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Abstract

In this article, we investigate the nonemptiness and compactness of the solution set for vector equilibrium problem defined
in finite-dimensional spaces. We show that vector equilibrium problem has nonempty and compact solution set if and only if
linearly scalarized equilibrium problem has nonempty and compact solution set provided that Ry = {0} holds. Furthermore, we
obtain that vector equilibrium problem has nonempty and compact solution set if and only if linearly scalarized equilibrium
problem has nonempty and compact solution set when coercivity condition holds. As applications, we employ the obtained
results to derive Levitin-Polyak well-posedness, stability analysis and connectedness of the solution set of the vector equilibrium
problem. (©2017 All rights reserved.
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1. Introduction

Let X be a finite-dimensional normed space and a nonempty set K C X. Let Y be a real normed space
ordered by a proper, closed and convex cone C with int C # (), i.e., for y1,y2 € Y, y1 <c Yo, if and only if
Y2 — Y1 € C. The vector equilibrium problem, abbreviated as (VEP), is to find X € K such that

h(x,y) ¢ —intC, VyeKk,

where h : K x K — Y is a vector-valued mapping. For (VEP), a closely related problem is so-called dual
vector equilibrium problem, abbreviated as (DVEP), which is to find X € K such that

h(y,x) ¢intC, Vye€K.

Throughout this paper, we denote by X the solution set for (VEP) and by XP the solution set for (DVEP).
It is well-known that the solution set for (VEP) can be characterized by the solution set for (DVEP) under
mild conditions [8].
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(VEP) includes several fundamental mathematical problems, such as vector optimization problem,
vector variational inequality problem, Nash equilibrium problem and fixed point problem, which finds
applications in economics, finance, image reconstruction, ecology, transportation, network, and elasticity;
see [15] and reference therein. One of the most important problems for (VEP) is to investigate the proper-
ties of the solution set, such as existence and uniqueness [11-13, 25-27, 31], semicontinuity and sensitivity
[1, 7], well-posedness [2, 22, 28-30, 32] and connectedness [16, 17, 23]. Among many desirable properties
of the solution set, the issue of the nonemptiness and boundedness of the solution set is interesting and
important, as it can guarantee the convergence of some solution algorithms (see, e.g., [21, 33, 34]).

Flores-Bazan [12, 13] provided characterizations of the nonemptiness and boundedness of the solution
set based on asymptotic method for generalized noncoercive equilibrium problem in finite-dimensional
spaces and reflexive Banach spaces, respectively. Meanwhile, Bianchi and Pini [6] established similar
results by using the coercivity condition for equilibrium problem with pseudomonotone functions, and
further extended to quasimonotone functions. Analogous to the scalar case, necessary and/or sufficient
conditions on the nonemptiness and boundedness of the solution set for C-psedomonotone (generalized)
(VEP) were established in [14] for finite-dimensional spaces and in [3, 11, 25] for reflexive Banach spaces.
However, it should be noted that the conditions to characterize the nonemptiness and boundedness of the
solution set used in [3, 14, 25] are relatively strong, which may not hold for vector variational inequalities
[18]. To weaken the assumption, Huang et al. [20] gave new characterizations on the nonemptiness and
compactness of the solution set for vector variational inequalities via a family of variational inequalities.
In this paper, motivated by the works in [3, 11-14, 18, 20, 25], we develop some new results to characterize
the nonemptiness and compactness of the solution set for (VEP) based on linearly scalarized equilibrium
problem. As a by-product, under mild conditions, we show that coercivity condition is weaker than the
condition Ry = {0}.

The rest of the paper is organized as follows: Section 2 is devoted to some basic notations and needed
results for our subsequent discussions. In Section 3, under the condition R; = {0}, we show that (VEP)
has nonempty and compact solution set if and only if the linearly scalarized equilibrium problem has
nonempty and compact solution set. Furthermore, under coercivity condition, we show that (VEP)
has nonempty and compact solution set if and only if the linearly scalarized equilibrium problem has
nonempty and compact solution set. In Section 4, we employ the obtained results to derive Levitin-Polyak
well-posedness, stability analysis and connectedness of the solution set for (VEP).

2. Notations and preliminaries

In this section, we recall some basic notations and preliminary results.
For a real normed space Y, denote by Y* the dual space of Y. Then for any nonempty subset ¢ in Y,
we denote by ¢* the positive polar cone of ¢*, i.e.,

P ={leY*:1v) >0, We o},
and for closed and convex cone C in Y with int C # (), we denote
CO={AeC*:Ale) =1}

for any fixed e € int C. From [20, Lemma 3.4], we know the C*isa w*-compact base of C*.
The following concept plays an important role in characterizations on nonemptiness and compactness
of the solution set for (VEP).

