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Abstract

This paper proves the Hyers-Ulam stability and Hyers-Ulam-Rassias stability of nonlinear impulsive Volterra integro-delay
dynamic system on time scales via a fixed point approach. The uniqueness and existence of the solution of nonlinear impulsive
Volterra integro-delay dynamic system is proved with the help of Picard operator. The main tools for proving our results are
abstract Gronwall lemma and Banach contraction principle. We also make some assumptions along with Lipschitz condition
which make our results appropriate for the approach we are using. (©2017 All rights reserved.

Keywords: Hyers-Ulam stability, Hyers-Ulam-Rassias stability, time scale, nonlinear Volterra integro-delay dynamic system.
2010 MSC: 34NO05, 34A37, 45M10, 45]05.

1. Introduction

Let (G, %) and (H,.) be groups, then a function ¢ : (G, x) — (H,.) is said to be a group homomorphism
if it is given by
dlx*xy) =d(x).0ly), VxyeG.

Ulam [23, 24] considered (H,.,d) a metric group with metric d(.,.) and inquired a question, if for any
e >0and ¢ : (G, *) — (H,.) satisfies the inequality

d(p(xxy), ¢(x).d(y)) <e, VxyeG,
then for an approximate homomorphism 1\ : (G, *) — (H,.) can we find a real number & > 0 such that
d(p(x),b(x)) <5, VxeG.

To deal this problem, Hyers [10] using direct method, brilliantly gave a partial answer to the case of
functional equation by considering G and H to be Banach spaces. Afterward, it was called the Hyers-Ulam
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problem and the study of this area has grown-up to be one of the important subjects in mathematical
analysis. In 1978, Rassias [21] provided an extension of the Hyers-Ulam stability by introducing new
function variables. As a result, another new stability concept, Hyers-Ulam-Rassias stability, was named
by mathematicians.

In the literature, many researchers paid attention to the stability properties of different kinds of dif-
ferential equations. We emphasize that Ulam’s type stability problems have been taken up by a huge
amount of mathematicians and the study of this region has grown-up to be one of the vital subjects in
mathematical analysis. However, among the functional equations, Obloza seems to be the first math-
ematician who has investigated the Hyers-Ulam stability of linear differential equations (see [18, 19]).
Thereafter, Alsina and Ger published their paper which handles the Hyers-Ulam stability of the linear
differential equation y/(t) = y(t). They proved that if a differentiable function y(t) is a solution of the
inequality Iy/(t) —y(t)] < ¢ for some ¢ > 0 and for all t € (a, ), then there exists a constant ¢ such
that [y(t) — ce'| < 3¢ for all t € (a,00), where a € R ([2]). Jung in 2004 [11] investigated Hyers-Ulam
stability of first order linear differential equations. In 2010, Li and Shen [15] studied the Hyers-Ulam
stability of linear differential equations of second order. For more details on Hyers-Ulam stability, see
[12-14, 16, 18, 25, 26, 28-31].

Many real world phenomena are represented by smooth differential equations. However, the situation
becomes quite different in the case when a physical phenomena has sudden changes in its state such as
mechanical systems with impact, biological systems with heart beats, blood flows, population dynamics,
theoretical physics and so on (see [4]). Adequate mathematical models of such processes are systems
of differential equations with impulses i.e., impulsive differential equations. An impulsive differential
equation is described by three components: a continuous time differential equation, which governs the
state of the system between impulses; an impulse equation, which models an impulsive jump defined by
a jump function at the instant an impulse occurs; and a jump criterion, which defines a set of jump events
in which the impulse equation is active.

The theory of dynamic equations on time scale has been developing rapidly and has received a lot
of attention in recent years. This theory was introduced by Hilger [9] in 1990, with the motivation of
providing a unification to continuous and discrete calculus. For more details on time scale, see [5-
8,17, 20, 27]. In 2013, Andras and Mészéros [3] obtained some results about the Hyers-Ulam stability of
some integral equations on time scale via Picard operators. Agarwal et al. [1] in 2014, discussed some
results about the stability of linear impulsive Volterra integro-dynamic system on time scales. To the best
of our knowledge, only few papers are devoted to the stability of impulsive Volterra integro-dynamic
systems. However, as far as we know, the Hyers-Ulam stability and Hyers-Ulam-Rassias stability of
nonlinear impulsive Volterra integro-delay dynamic systems have not been studied yet.

