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Abstract

In this work, we are interested in considering the following nonlocal problem

— (a— bJ \Vu\zdx) Au=f(x)|uP2u, inQ,

Q
u=0, onoQ,

where Q ¢ RN (N > 3) is a bounded domain with smooth boundary 9Q,a,b > 0,1 <p < 2%, f € LZ*Z*P (Q) is nonzero and

nonnegative. By using the variational method, some existence and multiplicity results are obtained. (©2017 All rights reserved.
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1. Introduction and main result

In this paper, we consider the following nonlocal problem

— <a — bJ IVulzdx> Au=f(x)uP~2u, inQ,
Q (1.1)

u=0, onodQ,

where Q ¢ RN (N > 3) is a bounded domain with smooth boundary 9Q), a,b > 0,1 < p < 2%, the weight

2*
function f € L7 (Q) is nonzero and nonnegative. 2* = % is the critical Sobolev exponent for the

embedding of H}(Q) into L9(Q) for every q € [1,2*], where H}(Q) is a Sobolev space equipped with the
1 1
norm [[ul| = ([, IVuldx)?, and Julq = ([ 4 [u/9) ¢ denotes the norm of L9(Q).
When 2 < p < 2* and f(x) = 1, problem (1.1) was considered by [5] for the first time. By using the
mountain pass lemma, they obtained the existence of nontrivial solutions for problem (1.1). One of their
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important works is the (PS). condition with ¢ < %. Recently, [3] studied problem (1.1) with N = 3 and
1 <p < 2. When f € L*(Q) changes sign, they got two positive solutions by the variational method and
Harnack inequality. Compared with [5], they used a different method to prove the (PS). condition with
c< %. While 0 < p <1 and N = 3, problem (1.1) was researched by [2].

Inspired by the works in [2, 3] and [5], we study the existence and multiplicity of positive solutions
for problem (1.1) with N > 3 and 1 < p < 2*. Via the variational method and strong maximum principle,
when 1 < p < 2, we obtain two positive solutions of problem (1.1); while 2 < p < 2%, we get the existence
of positive solutions of problem (1.1). Our results generalize and complete the results of [3] and [5].

The energy functional corresponding to problem (1.1) is given by

a b 1
Tw) = Sfuf? = 2t - J foluPdx, Y e HY(Q).
2 4 PJo

In general, a function u is called a weak solution of problem (1.1) if u € H}(Q) and for all ¢ € H}(Q) it
holds

(a—bHqu)J (Vu,V(p)dx—J f(x)uP2u@dx = 0. (1.2)
Q Q
Let S be the best Sobolev constant, namely
Vulfd Vulfd
S:= inf Jrn [V o~ inf o Vuidx (1.3)

WEDRRNNO) ([ dx) T wEHIQNO) ([ dx)%'
Now our main result can be described as follows:
Theorem 1.1. Assume that a,b >0,1<p <2*andf e LZ*Zi—P (Q) is nonzero and nonnegative, then

(1) when 1 < p < 2, there exists T > 0 such that for any |f| »~ < T, (1.1) has at least two positive solutions
2¥*—p
Wy, Wase with [(uy) < 0and I(uy) > 0;

(2) when p = 2,Ifl 2+ < aSor2 < p < 2% (1.1) has at least one positive mountain-pass solution ., with
2% -2
I(wes) > 0.

Remark 1.2. Compared with [3] and [5], we consider (1.1) with p = 1,2 and obtain the existence of
positive solutions by the strong maximum principle. Particular, compared with [5], we study problem
(1.1) with 1 < p < 2 and obtain the existence and multiplicity of positive solutions. Compared with [3],
we generalize the dimension N =3 to N > 3.

2. Proof of Theorem 1.1

In this part, we will give the proof of Theorem 1.1. Before proving Theorem 1.1, we give the following
lemma.

Lemma 2.1. Assume a,b > 0,1 <p <2*and f € LZ*%P (Q) is nonzero and nonnegative, then I satisfies
the (PS). condition with ¢ < %.

