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Abstract

This paper concerns the asymptotic behavior of solutions to the Cauchy problem of a class of coupled semilinear parabolic
systems with gradient terms. Using the energy comparison method and comparison principle, the blow-up theorem of Fujita
type is established and the critical Fujita curve is formulated by spacial dimension, the behavior of the coefficient of the gradient
term at infinity. (©2017 All rights reserved.
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1. Introduction

We investigate the asymptotic behavior of solutions to the Cauchy problem of coupled semilinear
parabolic systems of the form

% = Au+b(|x])x - Vu+vP, xeR™, t>0, (1.1)
% = Av+b([x|)x- Vv+ul, x€R™, t>0, (1.2)
u(x,0) =up(x), v(x,0) =w(x), x € R™, (1.3)
where p, ¢ > 1,0 < b € C!([0, +00)) satisfies
SETOO $?b(s) =k, (0< k< 4o0), (1.4)
and 0 < ug, vo € Llloc(IR“) N L (IR™) are nontrivial.

It is well-known that the Cauchy problem of the semilinear equation

d
a—‘::Au+up, XER™ t>0,

was investigated by Fujita in [3], where it was proved that the problem does not have any nontrivial global
nonnegative solution if 1 < p < p. = 1+2/n, whereas there exist both nontrivial global (with small initial
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data) and non-global nonnegative (with large initial data) solutions if p > p.. Furthermore, for the critical
case p = P, it was shown in [6, 7, 19] that the problem possesses no nontrivial global nonnegative
solution. Later, there have been a number of extensions of Fujita’s results in several directions, including
similar results for numerous of nonlinear parabolic equations and systems (see, e.g., the survey papers
[1,2,4,5,8-12, 14-18, 20-23] and the references therein).

Among those, there are a few studies on equations and systems with gradient terms. It is Meier [10]
who first studied the critical Fujita exponent for the Cauchy problem

ou

a:Au—l—B(x)-VuvLup, xeR™, t>0, (1.5)

with b € L®(R™; R™). It was shown that
1
= 1 —|— -,
Pe e

where v* is the maximal decay rate for solutions to

0 = Aw+b(x)-Vw, xeR"™ t>0.
If b is constant, it is clear that v* =n/2 and p. = 1+ 2/n. However, for nonconstant be L*°(R™;R™), v*
and p. are unknown generally. It is noted that [21] studied the case that
b(s) = 2 seR™ (—o0o <K< +00).
Since such a function is singular at 0 when k # 0, the authors considered the following Neumann exterior
problem

0

—u:Au+Lx-Vu+up, x € R"\ By, t >0,
ot x|?

0

l(xlt)zol XGaB1,t>O,

ov B

u(x, 0) =up(x), x € R™\ By,

and showed that its critical Fujita exponent can be formulated as

1, K = 400,
Pce=< 1+2/(n+x), —MNn < K< +oo, (1.6)
~+o00, —00 < KK N,

where Bq is the unit ball in R™ and v is the unit inner normal vector to 0B;. Moreover, [18, 21] also
investigated the Neumann exterior problems for the Newtonian and non-Newtonian filtration equations
with similar gradient terms. [23] showed that the critical Fujita exponent to the Cauchy problem (1.5) with
b = b is still (1.6), where b satisfies (1.4). Furthermore, Suzuki [14] considered the Newtonian filtration
equation with similar gradient term and got the critical Fujita exponent for some special cases.

In 1991, Escobedo and Herrero [2] investigated the coupled semilinear parabolic system (1.1), (1.2),
(1.3) in the special case b = 0, and formulated the critical Fujita curve as

2
(Pq)c :1+Emax{p+l, q+ 1} (1.7)

The authors in [4] considered the Neumann exterior problem of coupled nonlinear diffusion systems

0
—u:Au—l—Lqu—i—\xIAvp, x € R"\ By, t >0,
ot [x|?
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0
—V:Av—i—ix-Vv—Hxl}‘uq, x € R"\ By, t >0,
ot [x|?

where k € R, A > 0, and proved its critical Fujita curve

24A
+ ——max{p+1, q+1}, K> -—mn,

(pq)c: n+K
+OO, K < —MN.

In the present paper, we prove that the critical Fujita curve to the problem can be formulated as

2
1+ ——max{p+1, q+1}, 0< k< 400,
(Pq)e = { n+k (1.8)

1, K = 400.

