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Abstract

In this paper, we introduce the notion of 8-¢ C-contraction and establish some fixed point and coupled fixed point theorems
for these mappings in the setting of complete metric spaces and ordered metric spaces. The results presented in the paper
improve and extend some well-known results. Also, we give an example to illustrate them. (©2017 All rights reserved.
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1. Introduction and preliminaries

As is well-known, Banach contraction principle is one of the famous results in fixed point theory.
The generalizations of this result have been established in various settings (see [1, 11, 15, 22, 24] and the
references therein). In the meantime, a large number of contractive definitions have been put forward.
One of them is the C-contraction introduced by Chatterjea [4].

Definition 1.1 ([4]). Let (X, d) be a metric space and T : X — X be a mapping. T is said to be a C-contraction
if there exists « € (0, 1) such that for all x,y € X, the following inequality holds:

d(Tx, Ty) < «(d(x, Ty) + d(y, Tx)).

Using the C-contraction, Chatterjea [4] obtained a fixed point theorem that each C-contraction has a
unique fixed point in a complete metric space (see Corollary 2.3).
Later, Choudhury [5] introduced the weakly C-contraction as follows.

Definition 1.2 ([5]). Let (X, d) be a metric space and T : X — X be a mapping. T is said to be a weakly
C-contraction if for all x,y € X, the following inequality holds:

AT, Ty) < (A0, Ty) +dly, T) — L, Ty), dly, T)),

where 1V : [0, +00)? — [0, +00) is a continuous function such that P(x,y) = 0 if and only if x =y = 0.
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Using the weakly C-contraction, Choudhury [5] obtained the fixed point theorem that each weakly
C-contraction has a unique point in a complete metric space (see Corollary 2.4).

Harjani et al. [10] studied weakly C-contraction in ordered metric space. They obtained the following
theorem.

Theorem 1.3 ([10]). Let (X, <) be a partially ordered set and suppose that there exists a metric d in X such that
(X, d) is a complete metric space. Let T : X — X be a continuous and nondecreasing mapping such that

d(TX/ TU) < (d(xl Ty) + d(y/ TX)) _l'l)(d(xl TU)/ d(U/TX))

N —

for every comparative x and y, where \ : [0, +00)? — [0, +00) is a continuous function such that \P(x,y) = 0 if
and only if x =y = 0. If there exists xog € X with xo < Txo, then T has a fixed point.

In 2011, Shatanawi [23] generalized weakly C-contraction with the help of altering distance functions
in metric spaces and in ordered metric spaces, and then obtained some fixed point theorems.

Bhaskar and Lakshmikantham [9] introduced the notion of the mixed monotone property and the
coupled fixed point of a mapping F from X x X into X and studied coupled fixed points of such mappings
in partially ordered metric spaces. Since then, many authors established coupled fixed point results (see
[6,8, 16, 17, 20, 23] and the references therein).

Definition 1.4 ([9]). Let (X, <) be a partially ordered set and F : X x X — X be a mapping. We say
that F has the mixed monotone property if F(x,y) is monotone nondecreasing in x and is monotone
nonincreasing in y, that is, for any x,y € X,

x1,%2 € X, x1 X x2 = F(x1,y) < F(x2,y),

and
Y1,Y2 € X,y1 = y2 = F(x,y1) = F(x,y2).

Definition 1.5 ([9]). An element (x,y) € X x Xis called a coupled fixed point of a mapping F: X x X — X
if x =F(x,y) and y = F(y, x).

Bhaskar and Lakshmikantham [9] proved the following result.

Theorem 1.6 ([9]). Let (X, <) be a partially ordered set and d be a metric on X such that (X, d) is a complete metric
space. Let F : X x X — X be a continuous mapping having the mixed monotone property on X. Assume that there
exists k € (0,1) for x,y,u,v € Xwithx 2u, y > v,

A(F(x,y), Flu,v) < 3 [d(x ) +dly, vl

If there exists (xo,Yo) € X x X such that xo < F(xo,yo) and yo > F(xo,yo), then F has a coupled fixed point.

