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Abstract

A new fixed point theorem in product cones is established for systems of operator equations, where the components are
expressed by partial ordering. In applications, this allows the nonlinear term of a differential system to have different behaviors
in components. (©2017 All rights reserved.
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1. Introduction

Let E be a Banach space, P C E be a cone. Then E becomes an ordered Banach space equipped with
the partial ordering " <” induced by P. P is called normal if there exists a constant N > 0 such that
0 < x < y implies ||x|| < N|ly||. One can refer the concepts and the properties of the cone to [8, 10]. In
this paper we investigate the existence of fixed point for systems of the operator equations

{ ug = Ny(ug,up),

1.1
uy = Na(ug, up), (1)

where N; € C[E x E,E] (i=1,2).

Recently, much work has been carried out on the existence of positive solutions of various type of non-
linear problems (see [1-7, 9, 11, 15-25]). One of the most common approaches is to set down an equivalent
abstract operator for nonlinear problems and then applying the topological degree, the fixed point the-
orem or the fixed point index theory in cones to get the desired results. For example, in [16, 23], the
authors applied the fixed point index theory to study the existence and multiplicity of positive solutions
of boundary value problems for systems of second order ordinary differential equations. Precup in [18]
considered the existence of positive periodic solutions of a first order differential system by establishing
a new version of Krasnosel’skii’s fixed point theorem in cones for systems of operator equations, where
the compression-expansion conditions are expressed on components. In [4], the authors discussed the

Email address: cyj720201@163. com (Yujun Cui)
doi:10.22436 /jnsa.010.11.31

Received 2016-08-07


http://dx.doi.org/10.22436/jnsa.010.11.31

Y. J. Cui, J. Nonlinear Sci. Appl., 10 (2017), 5939-5946 5940

multiplicity of positive solutions for a class of (p1, p2)-Laplacian systems based on the product formula of
the fixed point index and Leray-Schauder degree theory.

Motivated by works mentioned above, we employ the e-positive operator or/and functional and the
partial ordering to get some new fixed point theorem for operator equation (1.1). As application of our
main result, the existence of positive solutions for system of second and fourth order ordinary differential
equations is considered.

2. Main results

We first recall some concepts and conclusions on the fixed point index in [8, 10] for the proof of fixed
point theorem. Let E be a Banach space and let P C E be a cone in E. Assume that Q) is a bounded open
subset of E with boundary 9Q), and let A : PN Q — P be a completely continuous operator. If Au # u
for u € PN09Q, then the fixed point index i(A,P N Q,P) can be defined. One important fact is that if
i(A,PNQ,P) #0, then A has a fixed point in PN Q.

The following lemmas is needed in our proofs.

Lemma 2.1 ([8, 10]). Let A : P — P be completely continuous. We have
(@) f Au#puforallue PNoQand u > 1, then i(A,PNQ,P) =1;
(ii) if there exists ug € P, ug # 0 such that u— Au # pug forallu € PNoQ and u > 0, then i(A,PNQ,P) =0.

Lemma 2.2 ([4]). Let E be a real Banach space, Py C E be a cone and W; be a bounded open subset of E with
boundary OW; (i = 1,2). Suppose that A; : Py N Wi — Py is a completely continuous operator and that Ajuy # uy,
forall uwy € Py N OW;. Then

(A, (P1 x P2) N (W1 x W), Py x P2) =i(A1, Pt N Wy, P1) -i(Az, P2NWa, Py),
where A(u,v) = (A1u, Av), V (u,v) € (P1 X Po) N (W7 x Wa).

In what follows, we shall consider two normal cones Py, P, of a Banach space E, normal cone K; of
a Banach space (Ej, | - ||1) with normal constant Nj, normal cone K, of a Banach space (E, || - [2) with
normal constant N, cone P; x P, of a Banach space E x E with the norm ||(uy, w)| = max{|jw]], [[ual[},
and we shall use the same symbol " <" to denote the partial ordering relations induced by P; x P, in
E x E, and by Py, P2, K¢, Ky in E, E; and E,.

Definition 2.3. Let P be a cone in a Banach space E, and K; be a cone in a Banach space E;. Let e € K;\{0}.
A linear operator T : P — K is called e-positive, if for every nonzero x € P there exist two positive number
c(x), d(x) such that

c(x)e < Tx < d(x)e.

Remark 2.4. The above definition of e-positive operator is different from the previous definition in [12, 13].
The main difference is that E # E4, or E = E; but P # K;. When E = E; and P C Ky, Definition 2.3 is the
same as [21, Definition 2.2].

