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Abstract

In the present paper, we study modified Phillips operators in simultaneous approximation. The operators discussed
here are important as they have link with the well-known Szdsz operators. We estimate some direct results for the operators.
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1. Introduction

In order to generalize the well-known Bernstein polynomials to the positive real axis Szasz [16] intro-
duced the following operators

= (ax)e (k)
Sa(f,x) = e —f(—],xe(0,00).
kZ_o k! x

These operators are linear positive operators and play an important role in the theory of approximation.
Recently, Gupta [6] discussed some approximation properties of the operators S«(f, x). Four years later
Phillips [15] proposed a generalization of the Szdsz operator in the following form:
Lalf, ) =€ %6(0) + 6 ) sas() | sapca(B(t)dtx € 0,00),
k=1 0

k
where sy 1 (x) = e_o‘x(“]:). Later Mazhar and Totik [12], Finta and Gupta [1], Gupta and Srivastava [8],

Govil et al. [4], Heilmann and Tachev [10], Gupta [5], Tachev [17], etc. discussed several approximation
properties of the operators Ly(f,x). Recently, in order to generalize the Phillips operators, based on the
parameter p > 0, Pdltanea in [13] proposed the following operators

o0

LE(f,x) :J

KE (6, () dt = e XF(0) + Y seoic(x) J 0% (1)f(1)dt, x € 0, 00), (1.1)
0 - 0
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where with §(t) being Dirac delta function the kernel is given as
k2 (x,t) = Zs“k 1)+ 0(t)e” ¥

and the basis functions are defined as

%62 (1) =
k! Tk T (kp)

focx(

Sak(x) = e *Pt(apt)<P T,
and f : I - R, where I = [0,00) is integrable function for which the above series and integrals are
convergent.

Let us denote

W ={f:1— R, fis integrable and there exist M > 0,q > 0: [f(t)| < Med%,t > 0}

It was observed by P&ltdnea [13] that for any o > 0, f € W and any b > 0, there is pg > 0 such that L5 (f, x)
exists for all p > py and
lim L6 (f,x) = Sx(f,x)

P—00

uniformly for x € [0, b]. The operators (1.1) preserve constant as well as linear functions. As a special
case if p = 1 these operators reduce to the well-known Phillips operators. Also, it was proved in [13]
that the operators L (f,x) preserve convexity of higher order and have the property of simultaneous
approximation on compact sets. Very recently Gal and Gupta [2] established some results in complex
domain of these operators.

The present article is the extension of the previous work of [13]. Here the aim of the present paper is
to study some direct results in simultaneous approximation, which include asymptotic formula and an
error estimate in terms of the modulus of continuity.

2. Basic results

In the sequel, we need the following basic lemmas:

Lemma 2.1 ([1]). For m € IN? if we define

m
Hoc,m Zsock <—X> ’

then there holds the recurrence relation

Hoc,erl(X) = X[fo,m(x) + Mg, m—1 (x)].
Further po,m(x) = O(a~™+1)/2)) wohere [s] denotes the integral part of s.

Lemma 2.2 ([14]). For fixed o« > 0 and p > 0, if we denote T§ m (x) = Ly (em,x), em(t) =t™,m=1,2,--- for
m € INg and x > 0, then

T8 n(x) = <x TR 1) T 1)+ %[Tg,m_l(x)]’.

Further,

(p+1) m(m— ™14 (p+1)

TO m(x) =x™ :
m (%) = X7 20p 24(p)?

m(m—1)(m—2)[3m—5)p+3m—1x™2+...

Remark 2.3. We may note here that the moment generating function of the operators (1.1) is given by
L% (e, x) and we can find the moments in alternate form as
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[(oxp)? — (oxp — A)P]
e At, _ (06,6
«(e7x) eXp( (app —A)P
1/(1 2x + 3px + p2x 4 3apx? 4 3ap?x? + o?p?x3) A3
:1+XA+* ﬂ‘i’XZ A2+( p p p P P )
2 xp 602p2

N (6x +11px + 6p*x + p%x + 11axpx? + 18xp?x? + 7axp3x? + 662 p?x> 4 62 p3x> + oc3p3x4) A4

2408303

+O(AY).