In 2014, Jleli and Samet [12] introduced a new type of contraction called 0-contraction. Just recently,
Zheng et al. [25] introduced the notion of 8 — ¢ contraction which generalized 0—contraction and other
contractions (see [12, 25] and the references therein).

According to [12, 25], we denote by © the set of functions 0 : (0,00) — (1, 00) satisfying the following
conditions:

(©1) 6 is non-decreasing;
(©,) for each sequence {tn} C (0,00), limn_,00 0(tn) = 1 if and only if limy 00 tn =07;

(®3) 0 is continuous on (0, co0).



D. W. Zheng, X. H. Liu, G. R. Zhang, J. Nonlinear Sci. Appl., 10 (2017), 5723-5733 5725

And we denote by @ [25] the set of functions ¢ : [1, 00) — [1, 00) satisfying the following conditions:
(®1) ¢ :[1,00) = [1,00) is non-decreasing;
(@) foreach t > 1limy 00 ™ () = 1;
(®3) ¢ is continuous on [1, 00).
Zheng et al. [25] obtained the following result.

Theorem 1.7 ([25]). Suppose (X, d) is a complete metric space and suppose T : X — X is a © — ¢ Suzuki
contraction, i.e, there exist © € © and ¢ € @ such that for any x,y € X, Tx # Ty,

2d06 Tx) < dlx,y) = 0(d(Tx, Ty)) < PONGx,)),

where
N(x,y) = max{d(x,y),d(x, Tx),d(y, Ty)}.

Then T has a unique fixed point x* € X such that the sequence {T™x} converges to x* for every x € X.

As pointed out in [25], Theorem 1.7 improved and extended the corresponding results of Banach,
Samet [21], Jleli and Samet [12], Kannan [13], Dugundji-Granas [7], Boyd-Wong [2], Matkowski [14],
Browder [3] and so on.

Inspired by [25], we introduce the notion of 6-¢ C-contraction. The purpose of this paper is to prove
some fixed point and coupled fixed point theorems for 0-¢ C-contraction in the setting of complete
metric spaces and ordered metric spaces. The results presented in the paper improve and extend the
corresponding results of Chatterjea [4], Choudhury [5], Harjani et al. [10], Bhaskar and Lakshmikantham
[9]. Also, we give an example to illustrate them.

We give some lemmas that will be used in the paper.

Lemma 1.8 ([25]). If € @, then (1) =1 and d(t) < t for each t > 1.

Lemma 1.9. Suppose V : [0,+00)? — [0,+00) is a continuous function such that \P(x,y) = 0 if and only if
x =Yy = 0. Let d1(t) = inf{P(s,2t —s) : 0 < s < t}, then b1(t) is continuous on [0, 00) and d1(t) = 0 if and
only ift =0.

Proof. Let Ay = {(x,y) : 0 < x < t,x +y = 2t}, then A; is an arc of R?. Since \{(x,y) is continuous and

At is a connected compact subset of R?, then {(A+) is an arc of R, that is to say, {(A¢) is a finite closed
interval. Thus,

¢1(t) =inf{P(s,2t —s) : 0 < s <t} =infP(A) = minPp(Ay). (1.1)

Suppose tg € [0,+00) is an arbitrary point. Let By, = {(x,y) : 0 < x < 2tp+1,0 <y < 2ty +1},
then (x,y) is uniform continuous on By,. So, for each ¢ > 0, there exists 8 > 0 with < 1 such that
(ulrvl)/ (uZ/VZ) € Bt[)/

V=2 4 (v —v2)? < 8 = [y, v1) — W, v)| < e

Now, let [t — tg| < %, then for each (x,y) € Ay, there exists (xg,yo) € Ay, such that

\/(X*XO)Z + (y —yo)? < 8.