We now state and prove the main abstract result of this paper.

Theorem 2.5. Let N = (N1, Ny) : Py X Py — Py x Py be a completely continuous operator. Assume that for each
i € {1, 2} one of the following conditions is satisfied:

(@) There exist ki1 € (1,+00), kiz € [0,1), ki, ri, Miy € (0,+00), e; € Ki\{B} and two linear e;i-positive
operators Biy, Bip : Py — Ky, such that

BiiNi(u) > ki1Buwg, [Juifl <7, u=(u;,u2) € Py x P, BiaNj(u) < kioBioui + Mjey,

and
IBiouilli > ki|lwil, wui € Ps.

(b) There exist ki1 € [0,1), kiz € (1,400), ki, i, My € (0,+00), ei € Ki\{O} and two ei-positive operators
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Bi1, Biz : Pi — K such that
BiiNi(u) < ki1Buwi, [Juifl <7, u=(u,up) € Py x P, BiaNi(u) > kioBioui — Mjey,

and
[Biauilli > killuil|, wi € Py

Then N has a fixed point win Py x Py with |jui|| > 0 (i=1,2).

Proof. We prove Theorem 2.5 for the following case:

BiiN1(u) > knBriwg,  |[wf] <7y, (2.1)
B12Nij(u) < ki2Bioug +Mje;, u e Py x Py, (2.2)
B2iNa(u) < ko1Bojup,  [Jun|| < 1o, (2.3)
B2oNa(u) > kpoBxpuy —Mjepy, u e Py x Po. (24)
Since the proof of other cases are analogous to the above case, we omit it.
Let _
1N1]le1])s MaNs ez |2
R = P E— 1, 1 7 R — 3 1. 4N ]-/ ]- 7
1 max{k1(1—k12) +1,1+1} » = max {kz(kzz—l) +1,1p+1}

U= (BRl\@) X (BRZ\@) — {(w,wp) € Py x Py : E <l <Ry, i=1,2}
Clearly, U is an open set of Py x P,. For t € [0,1], we consider the completely continuous homotopy
H:[0,1] x U — Py x P, defined by
H(t,u) = (N1(ug, tuz), Na(tug, uz)),  w= (g, uz) € Py x Pa.

We will prove that {H(t,u)}ic(o1) satisfy H(t,u) # u for each t € [0,1] and u € U = {(uy,up) €
P1 x Py |lwy]| = % or |lwy|| = Ry or Jup|| = %2 or |[uz|| = Ry}, the sufficient conditions for the homotopy
invariance of fixed point index on dU. Next, we separate the proof of Theorem 2.5 into four steps.
Step 1. We claim that

—Ni(ug, tup) #pe;, >0, t€[0,1] and (ug,up) € 0Bry X Py, (2.5)

where e is a fixed element in P1\{0}. In fact, if there exist u > 0, t € [0,1] and (uy,up) € 6Br1 x Py such
that u; — Nq(uq, tup) = pey, then from (2.1), one deduces that
Biiug = BNy (uyg, tup) + uBirer > BiiNy(w, tup) > kiBriuy,
that is, (ki3 —1)B1ju; < 6. Notice that ki1 > 1, by the definition of ej-positive operator, we obtain that
u; = 0, which is a contradiction with u € 9B o
Step 2. We claim that
Ni(ug, tup) #puy, =1, t€[0,1] and (u,up) € 0B, x Pa. (2.6)

Suppose that there exist p > 1, t € [0,1] and (ug,up) € 0Bg, x P, with pu; = Ny(uy, tup). So, by (2.2), we
have
Bioug < uBioug = BNy (ug, tup) < kipBiouwg +Myey.

As a result,
(1 —k12)Brous < Myey.

Considering the normality of cone, we get
ki (1 —kp2)[[we || < [[(1—k12)Browi 1 < Ni[[Myeslls,

which implies that [ju;|| < % < Ry. This contradicts u; € 9By, .
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Step 3. We claim that

uuy # No(tu,uwp), w>=1, te€l[0,1] and (ug,up) € P1 x 0Br,. (2.7)

2
If this is false, then there exist u > 1, t € [0,1] and (u;,up) € P1 x aB%z such that pu, = Nj(tuq, up). This
together with (2.3) yields

Boiup < uBajup = By Na(tug, up) < ko1 Bojup < Bajuy,

a contradiction follows from the definition of e;j-positive operator and u, € P,\{6}. So, (2.7) holds.
Step 4. We claim that

up — No(tug,up) #pey, >0, tel0,1] and (ug,up) € Py x 0Bg,, (2.8)

where e; is a fixed element in P,\{6}. Suppose that there exist u > 0, t € [0,1] and (uj,u2) € P; x 0By,
with up — Na(tug, up) = pes. Therefore by (2.4), we have

Baouy = BooNa(tug, up) + uBoes > BNy (tug, up) > koaBoouy; — Maey,
which implies
Maes > (ko2 — 1)Boous.