In this paper, we obtain Hyers-Ulam stability and Hyers-Ulam-Rassias stability of nonlinear impulsive
Volterra integro-delay dynamic system of the form

t
z2(t) = M(t)z(t) —i—J K(t,s,2(s),z(h(s)))As, t€Ts' =Ts\{t1, t, -, tm),
to
Az(ty) =z(t)) —z(ty) = Vi(z(ty)), k=1,2,---,m, (1.1)
z(t) = «(t), telto—A tol,
z(to) = a(to) = zo,

where A > 0, M(t) is piecewise continuous and a regressive square matrix of order m on T30 := [to, tf]%«s,
te > 19 = 0and K(t,s,z(s),z(h(s))) is piecewise continuous operator on

N={(t,s,z) :tg <s<t<ty, ze¢ R™L

Also Y : R - R, o : [tg — A, tg] — R are continuous functions, z(ti) = lim,_,p+ z(tx + ) and z(t, ) =
lim,_,o+ z(tx — T) are respectively the right and left side limits of z(t) at ti, where ty satisfies

to<ti <tz < - <ty <ty =t < +o0.
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Moreover, h : Ts? — Ts% N [ty — A, to] is a continuous delay function such that h(t) < t.

2. Preliminaries

The time scale is defined to be any nonempty closed subset of real numbers and is denoted by Ts.
The forward jump operator © : Ts — Ts, backward jump operator p : Ts — Ts and graininess function
i:Ts — [0, 00) are respectively defined as:

O(s) =inf{t e Tg: t > s}, p(s) =sup{teTs:t<s}, u(s)=0(s)—s.

For any t € Tg, if t < p(t) then point t is said to be left-scattered and if t = p(t) then t is called left-dense.
If t < ©O(t) and ©(t) = t, then point t € Tg is called right-scattered and right-dense, respectively. The set
Ts” is known as derived form of time scale Tg and is defined as:

For Ts\(p(supTs),sup Tsl, if supTs < oo,
5 - Ts, if supTg = oo.

The real-valued function W : Tg — R is called right-dense continuous, if it is continuous at every right-
dense point on Tg and its left-sided limit exists at every left-dense point on Tg. The real-valued function
W :Ts — Ris called regressive, if 1+ p(t)W(t) # 0, for all t € Tg* and if 1+ pu(t)W(t) > 0, then W is
called positively regressive. The set of all right-dense continuous and regressive, right-dense continuous
and positively regressive functions, respectively, will be denoted by Rg(Ts) and Rg(Ts)". The delta
derivative of the function W: Ts — R at t € Tg* is defined by

WAt)= I
(t) s—>t,lsgél@(t) Ot) —s

The A-integral of the rd-continuous function W : Ts — R is defined by

b
J W(t)At =w(b) —w(a), VabeTs,

a

where the rd-continuous function w is an anti-derivative of W, i.e., w® = W on Ts?.
The generalized exponential function ey (a, b) for W € Rg(Ts) on Ts is defined as

a

b
ew(a,b) =exp (J (DH(S)W(S)AS> , VabeTg,

where

, if p(t) #0,
W(t), if u(t) =0,

is the cylindrical transformation.

The fundamental matrix is defined to be the general solution to the matrix dynamic equation z(t) =
M(t)z(t), z(tg) = zo, t € Ts" and is denoted by W (t, to).