Therefore, [b(x,y) —(xo,yo)| < e. That is, P(x,y) > b(xo,yo) — € = b1(to) — &. Thus, d1(t) > d1(te) —¢.
Similarly, we can get ¢1(tg) > ¢1(t) —e. Then, we have [P(t) —(to)| < &, which shows that () is
continuous at tg. Since to is an arbitrary point, then ¢;(t) is continuous on [0, o).
If t =0, then Ay ={(0,0)}. Therefore, ¢1(t) =0.

If $1(t) =0, by (1.1), there exists (x,y) € A such that P(x,y) = $1(t) = 0. Then (x,y) = (0,0), and

t=>4=0. O
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Lemma 1.10. Let \, ¢y be as in Lemma 1.9 and define ¢(t) = Wfor t € [1,+00), then ¢ € @.

Lemma 1.11 ([18, 19]). Let (X, d) be a metric space and let {yn} be a sequence in X such that

lim d(yn,Yn+1) =0.

n—oo

If {yn} is not a Cauchy sequence in (X, d), then there exist ¢ > 0 and two sequences {m(k)},{n(k)} of positive
integers such that m(k) > n(k) > k and the following four sequences tend to ¢ when k — oo:

AYm ) Yn))r AYm k) Yno)+1), AUm a0 —1,Yn ) ) AYm k)1, Yn (k) +1)-

2. 0-¢ C-contractions
Based on the functions 0 € © and ¢ € ®, we give the following definition.

Definition 2.1. Let (X, d) be a metric space. A mapping T : X — X is said to be a 6-¢ C-contraction if
there exist 6 € ® and ¢ € @ such that for all x,y € X

d(x, Ty) + d(y, Tx)
2

Theorem 2.2. Let (X, d) be a complete metric space and T : X — X be a 0-¢ C-contraction with ® € © and ¢ € ©.
Then T has a unique fixed point x* € X and for every x € X the sequence {T™x} converges to x*.

0(d(Tx, Ty)) < ¢16(

). (2.1)

Proof. Let xo € X be an arbitrary point. We define the sequence {xn}in X by xn,41 = Txn, for alln € N. If
Xng+1 = Xn, for some ng € N, then x* = xy,, is a fixed point for T and the proof is done. In the next, we
assume that xn 41 # xn for all n € N. Then d(xn1,xn) > 0 for all n € N. For the sake of simplicity, take
dn = d(xn, Xni1)-

Applying the inequality (2.1) with x = x,_1, Y = X, we obtain

0(dn) = e(d(XnIXn+1))
= 0(d(Txn—1,Txn))
(Xn—1, Txn) + d(xn, Txn_1)
2
d(xn—1,%n) + d(xn, Xn1)
2

)] < 9

< olo2 )

< ¢18( )]
dnfl + dn

2

dnfl + dn

= l0(——

).
So, dn < %, that is d, < dn—1. Therefore, {d,} is a decreasing and bounded from below, thus
converging to some v € R*. If r > 0, taking limit in the above inequality 0(d,) < d)[@(%ﬂ, we have

0(r) < ¢(6(r)). By Lemma 1.8, ¢(6(r)) < 6(r), then 6(r) < $(6(r)) < 6(r), which yields a contradiction.
Thus r = 0, that is

lim d(xn,Xny1) =0.
n—oo

In what follows, we shall prove that {x, } is a Cauchy sequence in X .

Suppose, on the contrary, {x,} is not a Cauchy sequence. By Lemma 1.11, then there exist ¢ > 0
and two sequences {m(k)}, {n(k)} of positive integers such that m(k) > n(k) > k and the following four
sequences tend to ¢ when k — co:

d(Xm (k) Xn (k) Am k) Xn (k) +1), A Xm0 =1, Xn (k) ), AXm (k) =1, Xn (k) +1)-
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By (2.1), we have

O(d(xm (k) Xn()+1)) = 0(d(Txm 1)1, TXn(x)))
d(Xm()—1, TXn (k) + d(Xn k), TXm (k)—1)
2
d(Xm () —1, Xn(k)+1) + A(Xn (k) Xm (k)
2

By (©3), (03) and Lemma 1.11, passing to limit as k — oo, we get 6(¢) < ¢[0(¢e)].