In view of the normality of cone, we get
NaMyllezall2 = (koo — 1) Boouz|l2 = ka(kaz — 1) |zl

This guarantees B
NaMa ez |2

< Ry,
ko(kp —1) 2

[zl <

which is a contradiction. Hence (2.8) is true.

Based on the expressions (2.5), (2.6), (2.7) and (2.8), it is not difficult to verify that {H(t, uw)};c[o1) satisfy
the sufficient conditions for the homotopy invariance of fixed point index on 9U. Moreover, by Lemma
2.1, we have

tNi1(+8),Bg,, P1) =1, i(N1(-,8),Br,P1) =0,

i’(Nz(el')lBRzl PZ) = O/ 1'(.NZ(SI)/BTTZ/PZ) =1

Then from the homotopy invariance property of fixed point index and Lemma 2.2, we have

i(H(1,), (Br,\By; ) x (Br,\Bz ), P1 x P2)
—i(H(0,), (Br,\Bry ) x (Br,\B ) ,P1 x P2)
= i(Nl(ve),BRl\@, P1) -i(N2(6, '),BRZ\@, P>)
= (i(N1(+,8),Br,, P1) =1(N1(-,8), Bry, P1) - (i(N2(6, -), Br,, P2) = 1(N2(8, ), Bz, P2))
=—1.

Thus we are able to apply the solution property of the fixed point index to show that N has a fixed point
uwin Py x P with [jui| >0 (i=1,2).
O

Remark 2.6. In Theorem 2.5 other three cases are possible for u = (uy,up) € P; x Py:
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(C1) BiaN1(uw) = ki1Briwg, [Jug]| < 7r1;B12Ni(u) < ki2Bioug +Mjeg, u € Py x Py,
B21Na(u) > ko1Bojug, [Juz|| < 12;BaaNa(u) < kooBaous + Mpep, u € Py x Pa.

(u)

(u)
(C2) B1aN1(u) < ki1Briug, [Jug]| < 7r1;B12Ni(u) > kioBipug —Mje;, u € Py x Py,
B21Na(u) > ko1Bojug, [Juz|l < 1m2;BaaNa(u) < kooBaous + Mpep, u € Py x Pa.
(u) <

(C3) B1aNi(u) < ki1Brauwg, [Jus]] < r1;B12Ngi(u) > ki2Biou; —Mjeq, u € Py x Py,
B21Na(u) < ko1Bojug, [Jug|| < 1m2;BaaNa(u) > kooBouy —Moep, u € Py x Pa.

Theorem 2.7. The conclusion of Theorem 2.5 also holds if condition (b) is replaced with

(b”) There exist ki1 € [0,1), kiz € (1,+00), 11,12 € (0,400) with 1 < 12, e; € K and two e;i-positive operators
Bil/ BiZ such that
BiiNi(uw) < kinBipug,  lugf] <7,

and
BioNi(u) > kipBipuy, [Jui]| =2

3. Application

In this section, we shall apply Theorem 2.5 to the existence of positive solution for system of second
and fourth order ordinary differential equations

Y= i Of(bu, ), tel=10,1],

uél = _92(t)f2(t/ulr uZ)/ (31)
w1 (0) =w (1) =u{(0) =uy'(1) =0,
uz(O) = uz(l) =0.

To establish the existence of positive solutions, we make the following assumptions:
(Hy) gi € C[(0,1),R"], O<fog1 )dt < +o00,i=1,2;
(Hz) fi1,fr € ClI x RT x R+,R+].