Definition 2.1 ([9]). Let K be a nonempty convex subset of X. The mapping g : K — Y is called:

(i) C-convex on K if

glax+ (1—a)y) <c ag(x) + (1 —ax)g(y), ¥x,yeK, «xe€[0,1];

(i) C-concave on K if —g is C-convex;
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(iif) C-subconvexlike on K, if there exists a 6 € int C such that for any x,y € K and any ¢ > 0 and
o € (0,1), there exists b € K satisfying

g(b) <c ag(x) + (1 —a)g(y) + €0.

One can check that the C-convexity implies the C-subconvexlikeness on K. It is well-known that g is
C-subconvexlike on K if and only if the set g(K) 4 int C is convex from [9, Prop 1.78].

In order to investigate the relations between (VEP) and linearly scalarized equilibrium problem, we
introduce the linearly scalarized equilibrium problem of finding x € K

(EPA)  AM(xy) =20, VyeK,

where A € C*0.
For linearly scalarized equilibrium problem, a closely related problem is so-called linearly scalarized
dual equilibrium problem, which is to find x € K such that

(DEP,)  A(h)(y,x) <0, Vy€K.

Throughout this paper, we denote by X, the solution set of (EP,) and by XP the solution set of (DEP,).
In what follows, we recall the following monotonicity and pseudomonotonicity.

Definition 2.2 ([5]). The mapping F: K x K — R is called:

(i) monotone on K, if for all x,y € K,
F(X/U) +F(U/X) <0;

(ii) pseudomonotone on K, if for all x,y € K,

F(x,y) >0 = F(y,x) <O0.

The mapping h: K x K — Y is called:

(iii) C-monotone on K, if for all x,y € K,

h(x,y) +h(y,x) € —C;

(iv) C-pseudomonotone on K, if for all x,y € K,

h(x,y) ¢ —int C = h(y,x) € int C.

Next, we shall give the following lemma to investigate between linearly scalarized (pseudomonotonic-
ity) monotonicity and (C-pseudomonotonicity) C-monotonicity.

Lemma 2.3. Let h: K x K — Y be a mapping. For all A € C*°
(i) if his C-monotone on K, then A(h) is monotone and A(h) is pseudomonotone;
(i) if A(h) is pseudomonotone, then h is C-pseudomonotone.

Proof.
(i) For x,y € K, if h is C-monotone on K, then h(x,y) + h(y,x) € —C. So, for all A € C*, one has

Alh(x,y) +h(y,x)) <O0.

Hence, A(h) is monotone for all A € C**. Moreover, A(h) is pseudomonotone for all A € C*°.
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(ii) For x,y € K, if A(h) is pseudomonotone, then
Ah)(x,y) 20 = A(h)(y,x) <0.

If h(x,y) ¢ —int C, then there exists A € C*¥ such that A(h)(x,y) > 0. Furthermore A(h)(y,x) < 0, since

A(h) is pseudomonotone. Next, we show by contradiction that
h(y,x) ¢ int C.

If h(y,x) € int C, then for A € C*0, A(h)(y,x) > 0, which contradicts A(h)(y,,x) < 0. So, the result
holds. O

In general, the C-pseudomonotonicity of h does not imply the pseudomonotonicity of A(h) for all
A e C*,

Example 2.4. Let K = ]REL, C= ]R%L, e=(1,1)eint C, Y =R? and
hix,y) = ((0,y —x), (¢ =%,y —x)).
It is easy to see that h(x,y) is C-pseudomonotone and
CO={\ >0, A >0:A\ +A =1}

For A = (0,1) € C*, we obtain
AR (x,y) = (x> —x,y —X).

For x =0, one has

However,

A(h)(y,%) = (y>—y,0—y) >0, Wy e€lo,1L

So, A(h) is not pseudomonotone.

In order to investigate the nonemptiness and compactness of solution set for (VEP), we introduce
definitions and the properties of asymptotic cone and set convergence.
Given any closed set S C R™, we define the asymptotic cone of S as the closed set

Sm:{deR“:tk—>+oo,ElxkES,:—k—>d}.
k

If S is convex, then for given xg € K,
$S*®={deR":xg+td €S, Vt >0}.