By Lemma 1.8, $[0(e)] < 0(¢), then 0(e) < $[0(¢)] < 6(¢), which is a contradiction. Thus {x} is a
Cauchy sequence in X.

Due to the completeness of (X, d), {xn} converges to some point x* € X.

By (2.1),

< ¢18( )]

= o[8( ).

d(X*, Txnfl) + d(xnflr TX*) d(X*, Xn) + d(xnflr TX*)

0(d(Tx", Txn—1])) < $16( > )] = ¢l6( 5 )l.
Passing to limit as n — oo, then we get
o(a(Tx",x*)) < olo( AN H 0y o 4T Ty (AT T,

which yields d(x*, Tx*) = 0 from the very definition of ¢ and 6. So, x* is a fixed point of T.
Now, we will prove that T has at most one fixed point. Suppose, on the contrary, that there exists
another distinct fixed point y* of T such that Tx* = x* # Ty* =y*, then by (2.1), we get

d(x*, Ty*) +d(y*, Tx*)
2

which is a contradiction. Therefore, the fixed point of T is unique. O

6(d(x",y*)) = 0(d(Tx", Ty")) < ¢[6( )] =B(d(x",y*))] < 6(d(x*,y")),

The following corollary is Chatterjea’s Theorem [4].

Corollary 2.3. Let (X, d) be a complete metric space and T : X — X be a C-contraction mapping, that is, there
exists oe € [0, %) such that for all x,y € X

d(Tx, Ty) < «(d(x, Ty) + d(y, Tx)).
Then T has a unique fixed point x* € X and for every x € X the sequence {T™x} converges to x*.
Proof. If « =0, it is easy to prove. So we suppose « € (0, %). Let
B(t) =et

forall t € [0, +c0), and
d(t) = %

for all t € [1,400). Obviously, 8 € ©,¢$ € ©.
In what follows, we prove that T is a 8-¢ C-contraction.

(b(e(d(x, Ty) ;— d(y, Tx) ) = (ed("/mjd“ﬂf”)))za
— ex(d(x,Ty)+d(y,Tx))
> ed(TxTy)
=0(d(Tx, Ty)).

Thus, T is a 6-¢ C-contraction. Therefore, from Theorem 2.2, T has a unique fixed point x* € X and for
every x € X the sequence {T™x} converges to x*. O
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The following corollary is Choudhury’s Theorem [5].

Corollary 2.4. Let (X, d) be a complete metric space and T : X — X be a weakly C-contraction mapping, that is,
forall x,y € X, the following inequality holds:

d(TX/ TU) < (d(X, TU) + d(y/TX)) —ll)(d(X, Ty)/ d(y/ TX))/

N =

where P : [0,400)% — [0,400) is a continuous function such that \Pp(x,y) = 0ifand only if x =y =0. Then T
has a unique fixed point x* € X and for every x € X the sequence {T™x} converges to x*.

Proof. Let
0(t) =e', ¢1(t) =infl(s,2t—s): 0 < s < t}
for all t € [0, +00). Obviously, 6 € ©, and let

t
¢(t) = Gamy

for t € [1,4+00), then ¢ € ® by Lemma 1.9 and Lemma 1.10.
In what follows, we prove that T is a 0-¢ C-contraction.

d(x, Ty) +d(y, Tx) ATy +d(y,Tx)
YOS = e

e
T edi(d(x,Ty)+d(y,Tx))
d(x,Ty)+d(y,Tx)
2

$(8(

d(x,Ty)+d(y,Tx)
2

Z (A Ty),dly, )
_ [Ty (d(x,Ty),d(y, Tx))]