That is to say, if 1 < pq < (pq)c, any nonnegative nontrivial solution blows up in a finite time, whereas
if pq > (pq)c, there exist both nontrivial nonnegative global solution (with small initial data) and non-
negative blow-up solution (with large initial data). The difference between (1.8) and (1.7) shows that
the gradient term can affect the large time behavior of solutions essentially. The technique used in this
paper is mainly inspired by [16, 18, 21, 23]. To prove the blow-up of solutions, we determine the inter-
actions among the diffusion and the gradient by a series of precise energy integral estimates instead of
pointwise comparison principle. For the global existence of nontrivial solutions, we construct a nontrivial
global supersolution. Note that neither (1.1) nor (1.2) possesses a self-similar construct, we have to seek a
complicated supersolution and do some precise calculations.

The paper is organized as follows. Some preliminaries are listed in Section 2, such as the definition of
solution, the well-posedness of the problem (1.1)-(1.3). Several useful auxiliary lemmas are illustrated in
Section 3. The blow-up theorems of Fujita type for the problem (1.1)-(1.3) are obtained in Section 4.

2. Preliminaries

The subsolutions, supersolutions, as well as solutions to the problem (1.1)-(1.3) are defined as follows.

Definition 2.1. Let 0 < T < 4o00. A pair of nonnegative functions (u,v) is called a super (sub) solution to
the problem (1.1)-(1.3) in (0, T), if

u, ve C(0,T), LL.(R™)NLZ (0, T,L°(R™)),

and the integral identities

J, o (5 | )
u(x, t) [ =—(x,t)+Ae(x, t) —div(b(|x])@(x, t)x) | dxdt
0 Jrn ot

-
+J J vp(x,t)(p(x,t)dxdt~l—J up(x)e(x,0)dx < (=)0,
0 JrRn R

and

[} [ (G | )
vix,t) [ =—(x,t) + Ad(x,t) —div(b(|x|)P(x, t)x) | dxdt
0 Jrn ot

)
+H uq(x,t)w(x,t)dxdwj Vo(x)h(x, 0)dx < (=)0,
0 Jrn n

are fulfilled for any 0 < @, P € CZ1(R™ x [0,T)) vanishing when t near T or [x| being sufficiently large.
(u,v) is called a solution to the problem (1.1)-(1.3) in (0, T), if it is both a supersolution and a subsolution.
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Definition 2.2. A solution (u, V) to the problem (1.1)-(1.3) is said to blow up in a finite time 0 < T, < 400,
which is called blow-up time, if

lu(e, )| Lo (ry + [[V(, t) || oo (rn) = +00, as t— T, .
Otherwise, (u,Vv) is said to be global.

We give the existence theorem and the comparison principle to the problem (1.1)-(1.3) as follows
without proofs, one can see [13] and the references therein.

Theorem 2.3 (Local existence theorem). If 0 < up, vp € Llloc(IR“) N L*>®(R™), then the Cauchy problem (1.1)-
(1.3) admits at least one solution locally in time.

Theorem 2.4 (Comparison principle). Let (uy,vi) and (up,v2) be two solutions to the system (1.1) and (1.2) in
(0, T) with nonnegative initial data ujo(x), v10(x) and uzp(x), v20(x), respectively. If (w0, v10) < (Uz0,Vv20)
a.e. in R™, then (uy,v1) < (up,vo) a.e. in R™ x (0, T).

3. Auxiliary lemmas

In this section, we illustrate some auxiliary lemmas which will be used to investigate the blow-up
property of solutions to the problem (1.1)-(1.3). In this paper, we always assume that p > q without loss
of generality if there is no instruction.

Lemma 3.1. Assume that 0 < b € CL([0, +00)) satisfies (1.4) with 0 < k < +oo. Let (u,V) be a solution to the
problem (1.1)-(1.3). Then there exist three numbers Ry > 0, & > 1 and Mg > 0 depending only on n and b, such
that for any R > Ry,

dr r
— | ulx t)pr(x)dx > —MoR™? u(X,t)dJR(IXI)dXJrJ VP (x, t)pr(x))dx, t>0, 3.1)
dt Jrn JBsr\Bg Rn

and
dr r
— | v, t)r(Ixl)dx =>—MR™? V(X,t)¢R(IXI)dX+J ul(x, t)pr(xl)dx, t>0, 3.2)
dt Jgn JBsr\Bg Rn

in the distribution sense, where

h(r), 0<r<R,
dr(r) =< h(r) <1 + cos ((g:'f))g) , R<T<3R,
0, T > 0R,
with .
h(r) =exp {J sb(s)ds}, r>0,
0

while B, denotes the open ball in R™ with radius v and centered at the origin.
Proof. Set & > 1. It is obvious that ¢pg € C!([0,+00)) N C?((0,R) U (R, 5R) U (8R, +00)) with ¢4 (0) = 0.
Multiplying (1.1) by ¢r(/x]) and then integrating by parts, one has