The following notions is from horizon limits of [24]. Let {SV} be a sequence of sets in X. The horizon outer
limit lim supy,’ S¥ and the horizon inner limit lim inf;’ SV are defined respectively by

limsup’S” := {0} Jid € X:3IN € N, d” € S¥,AV \,0,\"d" - d},

lim infSY := {0}_J{d € X: IN € Neo, d¥ € $Y, A"\, 0,A"d” —n d},
where Nf, = (N € IN : YN' € Noo, NN # 0} and Noo = {N € IN : YN' € N4, NN # 0}

Lemma 2.5 ([24]). A sequence of sets {SV} in X has the property that limsup’SY = {0} if and only if it is
eventually bounded in the sense that for some index set N & NE,, the set Uven SV is bounded.
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The following lemma is the well-known generalized KKM theorem, we refer the reader to [10, Lemma
1].

Lemma 2.6 ([10]). Let K C X be a nonempty topological vector space X and F : K — 2X be a set-valued mapping
from K into X satisfying the following properties:

(i) F is called a generalized KKM mapping: for every finite subset A of K, co(A) C [Uyca F(x), where co(.)
stands for the convex hull;

(ii) F(x) is closed in X for every x € K;
(iii) F(xo) is compact in X for some xg € K.

Then ek F(x) # 0.

3. Characterizations on nonemptiness and compactness of the solution set for (VEP)

3.1. Characterizations with linearly scalarized equilibrium problem

In this subsection, we shall provide sufficient conditions to guarantee the nonemptiness and com-
pactness of the solution set for (VEP) by linear scalarization. For convenience, we make the following
assumptions.

Assumption 3.1. The mapping h: K x K — Y is such that
(i) K C Xis a nonempty and convex closed set;
(ii) for all x € K, h(x,x) =0 and h(x,.) : K = Y is C-convex;
(iii) h(x,y) is continuous on K.
Before we proceed, technical lemma on the solution set of (VEP) is in order.
Lemma 3.2. Forall x € K, if h(x,.) : K = Y is C-subconvexlike and h(x,x) = 0, then X = (Jx¢c+0 Xa.

Proof. For all A € C** and % € X,, then
A(h)(x,y) 20, VyeK (3.1)
We shall prove x € X by reductio ad absurdum. Suppose x ¢ X, then there exists yo € K such that
h(x,yo) € —int C.

For all A € C*9, we have
A(h)(x,yo) <O,

which contradicts (3.1). Consequently, x € X.
Conversely, if x € X, then
h(x,y) ¢ —intC, VyeKk,

equivalently, )
0 ¢ h(x,K) +int C.

Since h(x, .) is C-subconvexlike, we deduce h(x, K) +int C is convex. By the separation theorem of convex
sets, there exists A € Y*\{0} such that

A(h(x,y))+Ac >0, VyecK, ceintC. (3.2)
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Setting y = X, from h(x,x) = 0, we obtain
Ac >0, VceintC.
So, A € C*\{0}. On the other hand, letting ¢ — 0 in (3.2), we have
A(h(x,y)) >0, VyeK
Since C*V is a w*-compact base of C* for t > 0, there exists A € C*0 with A # 0 such that
A=tA and A(h(x,y)) =0, VyeK

So, x € Urecwo Xa- O

From [5, Proposition 3.1 and Theorem 3.1], we have the following lemma for (VEP).

Lemma 3.3. Assume that Assumption 3.1 holds and h is C-pseudomonotone, then X = XP.

By [8, Proposition 3.2 and Remark 3.1], we can obtain the following lemma for linearly scalarized
equilibrium problem.

Lemma 3.4. Assume that Assumption 3.1 holds and A(h) is pseudomonotone, X\ = X% for all A € C*0.

In what follows, we recall from [12, 13] the following cone that allows us to obtain characterization for
the solution set to the equilibrium problem to be nonempty and compact, which is defined by

Ri:= [{d€K®:h(y,y+td) <0, vt >0}.
yek

Furthermore, for (VEP) we have the following definition:

Ri:= (){d €K®:h(y,y+td) ¢int C, Vt > 0}.
yekK

In combination with [13, Theorem 5.8], we have the following lemma to characterize the nonemptiness
and compactness of solution set for linearly scalarized equilibrium problem.