Consider the metric space Tgy X Tg, = {(m,n) : m € Tgy, n € Tg,} which is a complete metric space
with the metric defined by

d((my,nq), (Mg, m2)) = \/(ml —my)? + (g —np)?, (my,ny), (Mo, n2) € Tgy X Tsy,

where Tg; and Tg, are the time scales.
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The function W : Tg1 x Tg, — R is said to be continuous at (m,n) € Tg; x Tg, if for every e > 0 there
exists & > 0 such that [|g(m, n) — g(mo, no)l| < € for all (my, ng) € Tsy x Ts, satisfying

d((m,n), (mg,ng)) < d.

Let C(Ts?, R™) be the Banach space of continuous functions with norm ||z|| = sup, €T llz(1)]l, PC(Ts" N
[to — A, to], R™) denotes the Banach space of piecewise continuous functions with norm

llzll = sup llz(t)ll,

teTs%N[tg—A,to]

and PCY(Ts?, R™) ={z € PC(Ts" N [to— A, to], R™) : z2 € PC(Ts® N [to — A, to], R™)} is Banach space with
norm ||z|pe1 = max{|z|/pc, [|z22||pc}- Consider the following inequalities,

yA(t)—M(t)y(t)—J K(t,s,y(s),y(h(s))As|| < e, teTs/,

to (2.1)
Ay(tk)—vk(y(t;))H<e, k=12, ,m,
yA(t)—M(t)y(t)—j K(t,5,y(s),y(h(s)As|| < o), teTs,

o (2.2)
Ay(tk)—Yk(y(t;))H<K, k=12, ,m,

where ¢ € C(Ts?, R™) is an increasing function.
Definition 2.1. Equation (1.1) is Hyers-Ulam stable on Ts% N [to — A, to] if for every
y € PC(Ts N [to—A, to], R™) N PC' (T, R™),
satisfying (2.1), there exists a solution yo € PC(Ts% N [tg— A, to], R™) N PC(Ts®, R™) of (1.1) with
lyo(t) —y (B <Ke, K>0, ¥teTs"Nlto—A tol.
Definition 2.2. Equation (1.1) is Hyers-Ulam-Rassias stable on Ts” N [tg — A, to] if for every
y € PC(Ts" N [to — A, to, R™) N PC! (T, R™),
satisfying (2.2), there exists a solution yo € PC(Ts% N [tg— A, tol, R™) N PCY (T, R™) of (1.1) with
lyo(t) —y (DIl < Kep(t), K>0, ¥teTs’Nto—A tol.

Definition 2.3. Let (X;d) be any metric space. An operator A : X — X is a Picard operator, if it has a
unique fixed point x* € X such that for all x € X, (A (%)} = x* as n — 0.

Lemma 2.4 ([17]). Lett€ Td, y, b€ Rg(Ts™), p € Rg(Ts )T and ¢, by € RT, k=1,2,---, then

t
YO <o [ polyslas+ Y byt

T T<tp<t

implies
yt)<c J[ @+bueplt1), t=>t
T<t<t

Lemma 2.5 (Abstract Gronwall Lemma [22]). Let (X,d, <) be an ordered metric space and A : X — X be an
increasing Picard operator with fixed point x*. Then for any x € X, x < A(x) implies x < x* and x > A(x) implies
X > x*.
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Remark 2.6. A function

y € PC'(Ts°, R™),
satisfies (2.1) if and only if there is a function f € PC(Ts% N [tg — A, to], R™) and a sequence fy (which
depends on y) such that [|f(t)|| < e forall t € ‘.TSO Nto—A tol, Ifll < eforallk=1,2,---,m, and

t

yA(t) = M(t)y(t)+J K(t,s,y(s),y(h(s)))As +f(t), y(to) =yo, t€Ts,

to

Ay(te) =Yyt )+, k=1,2---,m.
We have similar remark for (2.2).

Lemma 2.7. Every y € PC'(Ts’,R™) that satisfies (1.1) also comes out perfect on the following inequality:

k t s
Hy(t)—‘Pm(t,to)yo—ZY(y(tj_))—J WM(t,@(S))J K(s,w,y(u), y(h(u)))Auls|| < (k+tr—to)e

j=1 to to

fOT’ te (ty, ter1] C ‘Tgo.
Proof. Ify € PC! (75, R™) satisfies (2.1), then by Remark 2.6, we have

y2(t) = M(t)z(t) + Jt K(t,s,z(s),z(h(s)))As + f(t), teTg,

to

Ay(t) =Ti(y(ty)) +fi, k=12, m.