G |l Drixax = | et (Adr(x) — div(o(x)dr(x)x) dx
R Bor (3.3)

+j W (x, OoR(x)dx, t>0,

in the distribution sense.
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Let us compute Adg([x|) —div(b(|x|)dr([x|)x) in Br \ {0} and Bsg \ Bg, respectively. It is clear that for
0< x| <R,

Adr(ix) = {4(|x|)+“|;|1¢{z(|x|)

= (I (1xD) + BxD) + P02 (0x]) + (= 1)b (1)) ) dox (x]),
div(b(Ix)dr (Ix)x) =[x’ (x)dr (Ix]) + Ix[b(Ix]) bR (Ix]) +nb(x)dr (Ix)
= (Il (1xD) -+ [x262(be]) + mb(Ix)) ) dor (XD,
thus
Adr([x]) —div(b(x[)pr(lx)x) = 0, 0 <|x[<R. (3.4)
When R < [x] < 8R, a direct calculation gives
Adg (Ix]) —div(b(x])pr(Ix])x)

" n—1 / / /

:¢R(|X|)+W¢R(|X|)_|X|b (Ix[)dr(Ix]) =[x ([x) bg (Ix]) — nb(Ix]) dr(lx]) (35)

- e ) . (r—=R)m I (r—R)m

= G- DRN (IXI*b(Ix]) + n — 1) h([x]) sin 1R 2(8_1)2]22}1(|x|)cos 5DR
It follows from (1.4) that there exists Ry > 0 such that

0<s’b(s)+n—1<k+mn, s>Ry. (3.6)
Choose 6 = TLL—FK + 1. Then for any R > Ry, one gets from (3.5) and (3.6) that
) i s (r—R)m
Adr(Ix]) —div(b(x[)pr(x)x) = — mh(lﬂ) - mh(lxn cos (5—1)R 3.7)

=— MR 2pr(Ix]), R< x| <3R,

with My = (8 —1)~2m2. Substituting (3.4) and (3.7) into (3.3) leads to (3.1). Similarly, one can prove that
(3.2) holds. O

Remark 3.2. Lemma 3.1 still holds if (1.4) is relaxed by

Lim s%b(s) = «.
s—+o00

Remark 3.3. The proof of Lemma 3.1 is invalid if k = +o00. In this case, both (3.1) and (3.2) hold for any
fixed R > 0, but 6 > 1 and Mgy > 0 depend also on R.

To show the existence of a nontrivial global solution to the problem (1.1)-(1.3), we study self-similar
supersolutions to the system (1.1) and (1.2) of the form

ux,t) = (t+1) Ut +1) Y2x]), vixt)=t+1) PV(t+1) VX)), xeR™ t>0, (3.8)

with i1 1
P q

X = ’ B: 7

pq—1 pq—1

and T > 0 will be determined later. If U, V € C!([0, +00)) solve

u’(r)+ nf_lll’(r) + (t+T)rb((t+1)V U/ (r) + %T‘U/(T) +oal(r)+VP(r) <0, v>0, (3.9)

V7 (r)+ #v’(r) + (t+)rb((t+1)Y )V (1) + %rv’(r) +BV(r)+Uud(r) <0, r>0, (3.10)

for any r > 0, respectively. Then (u,v) given by (3.8) is a supersolution to the system (1.1) and (1.2).
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Lemma 3.4. Assume that b € C!([0,+00)) satisfies (1.4) with 0 < k < +oc0. Let pq > (pq). and
Ur)=V(r)=ee ", r>0, (3.11)

where e > 0 will be determined, while A € C'([0,+o0)) satisfies A(0) = 0 and

Aqr, 0<r< 13
, 12(n+xk2) )
A(T): A2T+(A1—A2)m, L <T'<l,
Aot + (A — Ag) IRy, r>1,
where 0 < 1 < 1 to be determined,
2 1
i = (p + ) i= 1/ 2/

(n+xi)(pq + (pq)e —2)’
with —m < k1 < Ky < K satisfying
inf(s”b(s):s >0} > k1, (n+ k2)(pq+ (pq)c —2) > 4(p+1).