From the above expansion, we observe that the m-th order moment is given by

Lgc(emrx) = |:aAm o

am
Lo (eAt,x)] .
A=0

Lemma 2.4. For fixed o« > 0 and p > 0, if we denote U§ 1 (x) = L& ((t —x)™,x) for m € N and x > 0, then

(1+p)

m m
ocU.Sc’mH(X) =x [[U&m(x)]’ + 5 Ualm_l (X)] + Euglm(x).

Proof. Using xs/, 1 (x) = (k— ax)sq,k(x) and (65 (1)) = p(k — at)8? | (t), we have
XU (x)) = Z XSt 1 (X) J Gglk(t) (t—x)™dt 4 oce ™ (—x) ™! 4 m(—x)Me”*X
k=1 0
—mx Y sa(x) J 00 ()t —x)™ 'dt
k=1 0

— Z (k — ox)s o k() J:o Gglk(t) (t—x)™dt + oe™ ¥ (—x)™H — mxugclmf1 (x)

k=1

— Z Sak(X) ro[(k— ot) + o[t —x)18° | (t)(t —x)™dt
k=1 0 ’
+ e X (—x )™ — mxugclm_l(x)
1

0 00
; D saxlx) J [(t0F, (D)) (t—x)™dt + aUf (%) —mxUf | (x).
k=1 0

Integrating by parts the last integral, we have

m — o
xX[UL ()] = - D sex(x) L 08 () (t—x)™dt +oalf () —mxlf, (%)
k=1
m _
m P m—1_,—ax o] p
+ —? [xu“,mfl(x) —x(—x) e } — mxu(xlmfl(x) + ocu(xlmﬂ(x).
Thus, we get
m(1+p) m
oy oy (X) =x [[U&m(xﬂ’ = UG 1 (x)] + ;ugm(x)- O
Remark 2.5. From Lemma 2.4, it can easily be seen that
(p+1)x (p+1)(p+2)x
fo,o(x) =1, U&,l(x) =0, UZ,Z(X) = ’ U23(X) e E—”

op . o2p?
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and
3lp+1)22  (p+1)(p+2)(p+3)x
oc2p2 + 063()3 :

Ugalx) =

Lemma 2.6. There exist the polynomials q; ;- (x) independent of & and k such that

o dr : :

X Sak(X) = Dtk — o) g e (¥)s ek (X).
21.+)>%r

1)z

3. Simultaneous approximation

In this section we establish a Voronovskaja type asymptotic formula and error estimation in simulta-
neous approximation.
For v > 0, we denote the class of functions as

Cy[0,00) ={f € C[0, 00) : [f(t)] < MtY,M > 0}.
The norm-|| - ||, on this class of functions is defined as

Iflly = sup [f(t)[tY.
x€[0,00)

Theorem 3.1. Let f € C,[0,00). Iff“*z) exists at a point x € (0, c0), then for y > r+ 2, we have

lim a((ddTrL&(f w)>w ) —f(”(x)> = (";L;)Tf“*“(x) + (‘);Lpl)xf(”z)(x). (3.1)

Further, iff“*z) is continuous on (a —m,b+n) C (0, 00),m > 0, then the limit in (3.1) holds uniformly in [a, b].

Proof. From the Taylor’s theorem, we may write

(t—x)" +P(t,x)(t—x)""2, te0,00), (3.2)

where the function P (t,x) — 0 as t — x. From equation (3.2), we obtain

dr E ) [ dr v
(dWr Lg(f(t)’W)>w—x - Z v! (dWrL&(( X) /W)>w—x

v=0

+< ot x)(E—x)™, w)>

r &
d w=x

r+2 v T
(x) (Y)(—) (erpw ))
v=0 v j=0 ) dw w=x

+(dr L2 ({4, ) (=)™, ))

dw"

=11 +1p, (say).

