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Abstract

In this paper, we give the notion of the pseudo-fixed point for multi-valued mappings which enable us to extend Nadler’s
theorem and other well-known results in the literature. (©2017 All rights reserved.
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1. Introduction and preliminaries

Banach’s contraction principle (1922) was the starting point of a growing field which is the fixed
point theory. The interest of this field comes from its application to several branches in mathematics,
for example the resolution of nonlinear problems involving integral equations and integro-differential
equations and the convergence of some iterative processes. Banach’s contraction principle has been the
subject of several extensions in various types of metric spaces and using some generalized contraction
conditions on the self-mappings. In 1969, Nadler [6] generalized this contraction principle to the case of
multi-valued mappings. This contribution is of great importance due to the fact that this class of mappings
plays a central role in applied sciences (optimization, equilibrium problems, games theory, differential and
partial differential equations involving integral inclusions, ---). For a good reading concerning theses
mappings, we can quote for example [1, 3, 4].

Nadler’s result is given as follows:

Theorem 1.1 ([6]). Let (X, d) be a complete metric space and f be a multi-valued mapping on X such that f(x) is a
nonempty closed bounded subset for any x € X. If there exists « € (0,1) such that

H(f(x), f(y)) < ad(x,y),  Vx,y €X,

then there exists z € X such that z € f(z) (here H is the Hausdorff metric distance defined on the family of the
collection of all nonempty closed subsets of X).
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Let (X, d) be a complete metric space, N(X) denotes the collection of all nonempty subsets of X, C(X) is
the collection of all nonempty closed subsets of X, CB(X) is the collection of all nonempty closed bounded
subsets of X and K(X) is the collection of all nonempty compact subsets of X.

For A,B C C(X), let

d(A,B) =inf{ d(x,z)|x € A,z € B},

and

H(A,B) = max{sup d(x, A), sup d(y, B)}.
x€B yeA

H is called the generalized Hausdorff distance induced by d.

Let (X,d) be a complete metric space and f be a multi-valued mapping on X such that f(x) is a
nonempty closed bounded subset for any x € X and let {A,,x € X} C K(X) be a family of compact subsets
of X such that x € A for all x € X. Let x € X, we denote by Z* = {z € X such that A, [ f(x) # 0}. It is
easy to show that for all x € X, Z* is nonempty since Z* contains the nonempty subset {z € f(x)}. In the
following assume that the family {A, x € X} satisfies the following two assumptions:

1) d(Ay, f(x)) = mf {H(A, f(x ﬂA

() If xn, — x, then d(Ay, f(x)) < liminf d(Ax, , f(xn)).

n—-aoo

For a positive real number 0 < b < 1, we define the set Iy C X as follows:
My ={z € ZbH(A, f(x) [ Az) < d(A, f(x))}
Thus T # 0. Indeed, if we assume that for all z € Z%,d(Ay, f(x)) < bH(A,, f(x)(A.), it follows by (1)
that d(A,,f(x)) < Db mf {H(Ax,f ﬂA 1} < d(Ay, f(x)) which is a contradiction.
In the followmg, assume that for every € > 0 the set
Ae ={y € Xld(x,y) — e < d(Ay, f(x))},
is nonempty.

Definition 1.2. Under the above notations, we say that f : X — N(X) has a pseudo-fixed point if there
exists xg € X such that Ay, () f(xo) # 0.

Remark 1.3. Noting that Definition 1.2 is new and extends strictly the classical one in the case of single-
valued mappings or multi-valued mappings at the same time, indeed, here xg is not necessarily an element
of the set Ay, [ f(xo).

Remark 1.4. If A = {x} for all x € X, the precedent definition is reduced to the well-known definition of
tixed points concerning multi-valued mappings.

Example 1.5. Let X = [0, +-oo[ and f : [0, +oo[— N([0,4+oc0[) be a mapping defined by f(x) = [0, g], we
denote by F, (f) the set of its pseudo-fixed points. Thus

1. If Ay = [%,x], then F,, (f) = [0, +-o0[ since f(x) [ Ax _{ } for all x € [0, —i—oo[.
2. If Ax = {x}, then F,(f) = {0} since f(x) () Ax # 0 is just satlsfled for x =

2. Main results

Theorem 2.1. Let (X, d) be a complete metric space and f : X — C(X) a multi-valued mapping. Assume that the
assumptions (1) and (n) are satisfied. Let 0 < b < 1. If there exists 0 < ¢ < 1 such that for all x € X and for all
€ > 0, there exists y € A% (T satisfying that

d(Ay, f(y)) < cH(AL, Ay [ f(X)

then f has a pseudo-fixed point provided that ¢ < b.
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Proof. For an initial point xg € X, there exists x; € A7°(T},° such that
d(Ax,, f(x1)) < cH(Axy, Ax, [ f(x0))-