Then there exist 0 < 1 < 1, T > 0 and € > 0 such that (u,v) given by (3.8) and (3.11) is a supersolution to the
system (1.1) and (1.2).

Proof. For 0 <r < 12 and t >0,

-1
u//(T)+n

- W) + (t+1)rb((t+ 1)V )u'(r) + %ru’(r) + oU(r)

1 1
< U(r) <—(Tl+ Ko)A1 + i + (Al - ) Al‘rz)
pq—1 2

_ ~ 2(ko—x1)(p+1) ( _1> 2>_ (Pg—(pa))(p+1)
u(”< mrapa+pae—2 T\ 2) AT ) U S T e — 2 (pa— 1)

where kg = inf{s?b(s) : s > 0}. Therefore, there exists 0 < 1; < 1 such that for any 0 <l<ly,

u%ﬂ+3§3umq+u+whuu+wﬂﬂﬂu%ﬂ+%ﬂyuy+muﬂ

3.12)
(g — (pg)e)(p+ 1) ) (
< — U(r), O0<r<l14 t>0.
ZWq+%pmc—2Npq—1)()
From the definition of A, one gets
u”uyﬁliéiiluqﬂ-%%dyuy+auu)
—u(r) ((A’m)z IO AL Ly VS EE VS )
T 2 rq—1
12(n+k2) Pintea) 1N p+1
:U(T) <<A.2 + (A] - AZ)M) <A2 + (A.l _Az) T‘nJFKZ - 2> T ) — U(T‘)(Tl-i— K2)A2 + pq — 1

_1 2 (pq_(pq)c)(p+1) ) 2
<um ((ai-3) ar- Ry ) B

which implies that there exists 0 < 1, < 1; such that forany 0 <1 < 1,

Ly L e < o PIZRAIPED

Wi +—— 2 S 2(pq+(pg)e —2)(pg—1)

P<r<l (313)
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For r > 1, it holds that
n+ky—1

u’(r)+ u’(r) + %rU’(r) + oU(r)
= U(r) ((A’(r))2 — A1) — H%HA’(T) _ %TA,(T) N pqur_11>
= U(r) <(Az + (A — A2 <Az + (A — A2 ;) 12

—(M+k2) (A — Al 2 —

(Pq—(Pq)c)(p +1) )
(Pq + (pg)e —2)(pq—1)
SU(T) (Az+ (A — ALMT9) <A2+ (A — Ap)InTwe ;) 2 () Pa=(pdllp+1)

(pq+(pq)c —2)(pqa—1)°

The choice of k1, k; leads to

Jim, (A2 + (A1 —AJIMTR2) = Ay < %
which yields that there exists 0 < I3 < 1, such that forany 0 <1 < 13,
Aot (A= AU <
and thus
urr)+ e T gy o %ru’(r) +all(r) < — (pg"i(—pg’)‘:)i)z(;j(;q”_ U, > (3.14)
Fixing 0 < 1 < 13, (1.4) ensures that one can choose T > 0 sufficiently large such that
(t+Dr((E+1)2r) > 2, r> 1 >0 (3.15)
It follows from (3.12), (3.13), (3.14), (3.15) that for t > 0,
U//(T)—FL_lU/(r) + (t+T)rb((t+)V2 U/ (r) + %rU’(r) + al(r)
W+ n+ Kz_lu’(r)—i—%Tul(T)-i-O(u(T) (3.16)

(pq—(pq)c)(p+1) U,
2(pq+(pd)c —2)(pq—1)
The same as what we calculate above, we can obtain that for t > 0,

re (0,1)U (131 U (1, 4+00).

v”(r)+“7_1v’(r) + (t+o)rb((t+10)V2 )V (r) + %rv’(r) +BV(r)

(pq—(pq)c)(p+1) P—d
(2(pq + (pq)c —2)(pq—1) " Pq— 1) Vi)
~_(pg=(pq)c)(p+1) (1)
S 2(pq+(pqle —2)(pg—1) 7
Due to p, g > 1 and the definition of A,

(3.17)

re (0,1)U (131 U (L, 4+00).

p—1)A(r)

0<K0:supe’( < 400.