Now, we estimate I.

5 ()i (e
Lg(v,wJ)
v=0 j=0 dwr w=x
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M (x) & .
o ﬂm Z () (ad AL ))W_X

Applying Lemma 2.2, we have

(r) (r+1)
h = f Tv(X)” T f(ri 1(;) [(T—i—l)(—x).r! +(r+1)x+ Zipl (T—l—l)r.r!]
(r+2)
N f(riz()x!) [(T+2)2(T+1)X2.r!+(T+2)(—x)<(r+1)!x+ pzipl (T+1)m!>
+ (rzz)!szr (r+1)(r+2) (pzzpl) (r+1)x
* z(:(jc:))f(’" +2)(r+Drl(3r+1)p +3r + 5]r!].

Thus

lim oc(( d’ LO(f, w)> —f(r}(x)> — [f(r+1)(x)w1)r+f(r+2)(x)w+ lim «I|.

x—00 dwr % 20 20 X—>00

In order to complete the proof, it is sufficient to show that lim ol, — 0. We proceed as follows.
X—r00

Next, in view of Lemma 2.6, we have

I . | . X| 0
i<y 3 ot ax 9 0| " og (Ohplt 0l ar

=12i+j<
= Jéor (3.3)
T dr
+ (0, %) () +2|( dwrsa,o(w)> = A1+ 2.
w=X

Now, we estimate A;. Since P(t,x) — 0 as t — x, for a given € > 0 there exists a & > 0 such that
W (t,x)| < € whenever |t —x| < §. For [t —x| > &, we have |(t —x)" "2 (t, x)| < M|t —x|Y, for some M > 0.
Thus, from equation (3.3) we may write

Al < R I C 6% ()]t —x"+2at
tex|<s K

k=12i+j<r
1,20

+MJ egk(t)|t—x|ydt> =TJ1+ >
lt—x|>8
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Let K= sup M Using Schwarz inequality, Lemma 2.1, and Lemma 2.2, we have
2;0)—]2%1”
%) . . 00 1/2 S 1/2
Ji=eK) Y alfk—axlsei(x) <J Ozlk(t)dt> (J eglk(t)lt—xlzrﬂdt)
k=12itj<r 0 0
1,j=0
2j ) 1/2 1/2
Sek Y ot ( D ol 95 x) o sa)) (LRl xR0 - ()
2i4j<r
1,j=0
1 1\)Y? 1 1))
— ¢ Z 1+){ < >+O<ocs)} {O<o€+2>+o<cxp>} for any s,p > 0.
2i4j<r
1,720

Choose s and p such that s >jand p > r+2

i 1 1 —1
e ) ocﬂo(wﬂ)o(wml):e.O(cx ).

2itjsr
1,720

Since € > 0 is arbitrary, «J; — 0 as o« — oo.
Again, using Schwarz inequality, Lemma 2.1, and Lemma 2.4, we obtain

o 00 K 2j 1/2
e 3 o3 (5 ox) sanl) - ¥snol)

k=0

1/2
X ( D sek(x) L_XN 0°  (t)(t— x)2th>

" 1 1 1/2 1 1/2
<M ) — — — f .
12i§'<r(x {O<°‘J>+O<°‘p>} {O<0¢V>} orany p >0
Choose p such that p > j

1 1
i+j _
Jo < E x O(“)/Z>O<o¢v/2> _Mlo<oc(y—”/2>'

21+]<r
1,520
which implies that aJ, — 0, as « — oo on choosing y > 1+ 2.
From the above estimates of J; and J,, xA; — 0, as & — oo.
Next, we estimate A,.