> ed(TxTy)

=0(d(Tx, Ty)).
Thus, T is a 6-¢ C-contraction. Therefore, from Theorem 2.2, T has a unique fixed point x* € X and for
every x € X the sequence {T™x} converges to x*. O

Now, we give an example to illustrate our results.
Example 2.5. Consider the sequence {S, }nen as follows:
S1=1, S=1+2,---,

nn+1)

——

Let X ={Sn :n € N} and d(x,y) = [x —yl. Then (X, d) is a complete metric space.
Define the mapping T: X — X by TSy =Sy and TS, = S for every n > 1.
Firstly, we observe that the Banach contraction principle cannot be applied since

Sn=14+2+3+-+n=

lim d(TSn,Tsl) — lim Sn,1—1 m TLZ—TL—l
n—oo  d(Sn,S1) T Mmoo Sha—1 T nscon24n—1

Secondly, T is not a C-contraction map. In fact, suppose that there exists « € [0, 1) such that

d(Tx, Ty) < ad(x, Ty) + ad(y, Tx)
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for all x,y € X.
Now, let x = S;,, y = Sy, by the above inequality we know that

n(nz_l) —1=d(Tx, Ty) < xd(x, Ty) + xd(y, Tx) = xd(Sn, TS1) + xd(S1, TSn) = x(n® —2)
n(n—1)

for all n € N, that is, x > 52772_1, passing to limit as n — oo, we obtain & > %, which yields a
contradiction. So T is not a C-contraction map. Now, let the function 6 : (0,00) — (1, 00) defined by

8(t) = e,
and ¢ : [1,00) — [1,00) defined by
1, if1<t<2,
o[t = { t—1, ift>2

Obviously, 0 € ©, ¢ € ©.
In what follows, we prove that T is a 0-¢ C-contraction.
We consider two cases.

Casel. x=S5,,, y=Sp, n>m> 1.

In this case, we have
d(TX, Ty) = d(TSnr Tsm) = Snfl - Smflz

d(X/ TU) = d(sn/ Sm—l) = Sn - Sm—l =n-+ Sn—l - Sm—lz
d(y/ TX) = d(sm/ Snfl) =Sn1-Sm=S5n1—-Sm1—m,

A T A X)) — oSy —Smor+ 5

Sno1=Sm1+"5" 1

$(8( ))

=e
—e 2 eSn17Sm1 _q
> eSn-17Sm1
=0(d(Tx, Ty)).
Case2. x=S5,,, y=951, n>1

In this case, we have
d(Tx, Ty) = d(TSn, TS1) =Sn—1—51,
d(x, Ty) =d(S+,S1) =Sn—S1=n+Sn1—-51,
d(y, Tx) = d(S1,Sn—1) =Sn—1—S51,

d(x, Ty) + d(y, Tx)
2

)) = $(0(Sn_1— S + =)

d (o :

_ eSna—S1+3 1
=e2eSn1751 1
> eSn1—51
=0(d(Tx, Ty)).

Therefore, we have for all x,y € X

d(x, Ty) + d(y, Tx)
> )]

So all the hypotheses of Theorem 2.2 are satisfied, and T has a fixed point. In this example x = S; is the
fixed point.

8(d(Tx, Ty)) < $I6(
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By using similar proofs in Theorem 2.2, we can obtain the following results in an ordered metric space.

Theorem 2.6. Let (X, <) be a partially ordered set and suppose that there exists a metric d in X such that (X, d) is
a complete metric space. Let T : X — X be a continuous and nondecreasing mapping such that

d(x, Ty) +d(y, Tx)

0(d(Tx, Ty)) < lo( .

)]

for every comparative x and y where © € ©, ¢ € @. If there exists xg € X with xg < Txq, then T has a fixed point.