Then

k k t s t
U(t):Uo-f—‘PM(t/to)yO'i‘ZY(y(t;))+Zfi+L a6, 005) | (s () y(hiul)Buds + | f(s)as
i=1 0

j=1 to to

So,

k t s
Hy(t) oYt toye— 3 Yyl ) —J wM(t,@(s))J % (s, 1, y(w), y(h(w)) Auds

j=1 to to

¢ k
< | etsynas+ 3 e
to i=1

(k+t—to)e

<
< (k+tf—tg)e.

We have similar remarks for (2.2).

3. Main results
Now we are going to give our result on Hyers-Ulam stability.
Theorem 3.1. If

(a) The function X is piecewise continuous with the Lipschitz condition

2
1 (t, s,x1,%2) = K(t, 5, y1,y2) < ) Llxi —yill, L>0
i=1

fortg < s <t < tg, and for all xi,yi € R™,1€{1,2};
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() Yx : R — R is such that |[Yy(x1) — Vi (x2)ll < Myllx1 —x2l, Mk > 0, for all k € {1,2,--- ,m} and
X1,X2 € IR/ ie {1/2}/

(Z] 1M+ 28UP o0 1A tg] Ito IWm(t,Ofs ||th LAuAs> <1

d) for some Cy > 0, we have |[Ym (t, O(s))l| = SUP {0 [ty —A o] [Wm(t,O(s))]] < Cy;
then equation (1.1) has
(i) a unique solution in PC(Ts N [to— A, to), R™) N PCL(T5", R™);
(ii) Hyers-Ulam stability on Ts0 N [tg — A, tol.

Proof.
(i) Define an operator A : PC(Ts% N [to— A, to], R™) — PC(Ts N [tg — A, to], R™) by

(X(t)l te [tO - )\/ tO]/

t S

Y (t, ©(s)) J K (5,1, z(w), z(h(w)))Auds, t € (to,t1],

a(to) +Wnm(t, to)zo + J
to

to
o(to) +Vi(z(t; ) +Wm(t to)zo

+Jt ‘PM(t,@)(s))J K(s,u,z(u),z(h(u)))AuAs, te (tq,tol,

to to

a(tg) —l—ZT )) +Wnm(t, to)zo
(Az)(t) = 3.1)

S

—i—Jt ‘PM(t,G(s))J K(s,u,z(u),z(h(u)))AuAs, te (ty,ts],

to to

«(to) +ZY )) +Wam(t, to)zo

S

t
+J ‘PM(’C,Q(S))J K (5,1, 2(w), 2(h(w))Auds, t € (tm tmsil.

to to

We see that for any z1, z, € PC(Ts%N [ty — A, to], R™) and for all t € [ty — A, to], we have

1(Az1)(t) — (Az2) ()]l = 0.

For t € (tym, tmy1] consider,

m

H(Azn(t) — (/\Zz)(t)H =>

j=1

vj(zl(tj))—vj(zﬂtjnH

i

| wM(t,@)(s))r (ﬂc(s,u,zl(u),zl(h(u)))

to to

—XK(s,u,zp(u), zz(h(u)))> AuAs

m
<ZM]‘

j=1

(1) -2
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t
+ s [ emer)i|

S
teTsN[tg—A,to] Y to to

(K(s,u, z1(u), z1 (h(u)))
—X(s,u, Zz(u),Zz(h(u)))) HAuAs

m
< Z M; sup

j=1 teTsNto—A,to]

zl(tj)—Zz(tj)H

+ sup jan(t,@(s))nJ Llz1 (W) — z2(w)[[Auds

S
teTsN[tg—A,to] Y to to

t
+ swp jnwm(t,@(s))n J Lz (h(w)) — z2(h(w))llAuds

S
te€Ts%N[tg—A,to] ¥ to to

m t S
<Y Mila-zl+2a-nl  sp | o)) | Lauas
j=1 t€TsN[to—A,to] Y to to

m t S
< ||z1 — 22| (Z M;j +2 sup J II‘I’;\/l(t,@(s))IIJt LAuAs).
0

j=1 t€Ts%N[to—A,to] Vo

Following from (c), the operator is strictly contractive and hence a Picard operator on