8] = m)(o,x)(—xm( df;rsa,o(w)> -

dwT dw”
o« — 0o, which yields that A, — 0 as « — co. By combining the estimates of A1 and A,, we obtain alhb, -0
as o« — oo. Thus, from the estimates of I} and I, the required result follows.
To prove the uniformity assertion, it is sufficient to remark that §(e) in the above proof can be chosen
to be independent of x € [a,b] and also that the other estimates hold uniformity in x € [a,b]. This
completes the proof. Combining the estimates of I; and I, we get the required result. O

Since p(0,x)(—x)"| < Nj for some Ny > 0, we get ( d Sno(w )) [ d (e"‘w>] — 0 as
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Theorem 3.2. Let f € C,[0,00) for some vy > 0 and v < q < v+2. If fl9) exists and is continuous on
(a—m,b+mn) C (0,00),1 > 0, then for « sufficiently large, we have

(r) q
C . C
H(Lg(f,_)> — M < ocl (§ f(])) + \/i—(w(f(r+1),oc_1/2)+0(oc_2),
j=

where C1 and Cy are absolute constants independent of f and «, norm is sup-norm on [a,b] and w(f,d) is the
modulus of continuity of f on the interval (a —n, b +n).

Proof. Using Taylor’s finite expansion of f, we can write

e —x) + ' (t—x)9x(t) + h(t,x)(1 —x(t)),
= j! q:

:if(i?(x)(t o fla)g) —fla)(x)

where & lies between t and x and x(t) is the characteristic function of (a —n,b+n). Fort € (a—n,b+n)
and x € [a, b], we have

a0 Cfla)(g) — fla@)
:;)f]j!(x)(t—x)]+f (‘E)q!f 0y g)a,
j=

For t € (0,00)\ (a—n,b+mn) and x € [a, b], we set

()

L £0)(x)
-y =7
j=0

We have
(Lg(f,x)) — Z [k& (%, 1)1 (t —x) dt — £ (x)
j=0 :
00 £(a) _f(q)

J (k& (x,t)] @) 'f ) (t—x)9%(t)dt
0 q:

J [k (x,t)] Th(t,x)(1— x(t))dt

0

=L+DL+1Is.

Using Lemma 2.2, we have

(J> (ot ro k& (x, )] "thdt — £17) (x)

. j . .
D L

j=0 ) io \* dx 20p
+ D 1) (- 2) (3 5)p 43— T2 | — ) )
24{xp)?

Hence

Ci [ . _
Il < — (Zf(”) +0(a?).
j=0
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Next, for & > 0, we have

00 (a)(g) — fla)
I —J 18 (x, 1)) (E)q,f TN gay(oyat
0 :
(q) 00 _
<MJ K8 (x, )] )|(1+'t "'>|t_x|th
q- 0 5

[Z ‘Scxk J O (t )(t—x|q +51It—x|q+1)dt+ ofe <|xq + 61|x|q+1>]'

To evaluate I, we consider the following and applying Lemmas 2.6, 2.1, 2.4 in the next steps,

Z|s£,:3<(x)|j0 0° , (Dt —x™dt
k=1

— i i i, (x) o
<> ) (Xl|k_(xx|)qjxiisoc,k(x) JO 0° (Bt —x/™dt

k=1 2i+j<r

1,j=0
<C Z Z Sk (X)[k— ocxIJJ Yt —x™dt
21+)3r
iLjz
1/2 s oo 1/2
<C ) « Z Seg k(%) [k — o] K ) <J Gglk(t)(t—x)zmdt> }
21+)§r 0
iLjz
Ly ) 1/2 , o 00 1/2
c ) I(Z Se k(%) (k— ax)zJ) (Z sa,k(x)J e‘;,k(t)(t—x)z‘“dt>
2114]-)? k=1 k=1 0
=C ot O (j—m /2) O((X(r—m)/Z)
Z;r
1,j=0
£ v i th C — |qi,)',r(X)‘
uniformly in x, with C = Z sup —
2i+j<r X€la,b]
120
Thus choosing § = «~!/? and using above we get for any s > 0
(q) y—1/2
Il < e ) (;,‘" ) [O(™=9)/2) 4 a/20("=971/2) 4 Oa*) | < Coa (977 2 (4, o172,