Lemma 3.5. Assume that Assumption 3.1 holds for A € C*°, and A(h) is pseudomonotone. Then, the solution set
X of the (EPy) is nonempty and compact, if and only if

R} = () {d € K®:A(h)(y,y+td) <0, Vt > 0} = {0}
yek

Theorem 3.6. Assume that Assumption 3.1 holds and A(h) is pseudomonotone for all A € Cc*0, If the solution set
X of (EPA) is nonempty and compact, then X is nonempty and compact.

Proof. Recalling that the solution set X, of (EP,) is nonempty and compact, we obtain that X is nonempty.
Using the continuity of h, we know that X is closed. Clearly, 0 € X*°. For all A € C*?, it follows from the
nonemptiness and compactness of the solution set for (EP,) and Lemma 3.5 that

R} = (){d € K®:A(h)(y,y +td) <0, ¥t > 0} = {0}.
yek

Next, we show X = {0}. Suppose that there exists d € X* with d # 0. With the definition of X*°, there
exist my — 400 and xi € X with |xi|| — oo such that 1’1‘1—‘; — d. From xy € X, there exists A, € C*¥ such
that

M (M) (x,y) = 0.
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It follows from pseudomonotonicity of the A(h) that
M (h)(y,x) < 0.
Since C*? is w*-compact, without loss of generality, we can assume that

w* — lim A =A%,
k—o0

For A € C*Y,y € Kand t > 0, as m — +oo for k large enough, one has 0 < mik < 1and

A (W) (y, (1 — n:k)y + n:kxk) (1- m—k)m Yy, y) + n:kxk(h)(y,xk) <0,
which implies
Ae(R)(y, (1— n:k)“ + n:kxk) A(R) (U, Y + td) + (A — M) (R) (y,y + td) + A*(h) (y,y +td) <O.  (3.3)

Letting k — oo in (3.3), we obtain

A (h)(y,y+td) <0,
since h(y, x) is continuous and w* —limy_,,, Ax = A*. So, d € R{‘* with d # 0, which contradicts R{‘* ={0}.
Thus, X is nonempty and compact. O

Theorem 3.7. Assume that Assumption 3.1 holds. Then,

(@) U}\EC*O R? C Ry

(i) If A(h) is pseudomonotone for all A € C*° and Ry = {0}, then the solution set X of (EPy) is nonempty and

compact.
Proof.
(i) For d € Jyecwo R}, there exists A € C* such that
Ah)(y,y+td) <0, vt>0, yek. (3.4)
For all t > 0, assume by contradiction that h(y,y +td) € int C, then
Ah)(y,y+td) >0, YAeC? yekK,

which contradicts (3.4). Hence, (w0 R} C Ry.
(ii) It follows from 0 € R{‘ C Unec#o R{‘ C Ry = {0} that R{‘ = {0}. From Theorem 3.6, we deduce that the

solution set X, of (EP,) is nonempty and compact. O

Remark 3.8. From Theorem 3.7, we note that Ry = {0} implies (J,cco Ri‘ = {0}, which shows that
Unecso R} = {0} is weak condition for characterizing the solution set to be nonempty and compact for
(VEP) and (DVEP). It is worth noting that the solution set for (VEP) cannot be characterized by the solu-
tion set of finite (EP,) even if Y = R™ and C = R"'. The counter example can be found in [20, Example
3.1].

The following example shows that the inclusion [, c+0 R} C Ry.
Example 3.9. Let K = R, C= IR%L, Y=R? e=(1,1) €int C and
(0,1-y)x*~y?), 0<y<1,
h(y,x) =
N e

It is clear that
CO={A\,M): M+A=1 A >0, A >0}

For all y € K, it is verified that
U r =10

AeC0
On the other hand, by simple computation, we obtain Ry = [0, +00). So, e+ R} C Ry
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Corollary 3.10. Assume that Assumption 3.1 holds, A(h) is pseudomonotone for all A € C* and Ry = {0}. Then,
the solution set X, of (EP)) is nonempty and compact if and only if that the solution set X for (VEP) is nonempty
and compact.

3.2. Characterizations with coercivity condition

The purpose of the subsection is to show that coercivity condition is a sufficient condition to guarantee
the nonemptiness and compactness of the solution set for (VEP) when K is unbounded. Meanwhile, it
is worth noting that the nonemptiness and compactness of X cannot imply that X, is nonempty for all
Ae .

For convenience, K, is defined by

Ky ={x:xeK, |x]| <rh

Then, K, is a compact subset of K.
Consider the following coercivity condition [5]:

©
dr > 0:Vx € K\K;,Jy € K; such that h(x,y) € —int C.

