence y
. & AP /P
Theorem 1.2 has been proved by taking C = 2C||g]|{, Q)" O
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