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Abstract

Infinitely many periodic solutions are obtained for a second-order discrete Hamiltonian systems by using the minimax
methods in critical point theory. Our results extend and improve previously known results. (©2017 All rights reserved.
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1. Introduction

Consider the following second order discrete Hamiltonian system

{Azu(t— 1)+ VF(t,u(t) =0, tez[1,T], )

w(0) =u(T),

where T € Z, Z[1,T] denotes the discrete interval {1,2,---,T}, Au(t) = u(t+1) —u(t), A2ut) =
A(Au(t)) and VF(t,x) denotes the gradient of F with respect to the second variable. F satisfies the
following assumption:

(A) F(t,x) € CHRN,R) for any t € Z[0, T] and F is T-periodic in the first variable.

Since Guo and Yu developed a new method to study the existence and multiplicity of periodic solutions of
difference equations by using critical point theory (see [4-6, 18], the existence and multiplicity of periodic
solutions for problem (1.1) have been extensively studied and lots of interesting results have been worked
out, see [1-3, 7, 8, 10-17] and the references therein. In particular, when the nonlinearity VF(t,x) is
bounded, that is, there exists M > 0 such that [VF(t,x)| < M for all (t,x) € Z[0, T] x RN, and that

-
Z F(t,x) — +o0 as [x| = oo.
t=0

Guo and Yu [6] obtained one periodic solution to problem (1.1).
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In [12, 13], Xue and Tang generalized these results to the sublinear case:
VF(t )] < Malx|+ Mg,V (t,x) € Z[0,T) x RY,
and
-
[X|72* > F(t,x) — %00 as [x| = oo,
t=0

where My >0, M, >0and « € [0,1).

In [10], Tang and Zhang considered the nonlinearity VF(t,x) satisfies the following condition:

IVF(t,x)] < f()x|*+g(t), V (t,x)eZ[0, T xRV, (1.2)
or
IVF(t,x)| < f(t)x| +g(t), V (t,x) € Z[0,T] x RN, (1.3)

where f, g : Z[0,T] - R", « € (0,1). Under these conditions, periodic solutions of problem (1.1) have
been obtained, which completed and extended the results in [12, 13].

Recently, Che and Xue [1] obtained infinitely many periodic solutions for problem (1.1) when (1.2)
holds, and

-
limsup  inf F(t,x) = o0, (1.4)
r—+00 XERN,|x|=r =0
and
-
liminf sup x| 2% ) F(t,x) = —oo, (1.5)
R=400 , eRN,[x|=R é)

where « € (0,1).

In this paper, motivated by the results mentioned above, we will further investigate infinitely many
periodic solutions to the problem (1.1) under conditions (1.2) or (1.3).

Let Ht be a Hilbert space defined by

Hr ={u:Z = RN u(t) =u(t+7T), Vt € Z},

with the inner product
and the norm

Let

Since Hr is finite dimensional, one has that:

Ll <l < 1
\/T ~ o0 I .

Let
-

.
D(u) = % > IAut)P—) F(tu(t), VueHr.
t=0 t=0

It is well-known that the solutions of problem (1.1) correspond to the critical points of @ (see [9]).
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Lemma 1.1 ([14]). As a subspace of Ht, Ny is defined by
Ny ={u € Hy|— A%u(t—1) = Acu(t)},

where Ay, =2 —2coskw, w = 2%‘, k € Z[0, [%H (where [c] denotes the largest integer less than c). Then we have

(1) Nk L N; for k #j and j, k € Z[0, [1]].
NS
(2) Hy = @k:()Nk'

T
Set Hi = Ng and Hy = GBLZ:]INk. Then Ht = Hy ® Hy and
T
Y IAu®)P = Mlul, VueH,
t=0

The element u of H; is just the eigenvector corresponding to Ag = 0 which satisfies u(t) = u(0) for
te Z[0,T].
Our main results are the following theorems.