The following conclusion may be not new. However, we include a compact stand-alone proof below,
both for the sake of completeness and because the proof is used in proving our next result.

Theorem 3.11. If Assumption 3.1 holds and coercivity condition (C) is satisfied, then the solution set X is nonempty
and compact.

Proof. Define H: K x K — 2 by
H(y) = {x € K:h(x,y) ¢ —int C},

for each y € K. To show the assertion, we need to verify that H is a generalized KKM mapping. Suppose
there exists a finite set {y1,...,ym} € K such that x € co{yy, -+ ,ym} with x ¢ H(y;), foralli=1,--- ,m.
Note that

h(x,yi) € —intC, i=1,2,---,m.

Moreover,
m

D tih(x,yi) € —int C. (3.5)
i=1
The C-convexity of h implies

m
> tih(xyi) € h(x,x) +C C Y\ —int C,

i=1

which contradicts (3.5). So, H(y) satisfies the finite-intersection property. This, in combination with
Assumption 3.1, provides that H is a generalized KKM mapping with closed values. Since the coercivity
condition (C) holds with r > 0, one derives [, ¢k H(y) C K. It follows from Lemma 2.6 that (), cx H(y) #
) and X # 0. From X C K;, we obtain that the solution set for (VEP) is nonempty and compact. O

Example 3.12. Let K = R, C= ]R%L, Y=R? e=(1,1) €int C and
lxy) = (0 Yy —x), (Ly —x).
It is clear that Assumption 3.1 holds, h(x,y) is C-convex and
CO={A,N): M+A=1 A >0 A >0}

We break up the proof into two cases to verify that X = {0}.
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(i) For the vector A = (1,0) € C** and x = 0, then
A(h(xy)) = 0,y —0) >0, vyek.
So, EPy ={0}.
(ii) For vector C = (t,1—t) € C*0, t € [0, 1[, then
Ah(x,y)) = x4+ (1—1t),y —x).
For x € K, there exists {j such that
Ah(x,§)) = (tx* 4+ (1—1),§ —x) < 0.

Hence, for A = (t,1—1) € C*¥ with t € [0,1[, (EP)) = (. From Lemma 3.2, we know that
X = U Xx ={0},
AeC*0

is nonempty and compact. However, for all x # 0 and [y| < [x|, one has
h(x,y) ¢ —int C.

Consequently, coercivity condition (C) does not hold.

Remark 3.13.

(i) The nonemptiness and compactness of solution set for (VEP) cannot deduce that coercivity condition
(C) holds by Example 3.12.

(i) From Example 3.12, the nonemptiness and compactness of X cannot imply that X, is nonempty for
all A € C*0.

Corollary 3.14. If Assumption 3.1 holds and coercivity condition (C) is satisfied, then the solution set for (EPy) is
nonempty and compact for all A € C*°.

Proof. Since coercivity condition (C) holds, there exists r > 0 such that for all x € K\K,, there exists y € K,
Ah)(x,y) <0, VA e C*.

Set
Ha(y) :={x € K: A(h)(x,y) = 0},

for each y € K. Following the similar arguments in the proof of Theorem 3.11, we can obtain the desired
result. O

Corollary 3.15. Assume that Assumption 3.1 holds and coercivity condition (C) is satisfied. Then, for all A € C*°,
the solution set X, of (EP)) is nonempty and compact if and only if the solution set X of (VEP) is nonempty and
compact.

3.3. Comparison between coercivity condition (C) and asymptotic cone Ry = {0}

In this subsection, we shall discuss relations between coercivity condition (C) and R; = {0}, since
coercivity condition (C) and R; = {0} play a conspicuous part in characterizing the nonemptiness and
compactness of the solution set for (VEP).

Theorem 3.16. Assume that Assumption 3.1 holds and the mapping h is C-pseudomonotone. If Ry = {0}, then
coercivity condition (C) holds.
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Proof. Suppose that coercivity condition (C) fails. For every r > 0, there exists x, € K\K; such that
h(xy,y) € Y\—int C, Vye€K,.