PC(TSO N [to— A, tol, R™).
From (3.1), it follows that the unique fixed point of this operator is in fact the unique solution of (1.1) in
PC(Ts° N [to— A, tol, R™) N PC' (T, R™).
(ii) Now let y € PC(Ts" N [tg — A, to], R™) N PC(Ts?, R™) be a solution to (2.1). The unique solution
z € PC(Ts"N [ty — A, tol, R™) N PC(Ts®, R™) of the dynamic equation
t

zZ2(t) = M(t)z(t) +J K(t,s,z(s),z(h(s)As, teTs' =T\t t2...,tm},
to

Az(ty) = z(t)) —z(ty) = Ti(z(ty)), k=1,2,---,m,
z(t) =y(t), telto—A tol,
z(to) = y(to) = 2o,

is given by

U(t)/ te [tO - }\/ tO]/

t s

‘Pm(t,@(S))J K(s,u,z(u), z(h(w)))Auds, t € (to, t1],

y(to) + ¥nm(t, to)zo +J
to

to

t S

‘PM(t,G(s))J K(s,u,z(u),z(h(u)))AuAs, te (tq,to],

to

ylto) £ Va(z(t])) + Wae(t, to)zo +J

to

2 t S
Z(t) — y(tO) + Z Y] (Z(t;)) +WM (t/ tO)ZO + J WM(t/G)(S)) J JC(S, u, Z(u)l Z(h(u)))AUAS, te (tZI t3]l
j=1 to to
ylto) + D Vj(z(t;) +¥ml(t, to)zo
j=1

—l—Jt Ym(t,O(s)) r K(s,u,z(u),z(h(uw))AuAs, te (tm,tmi1l
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We observe that for all t € [tg — A, to], we have |[y(t) —z(t)]| = 0. For t € (tm, tm+1], using Lemma 2.7, we
have

Hy(t) —z(t)H < Hy(t) —Wmlt to)yo— ) Y(y(t;))
j=1

—Jt ‘PM(t,@(s))J K(s,uw,y(u),y(h(u)))AuAs

to to

j(z(tj))H

X

t S
J wM(t,e(s))j (:K(s,u,y(u),y(h(u)))—Jc(s,u,z(u),z(h(u)))>AuAs

to to
j=1 ’

t S
+J ||WM(t,@(sm|j Lliy(u) — z(w)[lAuAs

to to

+J W (t, ©(s ))nj Ly (h(w)) — 2(h(w)llAuds.

to

i

<(m+t

y(t;) —z(t))

Next, we show that the operator T : PC(Ts N [to— A, to], R™) — PC(Ts? N [tg — A, to, R™) given below is
an increasing Picard operator on PC(Ts% N [tg— A, tol, R™).

O, te [tO - A/ tO]l

t
(tf—to)e-i-J

to

||wM(t,@(s))|Ls Lg(uw)AuAs

t S
+j ||WM(t,@(s))||J Lg(h(w)Auds, te (tot],
to to
t

(1+tf—tg)e+ Mlg(tl_) +J

to

Wi (t,0(s)| J Lg(u)AuAs

t S
+ J ||wM(t,@(s))||J Lg(h(uw)Auds, te (b, tal,

to

2 t s 3.2
(2+tf—t0)e+ZMjg(tj)+L N]M(t'@(S))HL Lg(u)AuAs 42)

j=1

t S
+ j ||wM(t,@(s))||J Lg(h(w)Auds, te [t ta],

to to

S

(m+tft0)e+ZMjg(tj_)+J II‘{’M(t,@(s))Ij Lg(u)AuAs

j=1 to to

S

+ J ||wM(t,@(s))||J Lg(h(u))Auds, t € (tm, tml

to to

For any gi, 92 € PC((ISO N [tO _}\/tO]/Rm)/

(Tgy)(t) — (ng)(t)H = 0forallt e [tg—A,tg]. Fort e
(tm, tm1l), consider

m

H(Tgl)( (Tga)(t H Z

- 2(t;)

t S
'+LO||WM(t,®(s))||LOL "