Theorem 1.2. Suppose that (A), (1.2) and (1.4) hold, and

- 2
ey (Ziaty)
liminf sup |x|~ “ZF(t,x) < - (1.6)
T o x€RN, |x|=1 +—0 2\
Then
(i) the problem (1.1) has infinitely many periodic solutions {un} such that ®(u,) — +00 as n — oo;
(ii) the problem (1.1) has infinitely many periodic solutions {u}, } such that ®(u},) — —oo as m — oo.
Theorem 1.3. Suppose that (A), (1.3) with ZLO f(t) < % and (1.4) hold, and
2
, (Ziofw)
liminf sup [x|]” Z F(t,x) < — . (1.7)
T—+00 XE]RNJX‘:T t=0 2 (}\1 — 2 ZIZO f(t))

Then
(i) the problem (1.1) has infinitely many periodic solutions {un} such that ®(u,) — 400 asn — oo;
(ii) the problem (1.1) has infinitely many periodic solutions {u}, } such that ®(u},) = —oo as m — oo.

Remark 1.4. Obviously, the condition (1.6) is different from condition (1.5) that of in [1]; Theorem 1.3 is
completely new comparing with main result of [1] since we allow o = 1 although the method using in
this paper is same as that of in [1].

2. Proof of main results

Since the proof of Theorem 1.2 is similar to that of Theorem 1.3, we only prove Theorem 1.3.
For the sake of convenience, we denote

T

y=) f(t), B=) glt.

t=0 t=0
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Lemma 2.1. Suppose that (1.3) with Y [_, f(t) < % holds, then
®(u) — +ooas [jul| = coin Ha.

Proof. From (1.3), for all u in Hy we have

T

)
%Z 23 Flt,ult)

t=0

.
SLTMES Zf (e — 3 glt)hu(t)
t=0
A T
>§Hun2—||u|\§ozf(t>—|\u||oozg(t)
t=0 t=0
Moo — -
>l = P Y A8 — full 3 g(t)
t=0

t=0

_ (M 2_
~ (5 ) IulP - Bl

So, ®(u) — +o0 as ||u|| — oo in Hy. O
Lemma 2.2. Suppose that (1.4) holds. Then there exists positive real sequence {an} such that

lim a, = +oo,
n—oo

lim sup d(u) = —co.
N7 ety ul=an

Proof. By (1.4), it is easy to obtain this result, so we omit the detail here. O

Lemma 2.3. Suppose that (1.3) with ZLO f(t) < % and (1.7) hold. Then there exists positive real sequence {bm}
such that

Iim b, = +oo,
m—00

Iim inf ®(u) = +oo,

m—00 U-eHbm
where Hp,, ={u € Hy : [Ju]| = bm} P Ha.
Proof. By (1.7), let a > ﬁ such that

T
a

lim inf 2y F(t ——2

imin sup  [x| (t,x) < Zy

T—+00 x€RN |x|=r t=0

Letu € Hp,, u=1u+1u, where u € Hj, u € Hy. So, we have

;
D Fltu(t) - Ftu)| =
t=0

1
J VE(t, w(0) + su(t), u(t))ds
t=0

0

ME

0

1 1
J (1) (0 + stu(t)Ii(t) |ds—|—ZJ T(0)]ds

0 t=0

,_,.
|

N
ME

,*
I
o

£(t) (FL(0)] + (1)) Fi(t |+Zg JRi(t)

N
B

0

,...
I
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<YIE(0)[[oo + v W36 + Bl

1 a -, __ - -
<o ITlE + Sy R0) P + v |[El + Bl
< (& oy ) 1P+ Sy + B

2a 2

for all u € Hy, . Therefore, one has that

T T
1 2
O(w) =5 3 [AWHF - Y Flt,ul)
t=0 t=0
1 T T T
=5 2_|AT(P - (Z Flt,u(t) =) F(m(t))) — > F(tu(t))
t=0 t=0 t=0 t=0
Moo 1 2 ~
S _
> (5 — 55 ) I - Bl
! a
2 |2 o 2.2
I <||u|| D_FlEu() + 5y >
t=0
for all uw € Hy,, . From condition (1.7) and the above inequality the proof is finished. O

Now we give the proof of Theorem 1.3.