Set

Fr={x € K\Ky :h(xy,y) e Y\—int C, Vy € K},
and

Sy ={x €K:h(x,y) e Y\—int C, Vy € K;}.
It is easy to see that /+ C S, and [, is unbounded as r — oo. Next, we claim
limsup}’, S; = {0}

Suppose to the contrary that there exists d € limsup;’, S, with d # 0. Then, there exist 1 — o0, X; € Sy,
and my — +oo such that % — d. Clearly, d € K* and |[[xk|]| = o0 as k — oo. Then for any fixed y € K,
from xy € Sy, we know

h(xk,y) € Y\—int C, Vy €K,

for all sufficiently large k. By the C-pseudomonotone of h, we have
h(y,xx) e Y\int C, Vy €K,

for all sufficiently large k. For y € Kand t > 0, as rx — +oo for k large enough, one has 0 < % <1land

Ry, (1— )y + ) € (1— :k)h(y,y) + fkh(y,xk) ¢,

1— —
Tk Tk

since h(x,.) is C-convex. It follows from h(y,y) = 0 and h(y,xx) € Y\int C that

t t

h(y, (1——)y+ —xx) € Y\int C— C C Y\int C. (3.6)

Tk Tk

Letting k — oo in (3.6), we deduce
h(y,y +td) € Y\int C,

which implies d € Ry = {0}. This contradicts the d # 0. Hence,
limsup}’, S: = {0} (3.7)

As (3.7) holds, it follows from Lemma 2.5 that S, is eventually bounded. This shows that X is bounded
and there exists 19 > 0 such that S, is nonempty and compact for all r > ry. Since F  C S,, this means
that /', is nonempty and compact for all v > 19, which contradicts that /. is unbounded as r — co. So,
coercivity condition (C) holds. O

As a consequence of Lemma 2.3, Theorem 3.6, Remark 3.8, Theorem 3.7 and Theorem 3.11, we have
the following result.

Theorem 3.17. Assume that Assumption 3.1 holds and the mapping h is C-pseudomonotone. Consider the follow-
ing statements:

(i) Ry ={0}
(ii) the coercivity condition (C) holds;
(iii) the solution set X, of (EP,) is nonempty and compact;

(iv) the solution set of (VEP) is nonempty and compact.
Then, (i) = (ii) = (iii) and (ii) = (iv); if A(h) is pseudomonotone, then, (i) = (ii) = (iii) = (iv). If X # 0 for
all A € C*0, then (iv) = (iii).
Remark 3.18. Compared with [20, Theorem 3.3], Theorem 3.17 establishes weaker condition to obtain the

equivalence between the nonemptiness and compactness of the solution set for (VEP) and the nonempti-
ness and compactness of the solution set for (EP, ), since Theorem 3.16 and Corollary 3.15 hold.
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4. Applications

4.1. Levitin-Polyak well-posedness for (VEP)

Levitin-Polyak well-posedness acts as a crucial role in numerical algorithms theory for (VEP), as it
guarantees that, for an approximating solution sequence, there exists a subsequence that converges to a
solution. In this subsection, we establish the equivalence between the nonemptiness and compactness
of the solution set for (VEP) and Levitin-Polyak well-posedness for (VEP) under mild conditions, which
generalizes and extends some results of [2, 22, 28, 30, 32] in some sense.

Denote by dx(x) the distance function from a point x to set K. We introduce the following definition
of Levitin-Polyak well-posed property for (VEP).

Definition 4.1.

(i) A sequence {xn} C X is called a Levitin-Polyak approximating solution sequence if there exists a
sequence {en} C R}r with e, — 0 such that

dk (xn) < €n, (4.1)
h(xn,y)+ene¢ —intC, VyeK 4.2)

(ii) (VEP)is called Levitin-Polyak well-posed if the solution set X for (VEP) is nonempty, and for Levitin-
Polyak approximating solution sequence {x,, }, there exist a subsequence {xn, } of {xn} and % € X such
that Xn; — X.

Theorem 4.2. Assume that Assumption 3.1 holds. If Ry = {0} and h is C-monotone, then the solution set X of the
(VEP) is nonempty and compact if and only if (VEP) is Levitin-Polyak well-posed.

Proof. On one hand, it follows from the definition of Levitin-Polyak well-posedness that the solution set
X of (VEP) is nonempty and compact.