>0

Choose ¢ > 0 sufficiently small such that
(Pq — (pq)c)(p +1)
2Ko(pq + (pq)e —2)(pq —1)

Then (3.16) and (3.17) yield that (3.9) and (3.10) for v € (0,12) U (1%,1) U (1, +o0),t > 0. Since U, V €
CY1([0,+00)), (u,v) given by (3.8) and (3.11) is a supersolution to the system (1.1) and (1.2). O]

max{eP~!, 9711
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Remark 3.5. Lemma 3.4 still holds if b € C!([0, +0)) and (1.4) are relaxed by that b is Lipschitz continuous
in [0, +00) and

lim s?b(s) =k,
s—+o00

respectively.

Also, we need the following elementary inequality.

Lemma 3.6. Assume thatp > q > 1and a, b > 0, then

27P(a+b)P, if0<a, b,
afP +b9 > ( oy ,
27P(a+b)9, otherwise.
Proof. For 0 < a, b < 1, the convexity of the function x — xP with p > 1 yields
(a+b)P <2P HaP +bP) < 2P(aP +bY),

that is,
aP +b9>2"Pla+b)?, 0<a bl

Now, we divide the remaining range of (a,b) into the following two parts
Di={(aq,b);a>1,b>0}, Dy;={(q,b);0<a<1 b>1}
If (a,b) € Dy, then the convexity of the function x — x9 with q > 1 ensures
(a+1)9 <297 (a9 +b9) <2P(aP +b9),

ie.,
a? +b9>2"P(a+b)9, (ab)eDs.

P q q q P
aP +b > b > b > b ) (3.18)
(@+b)d - \atb 1+b 1+b

1
> 5 which together with (3.18), shows

Finally, if (a,b) € D,, then

It follows from b > 1 that

1+b
aP + b4 So0p
(a+b)d
ie.,
aP +b9>2"P(a+b)9,  (a,b) e Da.
The lemma is proven. O

4. Blow-up theorems of Fujita type

In this section, we establish the blow-up theorems of Fujita type for the problem (1.1)-(1.3) by using
auxiliary lemmas in Section 3. In the future proofs, let ¢, h, Ry, & and My are given in Lemma 3.1.
Firstly, we consider the case pq < (pq)c with 0 < k < +o0.

Theorem 4.1. Assume that 0 < b € C1([0, +-00)) satisfies (1.4) with 0 < k < +oo. Let pq < (pq)c. Then for any
nontrivial 0 < ug, vo € LL_(R™) NL>®(R™), the solution to the problem (1.1)-(1.3) must blow up in a finite time.

loc
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Proof. Owing to 0 < k < 400 and pq < (pq)c,

2(p+1)

K <
pq—1

Fix K to satisfy

2 1
K< K< (p+1)
pq—1

—n. (4.1)

By (1.4) and (4.1), there exists R; > 0 such that
0<s’b(s) <k s>Ry.

For any R > Ry, one gets

SR

0 < (i) < hlixxiosw () < exp { | sbis)ds Pxiosm ()

0
Ry OR

1 5
<exp{L Sb(SJdS}eXP{RJR <ds fxoer (X) = MRSXsr (XD, x>0, (42)
1

where x| sr] is the characteristic function of the interval [0, R], while M > 0 depends only on n, b, Ry, 8
and K. Let (u,Vv) be the solution to the problem (1.1)-(1.3), and denote

wg(t) = J X (ulx, t) + R%(x, 1)) dr(Ix[)dx, t=>0,

with -
g__(P—an+g
p+1 ’
For any R > max{Rp, R;}, Lemma 3.1 shows
SEWR(D > MR 2wg() +R® | Il Orliax+ | ik Odr(ddx, t>0.  @3)
n RTL

The Holder inequality and (4.2) yield

| wixgnixhex<( | oxiad) (] vtk vorieax)