Proof. Suppose {un} C H(l)(Q) is a (PS). sequence for I, that is,
I(un) - ¢, T'(un) =0, asm — oo. (2.1)

By the Holder inequality and (1.3), one has

J foluPdx < 1] 2 Wb < Fl 2 S~ ulP. 2.2)
Q Z*—p Z*—p
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When 1 < p < 2, it follows from (2.1) and (2.2) that

T e+ olflunl) > Tun) — {1 (n), un)

a , 4-—7p
_ 4 _ETP g P
o= 222 | o a
(4 —p)Ifl . ,

e

a
> 2 un -

which implies that {u,,} is bounded in H(l)(O_). When 2 < p < 2%, it follows from (2.1) that

1

N <I/(uﬂ.)/ uTl.)

1 +C+O(Hun‘|) > I(un) — 5

which implies that {u.,,} is bounded in H}(Q). Going if necessary to a subsequence, still denoted by {un},
there exists u € H%)(Q) such that

U — U, weakly in H(l)(O_),
Un — U, strongly in L*(Q)), 1 <s <27, (2.3)
un (x) = u(x), a.e.in Q,

as n — oo. Moreover, by the Vitali Theorem, one obtains

lim J f(x)lunpdx:J f(x)ulP dx.
Q Q

n—oo
Set wn, =un —u, then ||[wy || = 0. Otherwise, there exists a subsequence, still denoted by {wy,}, such that

lim |[wn| =1>0.
n—o0

From (2.1), for every ¢ € H%)(Q), it holds
(a—blunl? JQ(Vun,V(b)dx — L} f(x)unP2unddx = o(1).
Letting n — oo, by using (2.3), we have
(a—bl2—b|ul?) JQ (Vu, V)dx — JQ f(x)uP?udpdx = 0. (2.4)
Taking ¢ = u in (2.4), one has
(b1 = bl [l |l dx o 25
Note that (I'(uyn ), un) — 0 as 1 — oo, it holds

afwa|? + aful? = bllwn* = 2bwn [?u]? — bllu|* — JQ fx)uPdx = o(1). (2.6)
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It follows from (2.5) and (2.6) that
allwn [ = blwnl* = blwa [ ul* = o(1). (2.7)
Consequently, one has 1?(a — b||lul|? — b1?) = 0, that is,
2= = — . (2.8)
On the one hand, from (2.5) and (2.8), we have

_Sp_® 4_1J P
Iw) = Sl = Zlh] - Qf(X)IuI dx

b 1
= gllull2 = Il = b (affu]? = br [l = blu*)

(2.9)

|4 b |2a—b||u||2

. e MR s
_ a2 by
-
On the other hand, by (2.1), (2.7) and (2.8), it follows from ¢ < % that
. b
Iw) = lim [I(un % w2+ uwn||4+uwnuzuuu2}
e 2
— tim [Twn) = w4 2wt + 5 (awn 2 blwn]?)
b
B
4
b
C—*Jrfll & leull4

a
< Sl ~ 2,

which contradicts (2.9). Hence, 1 = 0, that is, u, — uin H(l)(Q) as n — oo. Therefore, I satisfies the (PS),
condition for ¢ < %. This completes the proof of Lemma 2.1. O

Now, we give the following two important propositions.

Proposition 2.2. Assume 1 < p < 2and f € I_2*27( Q) is nonzero and nonnegative. There exists T > 0
such that for any |f| 2z < T, (1.1) has at least one positive local minimal solution u, with I(u,) < 0.

Proof. We claim that there exist T, R, p > 0 such that for every [f| »» < T, I satisfies
2¥—p

[(Whiesgy 2 0, inf L(u) <0,
'LLEBR

where Br = {u € H{(Q) : [u]| < R} is a closed ball and Sg = {u € H}(Q) : |lu|| = R} It follows from (2.2)
that

a b 1
1) = 5wl = Fulf = | ftora
[f] 2
a, o b oy Fp P
> = _ = S s
> el =l = — S

a b Ifl 2
- P Zull>P — 2yl — 2= |
Jul <2HuH A -~ )
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For any t > 0, g(t) is defined by

b 7l 2
gt = S Ber L
then 2 | b4 )
(1) = 1P ale—pJ) —P 2]
g'(t) [ 5 1

1
Consequently, let g’(t) = 0, we can easily get tmax = [Zb“(f:g))} ? such that

max g(t) = g(tmax) =

a [2a2-p)]7 Iz
>0 4—p

b(4—7p) pSt
Choosing

_ apst [2a(2—p)]272 - [z(l(z_p)r
4—p [b4—p) T [bd-p) ]