The proof of Theorem 1.3. Let B, be a ball in H; with radius a,,. Set

M ={y € C(Ba,,H1),v loB,, = Id loB,, },
and

cn = inf max ®(y(x)).
YernXGBan

It is easy to obtain that @ is coercive on H; from Lemma 2.1. So, there is a constant M such that

max O(y(x)) > inf ®(u) > M.
XEBay ueH,;

On the other hand, it is easy to see that y(Ban) [ Hz # 0 for any y € I',. Therefore

cn = inf O(u) > M.
'LLGHZ

By Lemma 2.2, for any large value of n, one has that

cn > max O(u).
u€dBga,

For such n, there exists a sequence {yy} in I, such that

max O(yy(x)) — cn, k— oo.
XGBan

Applying [9, Theorem 4.3 and Corollary 4.3], there exists a sequence {vy} in Ht satisfying
(D(Vk) — Cn, diSt(Vk/'Yk(Ban)) — 0/ (D/(Vk) — O/
as k — oo. So, for any large enough k, one has that

cn < max O(yi(x)) <cn+1,

XEDBay
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and there exists wy € yi(Bq,) such that
[vie =wi]| <1

For fix n, by Lemma 2.3, let m be large enough such that

bm >a,, and inf @O(u) >cq +1.
ue Hbm
This implies that y(Bg, ) cannot intersect the hyperplane Hy, for each k.
Let wy = Wy + Wy, where Wy € H; and wy € H,. Then we have [Wy| < b, for each k.
From (1.3), we have that

.
1
cn+120wi) =5 ) [Aw(t)F -

-
PR
t=0 t=0
T
>
t=0

t,wic(t))
)l

A T
> Wil —Z (1) wi (D)

g(t)wi(t

.
Hwkn2 sz [Wic (0% + Wi ()T = D g(t) (Wi (0)] + Wi (1))
t=0

A - ~
> (2 =2y [~ 203y~ [ B b
Therefore wy (t) is bounded. Hence, wy is bounded since |[|[wy| < C(||wy]| + [[Wk]|). Also, {vi} is bounded
in HT.

From the fact that Hy is finite dimensional, we know there is a subsequence, which is still be denoted
by {vi} such that {vi} converges to some point u,,. Therefore, in view of the continuity of ® and @', it is
easy to see that accumulation point u,, of {vy} is a critical point and c,, is a critical value of ®.

Let n large enough such that an > by, then y(Bg,, ) intersects the hyperplane Hy, for any y € I'y. It
follows that

(0] > inf ©(u).
max (v(x)) . elﬂbm (w)
In view of above inequality and Lemma 2.3, we get lim,_,o, crn = +00. So, the proof of first result of
Theorem 1.3 is finished.
Next, we prove (ii) of Theorem 1.3.
For fixed m, let
Pn={ucHr:u=1u+1u,|u <b,,ucH

For u € P,,, one has that

.
Zmu — ) Fltult)
t=0

%Hﬁnz - Z FOROP — 3 g(thu(t)
t=0 (2.1)
.
IF 2Zf (0P + (T =D g(t)(m(0)l + Fa(t)])
t=0
A ~
> (21 —2v> [ — 262,y — B — b
So, @ is bounded below on P.,. Let
Um = inf @(u),

QUNS) oy
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and choose a minimizing sequence {uy} in Pr,, that is
O(uk) = um as k — co.

According to (2.1), {ux} is bounded in Ht. Then there exists a subsequence, which is still be denoted by
{uy} such that
ui — ujy, weakly in Hr.

Since Py, is a convex closed subset of Hy and @ is weakly lower semicontinuous, u}, € Pr, and
i = lim D) > D).
k—o0

By uy, € Pm,
Hm = O (uy,).

Let u}, = uy, +u},. In view of Lemma 2.2 and Lemma 2.3, i}, | # by, for large m, i.e., uj, is in the
interior of P,. Then u}, is a local minimum of functional. So, we have

O(ur,) = inf O(u) < sup O(u).

UEPm It|=bm

Then from Lemma 2.2 we see that ®(u},) - —oo as m — oo. Therefore, the proof is finished. O
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