Theorem 2.7. Let (X, %) be a partially ordered set and suppose that there exists a metric d in X such that (X, d) is
a complete metric space. Let T : X — X be a nondecreasing mapping such that

d(x, Ty) +d(y, Tx)

0(d(Tx, Ty)) < lo( .

)]

for every comparative x and y where © € ©, ¢ € ®. Suppose that for a nondecreasing sequence {xn} in X with
Xn — X, we have xn, = X for all n € N. If there exists xg € X with xg = Txg, then T has a fixed point.

Remark 2.8. Theorem 2.6 improves Theorem 1.3, and Theorem 2.7 improves the result of [10].

3. Coupled fixed point

Theorem 3.1. Let (X, =) be a partially ordered set and d be a metric on X such that (X, d) is a complete metric
space. Let F : X x X — X be a continuous mapping having the mixed monotone property on X. Assume that for
x,y,u,veXwithx 2u, y=v,

d(x,u) +d(y,v)

0(d(F(x,y), F(w,v))) < $[6( >

)] (3.1)

If there exists (xo,Yo) € X x X such that xo < F(xo,yo) and yo > F(xo,Yo), then F has a coupled fixed point.

Proof. Let xo,yo € X be such that xo < F(xo,yo) and yo = F(xo,yo). Let x1 = F(xo,yo) and y1 = F(yo, xo).
Then xp < %1 and yo > yi. Again, let x, = F(x1,y1) and y2 = F(yi1,x1). Then x; < x2 and y; > ys.
Continuing in this way, we construct two sequences {x,,} and {yn} in X such that x,, 1 = F(xn,yn) and
Yn+1 = F(Yn,xn), and we have xg = x; <xp < ---andyp =y = yp = - - -.

If Xny+1 = Xny, Yng+1 = Yn, for some ng € N, then

Xng = Xng+1 = F(XTL()/UTL(])I Yng = Yno+1 = F(Unozxno)-

Thus, (Xny, Yn,) is a coupled fixed point for F.
Next, we assume that for all n € N, either x,, # F(xn,yn) or yn # F(yn,xn), that is

d(xn4+1,%n) + d(Yns1,Yyn) >0

forallm € N.
By (3.1), we have

d ms ™M d mnrs n
Odln 1, %0 12)) = Od(Flxn, Yo ), Flxm s,y 1)) < plog 2nnt) F dlntnaaly = a5
Sirnilarly, we have
d(xn, Xn d(Yn,Yn
8(d(Yrs1,Ynrz)) = B(A(F(yn, xn), Fynia, xnsn))) < plo(E0n2ns) TdWnynin) - 5 g

2
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Then by (3.2), (3.3) and Lemma 1.8, we have

d(xn, Xn—l—l) + d(yn/ yn+1)
2 4

d(xn+1/ Xn+2) < (34)

and

d(xn,x + d(yn,
d(Yn+1,Ynt2) < Gen, Xn-1) > (Yn Un+1)‘ (3.5)

So, by (3.4) and (3.5), we have

d(Xn+1/Xn+2) + d(UnJrlr yn—l—Z) < d(xn, Xn+1) + d(yn/yn+1)~

Thus, {d(xn,Xn+1) + d(Un, Yn+1)} is a decreasing sequence and bounded from below. Thus there is r > 0
such that

lim (d(xn, Xn+1) +d(Yn, Yn+1)) =1

n—oo

Suppose v > 0, then (d(xn,Xn+1) + d(Un,Yn+1)) = 1, so there exist ng <ny < --- <ny < --- such that for

each k € N/ d(xnkJrlIXle-l-Z) P % or d(ynk+1/ynk+2) Z %
Without loss of generality, we can assume that d(xn, 1, %n,+2) = 5 for k € N, then from (3.4),