< T, one has I(u)|,es, > p. Moreover, fixing uy € H})(Q)

then there exists p > 0 such that for all |f|

2*
g
and up # 0, one gets ’

I(t 1
im (tuo) = —J f(x)uplPdx < 0.
t—0+ tP PJo

Thus, one has ing I(u) < 0. Therefor, our claim is true. Without loss of generality, we denote
uebygr

m= inf I(u).
ILGBR

For this minimization problem, there exists a minimization sequence {u,} such that lim I(u,) = m.
n—oo

Moreover, by [4, Proposition 9], we can take a subsequence from {u}, still denotes by {un}, such that
{un}is a (PS)m sequence of Iin H})(Q). Thus, by Lemma 2.1, there exists u, € H(l)(O_) such that w, — u,
in H(l)(Q) as n — oo and I(u,) = m < 0. Consequently, u, is a nonzero solution of problem (1.1). Since
I(u) = I(Jul), we can assume that u, > 0 in Q. From (1.2), choosing ¢ = u,, we have

(a—b\u*Hz)J IVu*de—J f(x)u,[Pdx = 0.
Q Q

Consequently, one has

(a=blhuel) | 1V Pax = | o Pax >0,
Q Q

which implies that
a—b|u.?>0. (2.10)

Obviously, we have
— (a=blju|?) Au, = f(x)ub .

Combining with (2.10), we get
fxul ™!
—Au, = ———= > 0.
H T Al
Hence, by the strong maximum principle, one has u, > 0, that is, u, is a positive local minimal solution
of problem (1.1). Thus, the proof of Proposition 2.2 is completed. O

Proposition 2.3. Assume 1 < p <2, 2<p<2forp=2,[fl »» <aS,and f € LZ*Z*P (Q) is nonzero and
2% -2
nonnegative. Then (1.1) has at least one positive mountain-pass solution u,., with I(u.) > 0.
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Proof. We claim that [ satisfies the mountain-pass geometry in H}(Q). Firstly, we should prove that there
exists e € H(l)(Q) with |le|| > R such that I(e) < 0. In fact, fixing u € H(l)(Q) and u # 0, as t — +00, one has

at? bt* tP
I(tu) = 7Hu”z — THuH‘l — J f(x)uwPdx — —oo,
P lJo

which implies that there exists e € H}(Q) with ||e|| > R such that I(e) < 0. Secondly, we prove that there
exist R, p > 0 such that I(u)lyes, > p. When 1 < p < 2, from Proposition 2.2, there exist T,R,p > 0, for
every |f] 2 < T such that I(u)lyes, > p. While p =2, [f] i < aS, we can easily obtain this conclusion
*_p *_
by the similar way. When 2 < p < 2%, obviously, 0 is a local minimizer of I with I(0) = 0. In fact, fixing
uy € H})(Q) and ug # 0, we have
. I(tug)
lim
t—0+  t2

a
= 2wl >0,

which implies that there exist R,p > 0 such that I(u)l,es, > p. Hence, our claim is proved to be true.
Taking

co = inf max I(y(t)),
yerl tel0,1]

where I' = {y € C([0, 1],H(1)(Q)) :v(0) =0,v(1) = e}). We claim that ¢g < %. In fact,
max I(te) = ma>1<]

at? bt tP
(S0l =S ell = £ | stolepax)
te(01] telo, P Ja

at?  , btt
< - I
max]( el = 2 lel

Therefore, by Lemma 2.1, applying the mountain-pass lemma, there exists 1. € H}(Q) such that I(w..) =
co > 0, that is, u,, is a nonzero mountain-pass solution of (1.1). Since I(u) = I(|u]), from [1, Theorem 10],
one has u,, > 0in Q. Similar to Proposition 2.2, by the strong maximum principle, we can prove that u..
is a positive mountain-pass solution of (1.1). This completes the proof of Proposition 2.3. O

According to Proposition 2.2 and Proposition 2.3, we can obtain the proof of Theorem 1.1.
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