We consider BVP (3.1) in C[0, 1] x C[0, 1]. Evidently, (C[0,1], || - ||) is a Banach space with norm
lloll = nax lo(t)]. We construct cones K, P by

K={p e C[0,1] | @(t) 20, t €[0,1]},
P={pcCl01]et)>t1—t)e|, tel1]}

Throughout the rest of paper, the partial ordering is always given by K.
We start by some preliminaries and a lemma. Obviously, (u,uz) € C%(0,1) x C2[0,1] is a solution of
BVP (3.1) if and only if (u;,uz) € C[0,1] x C[0, 1] is a solution of the following nonlinear integral system:

1
w(t) = L G1(t, s)gu(s)f1 (s, wi(s), ua(s))ds,

1 (3.2)
a(t) = | Galt,s)gals)fals, (), wals))ds,
where )
_ [ t(l=s), 0<t<s<,
Gi(t,s) = JO G2(t, 1)Ga(T,8)dT, Ga(t,s) = { s1—1), 0<s<t<l,
It is an elementary fact that the function Gi(t, s) has the following property:
lt(l —t)s(1—5s) < Gi(t,s) = Gi(s,t) <t(l—t)(ors(l—s)), t,sel0,1]. (3.3)

30
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In order to solve (3.2), we consider the operator N : K x K — K x K defined by
Nu = (Nqu, Nou),
where N; = TiF;, 1=1,2, )
M)t = | Gilts)gilshols)ds, o ek,
Filur, up)(t) = fi(t, wa(t), ua(t)), uw=(u,uz) € KxK.
Thus solving (3.2) is equivalent to finding fixed point of operator
N(u, up) = (TiFu, ToFu), ue K x K.

Condition (H;) and (3.3) imply that T; : P — P (i = 1,2) are two completely continuous linear e-
positive operators with e(t) = t(1 —t). Thus by the famous Krein-Rutman theorem (see [14]), we assert
that v(T;) > 0 and there exist ¢} € P (i =1,2) with ||¢}|| =1 such that

r(T)ei = Tigf,

which can be rewritten in the form
1
THOE L Gilt, s)gi(s)o} (s)ds

for all t € [0, 1]. Define operators B; : K — K by
1
(Bio)(t) = | 0ils)ailslols)ds, o k.
Since 7 € P is the positive eigenfunction of T, it follows from (3.3) that

1

1
Pi0) > gt =) | s(1=s)gi(s)oi(s)ds, (3.4
and
00 < 5 | s=slailsheils)ds
1 . 1 1 .
therefore Jo s(1—s)gi(s)ei(s)ds > 0. Set &; = 30r(Ty) Jo s(1 —s)gi(s)ei(s)ds > 0. By the help of (3.4),
we have
diGi(t,s) < @i(s). (3.5)

Lemma 3.1. Let
Pi ={p € K| (Bip)(t) > r(Ty)di] @]}

Then T;(K) C P;.

Proof. It follows from (3.5) that for every ¢ € K
1
(BiTip)(t) = L ©i(s)gi(s)(Tip)(s)ds

1 1
=J @z(s)gi(s)J Gi(s,7)gi (7)o (1) dTds
0 0
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1 1
=j gimcp(ﬂj Gilt, s)gi(s) @t (s)dsdr
0 0

1
—r(T) JO 01 (Dgi(T @(T)dr
1
> r(T0)5; JO Gilt, D)gi (D)@ (1)dT = r(T)8:(Tu) (1),
Then (BiTip)(t) > r(Ti)di || Tie||, i-e., Ti(K) C Pj.
]

Theorem 3.2. Suppose that the conditions (Hy)-(Hy) are satisfied and that for each i € {1,2} one of the following
conditions is satisfied:

(H3) There exist ki1 € (1,400), kiz € [0,1), i, My € (0,+00) such that

fi(t, u,up) >

ki2
T(Ty)

(Hy) There exist ki1 € [0,1), kiz € (1, +00), i, M € (0, +00) such that

fi(t, ug, up) < ui + My;

fi(t, W, ) < —oly, W < T
1( w uZ) T(Ti)ul ug Ti
ki2
fi(t,uq, > —u; — M.
1( U uZ) T‘(Ti) i i

Then (3.1) has a positive solution.

Proof. Notice that
i1

(BiNiw)(t) = | @i (s)gi(s)(TiFiu)(s)ds
1 1
=] ¢i(s)gi(s) L Gi(s,1)gi(T)Fiu(T)dtds

rl 1

= Qi(T)Fiu(T)J Gi(t,s)gi(s)@i(s)dsdr
JO 0

1
— r(T) JO 01 (Vg (DFu(t)dr
= 1(Ti) (BiFiu)(t).

Then Theorem 3.2 follows from Theorem 2.5 and Lemma 3.1 with e; =1 and By; = B, = B;.
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