T d(xn,,Xn +d s Yn
0(2) < B(dlxn, 1%, 2)) < gl SXmernet)F dlmYnizaly
Passing to limit as k — oo, then we get
T T T
)< — —
8(3) < dB(3)) < 0(3),
which is a contradiction, so r = 0. Therefore, we get that
lim d(xn,Xn41) =0,
n—o0
and
lim d(yn,Yyn+1) =0. (3.6)

n—oo
Now, we show that {x,} is a Cauchy sequence in X.
Suppose, on the contrary, {x,,} is not a Cauchy sequence. Then by Lemma 1.11, there exist ¢ > 0 and
two sequences {m(k)}, {n(k)} of positive integers such that m(k) > n(k) > k and

Jm d(n ), Xn ) = MM d(m 41, Xm0 +1) = & (3.7)

If there exist k1 < kp < --- <ks < --- such that d(ymk,),Yn(k,)) < € for each s € N, then

d(Xm (k) Xn (k) + AYm (k) Yn (k)
2
A(Xm (k) Xn (k) T €
2

0(d(Xm (kq)+1- Xn(ke)+1)) < PLO( )]

< ¢18( ).

Passing to limit as s — oo, then from (3.7) and Lemma 1.8, we get

0(e) < lO(e)] < O(e),

which is a contradiction. Therefore, for k large enough, we have

Ad(Ym (k) Yn(k)) = € (3.8)
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Since
d(Xm k), Xn k) + AYmk)r Ynx))

5 ),

O(d(Ymx)+1,Yn(k)+1)) < GO(

then we have

A% Xn (k) + AUm k), Un(x))
A(Ym)+1 Ynk)+1) < m k) Tn (k) > m (k) Yn(k))

Therefore, by triangle inequality of d,

Ad(Ym ) Ynk)) — AYm ) Ym)+1) — AYn k) Yn(x)+1)

A(Xm () Xn (k) + AUm k) Un (k)
< d(ym(k)+1/yn(k)+1) < m (k) (k) 5 m(k)s In(k) ‘

That is,
AdYm) Ynix)) < dxXm) Xnk)) +2dYm ) Ymao+1) +2dUn ), Yn(x)+1)- (3.9)
Thus, from (3.6), (3.8) and (3.9), we have

lim d(ym(k)/yn(k)) =&

n—oo

Since 0(d(Xm (k)41 Xn(k)11)) < LO( d(x"‘(k)’xn(k));d(ym(k)’y"(k]) )], passing to limit as k — oo, then we

get 0(e) < $[O(e)] < B(¢), which is a contradiction. Thus we know that {x,,} is a Cauchy sequence in X.
Similarly, {yn} is a Cauchy sequence in X. Since X is complete, then there exist x,y € X such that x,, — x
and yn — y. And F is continuous, xn4+1 = F(xn,Yn) — F(x,y) and yn41 = Flyn, xn) = F(y,x). By the
uniqueness of limit, we have x = F(x,y) and y = F(y, x). Thus (x,y) is a coupled fixed point of F.

O]

Theorem 3.2. Let (X, =) be a partially ordered set and d be a metric on X such that (X, d) is a complete metric
space. Let F : X x X — X be a mapping having the mixed monotone property on X. Assume that for x,y,u,v € X
withx <u, y = v,

d(x,u) +d(y,v)

> ).

Suppose that for a nondecreasing sequence {xn} in X with xn — X, we have xn, =< x for all n € N and for a
nonincreasing sequence {yn} in X with yn — y, we have yn =<y for all n € N. If there exists (xo,yo) € X x X
such that xo < F(xo,yo) and yo = F(xo,Yo), then F has a coupled fixed point.

0(d(F(x,y), F(w,v))) < $[6(

Remark 3.3. Take 0(t) = et,t € [0,4+00) and ¢ (t) = t*, t € [1,+0), where k € (0,1) in Theorem 3.1, then
we get Theorem 1.6. Also, Theorem 3.2 improves the result of [9].
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