g(MRRJ
Bsr

:Nﬁqn/quﬁﬁﬂqU/Q<J

1/q

dx)(q_n/q(J nuﬂ(xﬁj¢RHdex>

Wity Doribax) !, 150

n

with M; = Mwn 0™ > 0 and wy, is the volume of the unit ball in R™, which implies

ud(x, t)dpr(x))dx > MITIRM+R)(1—a) wlx, Dbr(xdx), t>0. (4.4)
n 1 n
Similarly, one can prove that
J VP (x, ) (x|} dx > M} TPRIVFRI-P) (LR vl dr(x)dx)", t>0. (4.5)
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Substituting (4.4) and (4.5) into (4.3) shows
d ) 1—qp(n+&)(1—q)+06 a
SOWR(D) > —MoR 2w (1) + M} R (| ulx, dr(xD)dx)
" (4.6)
+ MITPRVR) (=) —pO (J Rev(x,t)d)R(lxl)dx)p, t>0.
It follows from ( .
— + %
(n+R)(1—q)+0 = (n+R)(1—p)—po — — PI_LITE)
p+1
and Lemma 3.6 that (4.6) leads to
%WR(t) > —MoR2wg () + MyR—(Pa—1(n+8)/(p+1)
q
A, wtevortan) (| Revix voxixian)”} )
> —MoR 2w () +2 P MR~ (Pa-DR)/(041) L minginP (1), wl(4)
= wg(t) (—T\/l()lT2 + 2 PM,R(Pa-1(n+R)/(p+1) -min{wﬁfl(t), wgfl(t)}> , t>0,
with M, = min{M%fp, M%fq}. Note that (4.1) implies
fpa-Din+R)
p+1
while wg(0) is nondecreasing with respect to R € (0, +00) and
sup{wg(0) : R > 0} > 0.
Therefore, there exists R, > 0 such that for any R > Ry,
MR 2 < 2~ (PHI N, R~ (Pa-D(n+&)/(p+1) -min{w%fl(OJ, ngl(o)}. (4.8)
Fix R > max{Ry, Ry, R2}. Then (4.7) and (4.8) yield
%WR(’C) > 27 (PHUM,R™(PA=DMAR/ P minfwh (1), wi(t)}, t>0.
Since p, q > 1, there exists T, > 0 such that
wg(t) = J (u(x,t) + Rev(x,t)) or(Ix))dx — +00 as t— T, .
From supp ¢r([x|) = Bsg, one gets
||LL(, t)HLOO(IR“) + ||V(', t)”[_oo(]Rn) — +o0 as t— T;
That is to say, (u,v) blows up in a finite time. O

Turn to the case pq > (pq). with 0 < k < +00.

Theorem 4.2. Assume that 0 < b € C!([0,+00)) satisfies (1.4) with 0 < k < +o0. Let pq > (pq)c. Then there

exist both nontrivial global and blow-up solutions to the problem (1.1)-(1.3).
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Proof. The comparison principle and Lemma 3.4 yield that the problem (1.1)-(1.3) with small initial data
admits a nontrivial global solution . Let us show the existence of blow-up solution to the problem (1.1)-
(1.3) with large initial data.

Fix R > Ry with Ry given in Lemma 3.1 and let (u,v) be the solution to the problem (1.1)-(1.3). Denote

() = | bt v ) drliidx, €30,

It follows from Lemma 3.1 (the case 0 < k < +00), Remark 3.3 (the case k = +00), the Holder inequality
and Lemma 3.6 that

d
awR(t) >—MyR™ WR ~I—J ud(x, t)or( |x|)dx—|—J VP (x, t)dr(|x])dx
n Rﬂ

>~ MR 2w (t) + Lan;R Ix)) dx _q<JRnu(x,t)¢R(lxl)dx>q

(] erixiax)” (] v torieax)” )
MR g (1) + Ma( | uix 00r(x)ax) " +Ma( | vix r(x)ax)”
— MQRiZVVR(t) +27PMj- min{VvE(t), V\)g(t)}

=R (t) (~MoR 2 +27PMs - min{w} ' (1), Wi (1)), t>0,

n

where ¢ and b are mentioned in Lemma 3.1, and

M =min{ ([ oxtia) ", (| extia) ",

is a positive constant depended only on n, §, p, q and R. If (ug, vp) is so large that
2~ (PHMs - minfwh ' (0), wg (0]} > MoR 2,
then (4.9) leads to

d
aWR( ) =27 PTUM; . min{wh(t), wi(t)}, t>0.

By the same argument as in the end of the proof of Theorem 4.1, one can show that (u,v) must blow up
in a finite time. [

Remark 4.3. Theorems 4.1 and 4.2 still hold if b € C!([0, +00)) is relaxed by that b is Lipschitz continuous
n [0, +o0).

Remark 4.4. According to Remarks 3.2 and 3.5, Theorem 4.1 still holds if (1.4) is relaxed by

Lim s%b(s) =k,
s—+o00

while Theorem 4.2 still holds if (1.4) is relaxed by

lim s%b(s) = .
s—+00
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