(u) — ga(u) ‘ ‘AuAS
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S

+ Jt me(t,@(s))nj

to

|

g1(h(u)) — ga(h(u)) ’ ‘AuAs

<) Mj  sup 91(tj)—gz(tj)H

j=1 teTs Nto—A,to]
t S
+j ||wM(t,@(s))||J L sup  llgu(w) — ga(w)lAuds
to to teTsN[to—A to)
t S
+j ||wM(t,®(s))||J L osup  llgi(h(w) — ga(h(w)lAuds
to to  teTsON[tg—A,tg]
m t S
<Y Milg-@l+2g-gl  swp | e | Lauas
j=1 teTsN[tg—A,to] Y to to
m t S
<||91—92||<ZM]'+2 sup J II‘PM(t,Q(s))IJ LAuAs).
j=1 teTsNtg—A,to] Y to to

Since <Z;’11 M; + Zsupte‘Isom[to—A,tg] J‘:O W (t,O(s))]] f:o LAuAs> < 1, so the operator is contractive on

PC(Ts” N [tg — A, to], R™). Applying Banach contraction principle, T is Picard operator with unique fixed
point g* € PC(Ts" N [to — A, tol, R™), i.e.,

9'() = (met tr—to)e+ Y Myg'(5;)+ | Iem(L @)l | Lo(wauas

P t to
+L ||wM(t,®(s))|Ls Lg* (h(w))Auds.

Since g* is increasing, so g*(h(u)) < g*(u) and by using (d), we have

m t ps
g (t) < (m+tf—t0)e—|—ZMjg*(t5_) —I—ZJ J CxLg" (W) AuAs.

]':1 to Jto

By Lemma 2.4, we get
g () < (m+tr—to)e ] (1+Mjlep(t,to),

to<tj<t

where P(s) = ZI,fO CxLAu. If we set g(t) = [[y(t) — z(t)], then from (3.2), g(t) < (Tg)(t) from which by
using abstract Gronwall lemma, it follows that g(t) < g*(t), thus

Hy(t) —z(t)H <mtte—t)e T[] (1+Mep(tto).

to<tj<t

Similarly, by following the same process, we can prove that:
Theorem 3.2. If

(@) The function X is piecewise continuous with the Lipschitz condition [|[X(t,s,x1,x2) — K(t,s,y1,y2)ll <
Z%:l Lixi —yill, L>0for tg < s <t < teand forall xi,y; € R™, 1 €{1,2};

(b) Yx : R — R is such that |[Yi(x1) — YVic(x2)ll < Myllx; —x2ll, My > 0, forall k € {1,2,---,m} and
x1, %2 € R, 1 €{1,2}
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(c) (Z]nll M; +Zsupt€TSom[t077\,tO] ﬁo W (t,O(s))]] fio LAuAs) <1;

(d) for some Cy = 0, we have [[¥am(t, O(s))l| = supy cq0n 1, a1, WM (L O(s))Il < Cy;

(e) ¢ € C(Ts®, R™) is increasing such that for some p > 0,

J e(r)Ar < po(t),

to

then (1.1) has

(i) a unique solution in PC(Ts" Nty — A, tol, R™) N PCL(Ts%, R™);

(ii) Hyers-Ulam-Rassias stability on Ts® N [t — A, tol.

4. Conclusion

In this paper, we have proved the Hyers-Ulam stability and Hyers-Ulam-Rassias stability of (1.1) using
fixed point method. We proved our results by using abstract Grénwall lemma together with Lemma 2.4.
Moreover, our results guarantee that there is an exact solution of (1.1) which is close to the approximate

solution.
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