On the other hand, let {x,,} C X be a Levitin-Polyak approximating solution sequence satisfying (4.1)
and (4.2). It follows from Theorem 3.17 that (EP,) is nonempty and compact for all A € C*0. Now, we
show that {x, } is bounded. Suppose to the contrary that {x,} is unbounded. We assume without loss of
generality that [[x,|| — 400 such that

h(xn,y)+ene¢ —intC, VyeKk,

namely,
h(xn,y) ﬂ(—int C—ene)=0, Vyek

Since h(x,.) is C-convex, one has h(xn,K) is a convex set and (—int C —ene) is a convex set. By the
separation theorem of convex sets, there exists A, € C*0 such that

An(h)(xn,y) = —en, Vyek
Since C*0 is w*-compact, we can assume without loss of generality that

w*— lim A, =Ae C*?.
n—-+oo

In view of C-monotonicity of h(x,y) on K, we have
h(any) + h(U/ XT‘L) S _C/

that is,
h(xn,y) + ene+h(y,xn) —ene € —C,
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Ah(xn,y)+ene+h(y,xn) —€ene) <0, A€ Cc*0.
For A € C*9, one has
An(M)(y,xn) <en, Yyek
Lety € K be an arbitrary point. We can assume without loss of generality that
Xn —
e el = e eyl =

d.

Thus, ||d]| =1 and d € K*® with d # 0. For giveny € Kand t > 0, as |[xn|| = +oo for n large enough, one
has 0 < m <1land

Xn—Y In —yll—t
A (h t < A (h)(y, —An(h)(y, ,
which is equivalent to
Xn — t
An()(y, Y+t

< An(h)(y,xn) < €n,
||Xn_y|| HXTL_yH

since A (h) is convex, h(y,y) =0 and A, (h)(y,xn) < €n. That is,
Xn — VY

lIxn —yll

For (4.3), taking the limit in k, one has

An(h)(y,y+t ) =An(h)(y,y +td) + (An —A) (W) (y,y +td) + A(h)(y,y + td) < en. (4.3)

Alh(y,y+1td)) <O,

since h(y, x) is continuous and w* —limy_,,, Ax = A*. That is, 0 # d € Ry, contradicting the fact that the
solution set of EP5 is nonempty and compact. Consequently, {x,,} is bounded. There exist a subsequence
{xn;} of {xn} and % such that x,,;, — . Taking the limit in (4.1) (with n replaced by n;), we have % € K.
Moreover, taking the limit in (4.2) (with n replaced by n;), we obtain h(k,y) ¢ —int C, for all y € K. So
x e X O

Remark 4.3. Compared with [22, Theorem 4.1], Theorem 4.2 proposes linear scalarization method to obtain
Levitin-Polyak well-posedness for (VEP). Under condition Ry = {0}, we obtain that the solution set X
of (VEP) is nonempty and compact if and only if (VEP) is Levitin-Polyak well-posed. Although the
condition is relatively strong, it is the first time to obtain the equivalence between the nonemptiness and
compactness of the solution set and Levitin-Polyak well-posedness of (VEP).

4.2. Stability analysis for (VEP)

The stability of the solution set is an important problem in the theory of equilibrium problem, as
they can guarantee solution set continuity [10, 19, 27]. In this subsection, we shall establish the stability
theorems for (VEP) and (DVEP) when the mapping h is perturbed.

Firstly, we recall some important notions and results. Let h : Z x K x K — Y be a parametric vector-
valued mapping. Consider the perturbed vector equilibrium problem, abbreviated as (PVEP), is to find
X € K such that

h(z,x,y) ¢ —intC, Vye€K.

For (PVEP), a closely related problem is so-called perturbed dual vector equilibrium problem, abbreviated
as (PDVEP), which is to find x € K such that

h(z,y,x) ¢intC, VyeK

We denote by X(z) the solution set of the (PVEP) and by XP (z) the solution set of the (PDVEP). Similar
to the previous linear scalarization method, we denote by X, (z) the solution set of (PEP,) and by 7(}? (z)
the solution set of (PDEP,).
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Theorem 4.4. Assume that h(z,x,.) : K — Y is C-convex for all (z,x) € Z x K, h(z,x,x) = 0and h(z,x,y) is
continuous on Z x K x K. Let A(h) be pseudomonotone for all A € C*0. If the solution set X(zo) of (PEPy) is
nonempty and compact for all A € C*°, then there exists a neighborhood U of zq such that (PVEP) and (PDVEP)
have a nonempty and compact solution set for all z € U.