We choose a b € (0,1). Using Lemma 2.6, we obtain

- - 1qi,5,r (%)
<Y Y adk— oo dirl )sa,k(x)J 6°  (1In(t, x)ldt.
X [t—x|>8

k=1 2i+j<r

i,j=20
If B is any integer greater than or equal to {y, q} we can find a constant K such that |h(t,x)| < K[t —x|P for
It —x| > 6. Applying Schwarz inequality and Lemma 2.4, we get I3 = O(«™ ™) for any m > 0 uniformly
on [a, b]. Combining the estimates of Iy, I, I3, we get the desired result. O

For sufficiently small n > 0, the Steklov mean f,,» of 2nd order corresponding to f € C,[0, c0) and
t e I; = [ai, bil,i = 1,2 is defined as follows:

n/2 m/2
fn,z(t)zn_ZJ j (F(t) — A2f(t))dtydty,

-n/2J-m/2
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where h = 272 and A? is the second order forward difference operator with step length h. The following
properties are satisfied (see [7, 11] and references therein):

(i) fy,2 has continuous derivatives up to order 2 over Iy;

(i) | 173 [lc(1,) < Cn T (f,n, 1), 7 =1,2;
@iii) || f—Fn2 [[c(1,)< Cawa(f,m, I1);
(iv) [ fn2 e < C Il fllc )< Cliflly,

where C is a constant not necessarily the same at each occurrence and is independent of f and 1.

Lemma 3.3 ([3]). Let f € C(I). Then,

() (2k) ;
I o lem< Cilll faz leqy + 1 oy’ llem) i=1,2,...,2k—1,
where Cy’s are certain constants independent of f.

Theorem 3.4. Let f € C,[0,00) for somey > 0and 0 < a < a; < by <b < co. Then for o sufficiently large, we

have
)

where K1 = Kq (1) and Ky = Ky (r, ).

< Ko (F, 072, 1) 4+ Ko Y ],
C(Iy)

Proof. We can write

)

Since ff;z) = (f("),,2, hence by property (iii) of the Steklov mean, we get

L) ((F— ), ) I = flle)

C(Iy)

< ‘

+ H (L&“’(fn,z,.)) — £
C(Iy) C(I1)

=M1+ Mj+ Ms.

Mj < Ko (F7),n, 1),

Next, applying Theorem 3.1 and Lemma 3.3, we obtain

r+2
— i — +2
Mz < Koo PS8 e i< Kao Y| 2 lleny) + 1 2 ) e )
i=r

By using properties (ii) and (iv) of Steklov mean, we get
My < Kgo || £ [y +n 2w, (17, m, D).

Let a* and b* be such that 0 < a < a* < a; < b] < b* < b < oo and I* denote the interval [a*, b*].
Now, we estimate M;. Let f —f, » = F. By our hypothesis we can write

F(m)(x)
m!

FO(e) —F (x)
r!

F(t) =

m=0

(t—x)™+ (t—x)"x(t) +6(t,x)(1—x(t)), (3.4)

where £ lies between t and x, and x denotes the characteristic function of the interval I*. For t € I* and
x € I;, we get
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and for t €

[0,00) \ I*,x € I; we set

O(t,x) =F(t) —

m=0

Operating I_&(r) on both sides of (3.4), we get three terms Ji, ]2, and J3, corresponding to three terms in
right hand side of (3.4). Using Theorem 3.1, we get

Tl <l £ — ffz) e -

Next, using Theorem 3.1, we obtain

2 || Fr)
il < 2 gm0 < s 10— e,

Lastly, we easily have

IJal = L&m(l —x(t)8(t,x),x) = O(ac*) for any s > 0.

Combining J; —J3, and from property (iii) of the Steklov mean, we obtain

My < Ke || 7 _filr,; le )< Ke wa(f1,n, 1),

Finally choosing 1 = «~!/2, the required result follows at once. O

Remark 3.5.

Proceeding along the lines of [9], one can extend the results for Paltanea type operators

L% (f,x). As the analysis is different, and due to the complicated form of these operators, it may be
considered elsewhere.
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