Proof. Since X,(zo) is nonempty and compact and A(h) is pseudomonotone, it follows from Lemma 3.4
that )_(7'\D (zp) is nonempty and compact and

R}(z0) = [){d € K®: A(h)(zo,y,y +1td) <0, ¥t > 0} = {0}
yek

We claim that there exists a neighborhood U, of zy such that

R} (z) = (){d € K®:A(h)(z,y,y + td) < 0,Vt > 0} = {0}.
yek

Assume by contradiction that there exists z,, — zg such that R{‘(z) # {0}. Thus, we can select a sequence
d,, such that
[ {dn € K : A(h)(zn,y,y +tdy) <0, ¥t >0}, (4.4)
yeK

with [[dy || = 1. Without loss of generality, we can assume d,, — dg # 0. Taking the limit in (4.4), we have

[ {do € K :A(W)(z0,y,y + tdo) <0, ¥t > 0},
yek

since h is continuous and A(h) is continuous. This contradicts Ri\ (zo) = {0}. Set (N cc+0 Un = U # (). Hence,
there exists a neighborhood U of zj such that Ri‘(l) = {0} for all A € C*0. It follows from Theorem 3.16
and Lemma 3.5 that (PVEP) and (PDVEP) have a nonempty and compact solution set for all z € U. O

4.3. Connectedness of the solution set for (VEP)

The purpose of this subsection is to discuss the connectedness of the solution set for (VEP), as it
provides the possibility of continuously moving from one solution to any other solution. We propose new
sufficient conditions to establish the connectedness of the solution set for (VEP) without the compactness
or monotonicity, which generalizes and extends some results of [16, 17, 23] in some sense.

Lemma 4.5 ([4]). Let X and Y be two topological vector spaces, S be a connected subset of X, F: S — 2Y be a
set-valued mapping. If F is upper semicontinuous on S and F(x) is connected subset of Y for each x € S, then
F(S) = Uyes F(x) is a connected subset of Y.

Theorem 4.6. Assume that Assumption 3.1 holds and coercivity condition (C) is satisfied. Let h(.,y) be C-concave
on K. If W ={h(x,y) : x,y € K} is bounded, then the solution set for (VEP) is connected.

Proof. Tt follows from Corollary 3.14 that the solution set X, of (EP,) is nonempty and compact for all
A € C*0. Indeed, for any A € C*0and any fixed y € K, letx3,x; € Xj and t € [0,1]. Then, tx; + (1 —t)x; € K,
A(h)(x1,y) = 0 and A(h)(x2,y) > 0. From the C-concavity of h(.,y) and A € C*Y, we have

A(h)(txg 4+ (1 —t)x2,y) 2 0,

which shows tx; + (1 —t)x2 € X,. So, X, is convex and connected.
Define a set-valued mapping L : C*V — 2K by

L(A) =X, VAe C*.

Now we show that L(A) is upper semicontinuous on C*’. Since coercivity condition (C) is satisfied, then



G. Wang, L. J. Gao, J. Nonlinear Sci. Appl., 10 (2017), 5881-5895 5894

L(An) is bounded. We need only prove that L is closed. Let {(An, xn )} be a solution sequence such that
(An,xn) C Graph(L) = {(A,x) € C*¥ x K:x € L(A)},

that is,
)\n(h)(xn/y) >0, Yyek

Since C* is w*-compact, without loss of generality, we can assume that

w*— lim Ap=AeC*.
n—-+oo
It follows from the definition of L(A) and coercivity condition (C) that {x,,} is bounded. Without loss of
generality, we assume x,, — X. By the boundedness of W and limy, 100 An = A, for € > 0, there exists ng
such that
[(An =A) (W) (xn,y)l <€, VN >mny.

So,

A(h)(xn,y) = A = A) (W) (xn,y) + A (W) (xn,y) 20, Yy eK and n >ny,
furthermore,
A(h)(xn,y) > —€, Yy €K and n > ny. (4.5)

Taking the limit in (4.5), we have A(h)(X,y) > 0 by the continuity of h and the arbitrariness of €. That is,
% € L(A). It follows that L is a closed mapping and L is upper semicontinuous on C*°. From Lemma 4.5,
we know that X = [J,cc-0 X, is connected. O

Remark 4.7. Compared with results of [16, 17, 23], Theorem 4.6 proposes linear scalarization method to
obtain the connectedness of the solution set for (VEP) without the compactness or C-pseudomonotonicity
which is different from the ones used in the previous literature.

Theorem 4.8. Assume that Assumption 3.1 holds, h is C-pseudomonotone and Ry = {0}. If W ={h(x,y) : x,y €
K} is bounded, then the solution set for (VEP) is connected.

Proof. It follows from Theorem 3.16 that coercivity condition (C) holds. Repeating the proof of Theorem
4.6, we obtain the results. O
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