Thus, the fact that the set A}" is nonempty and by assumptions, there exists x, € AT (! for which we
2 2
have the following inequalities

1 c
d(X1/X2) - E < d(AX1If(X1)) < CH(AXOIAxl ﬂf(XO)) < Ed(AXO/f(XO))/

and consequently by induction on k, we can deduce that there exists xi41 € A% (\I}* such that
2k

1 ck

d(Xk, Xk+1) - zik. < d(AXklf(Xk)) < CH(AkallAXk ﬂ f(Xk_l)) < de(AXO/f(XO))
It follows that o o
C
> Al xig) ST+ o) 4 A, fx0)).
k=1 k=1

oo

Hence the series Z d(x, XKk+1) is convergent and consequently by Cauchy’s criterion, the sequence {xn }n
k=1

is a Cauchy sequence in X. The completeness of X implies the existence of x € X such that x, — X.

Moreover, it is easy to observe that klim d(Ax,, f(xx)) = 0. Then by (1), we get that
— 00

d(Ax, f(x)) < liminfd(Ay,, f(xx)) =0.

k—00

Hence d(Ax, f(x)) = 0. The fact that f(x) is closed and Ax is compact implies that Ax () f(X) # () which
gives the result. O

Corollary 2.2 (see [2, Theorem 3.1]). Let (X, d) be a complete metric space, f : X — C(X) a multi-valued
mapping. Let 0 < b < 1. If there exists 0 < ¢ < 1 such that for any x € X, there exists y € I}y satisfying

d(y, f(y)) < cd(xy),

and the function h(x) = d(x,f(x)) is lower semi-continuous. Then there exists xo € X such that xg € f(xq)
provided that ¢ < b.

Proof. This result follows from Theorem 2.1 by taking A, = {x} for all x € X. Indeed, in this case we
have 2* = f(x) and H(Ax, Ay [ f(x)) = d(x,y) for any x,y € X. Moreover, we have A} # () for all x € X

and € > 0 by the definition of the infimum and A} C Iy (e < 1_de(x,f (x))). On the other hand, the

fact that the family A, = {x},x € X satisfies (11) follows from the lower semi-continuity of the function
h(x) = d(x, f(x)) [2]. O

Corollary 2.3 (see [2, Theorem 3.1]). Let (X, d) be a complete metric space, f : X — C(X) a multi-valued
mapping. If there exists 0 < ¢ < 1 such that for any x,y € X, we have

H(f(x), f(y)) < cd(x,y).
Then there exists xg € X such that xg € f(xg).

Proof. By [2, Remark 1(2)], this result follows directly from Corollary 2.2. Hence it can be seen as a
particular case of our general framework given by Theorem 2.1. O
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1 1
Example 2.4. Let X = { -+ 1U{0,1}, d(x,y) =[x —yl, for x,y € X. It is easy to observe that (X, d) is a
complete metric space. Let f: X — C(X) defined as follows:
1 1 1
{7/7}/ X == T1:0/1/2/"'/
. on+1l’ on+2 omn
f(x) = {1} -
2 4 - 7

and let A, = {x} for any x € X. It is easy to observe that A, Nf(x) = 0 for any x € X. Hence necessarily f
is not a contraction mapping. This fact can be deduced by observing that f is not continuous at 0.

2.1. Extension to the Hardy-Rogers mappings
We start this subsection by giving the following main result which can be regarded as an extension of
Hardy-Rogers result and consequently Nadler’s result.

Theorem 2.5. Let (X, d) be a complete metric space, f : X — CB(X) a multi-valued mapping. Let
{Ax,x € X} C K(X),
be a family of compact subsets of X such that x € A for all x € X satisfying that:
(1) {Ax,x € X}is closed in (CB(X),H).
(w) If A, B € CB(X), then for all A such that Ax (A # 0 and for all € > 0, there exists Ay C B such that
H(Ax, Ay) <H(A,B) +e

(W) If Ax, — Ax in (CB(X), H), then there exists u > 0 such that d(Ax, f(x)) < pliminf d(Ay, , f(xn)).

n—maoo

If f satisfies that
H(f(x), f(y)) < aaH(Ax, Ay) + aa(d(Ax, T(x)) + d(Ay, f(y)))
+ a3(d(Ax, f(y)) + d(Ay, f(x))),

with o1 + 20 4+ 23 < 1, then there exists z € X such that z is a pseudo-fixed point for f.

2.1)

o1 + x4+ 3
1—(op+ a3)
is trivial. Now, assume that y > 0, thus 0 < v < 1. Following the assumption (u), there exists A, such
that Ay, C f(x;) with

Proof. Let xo € X and A, such that A, () f(xg) # (). We define y = . If v =0, then the result

H(Ax,, Ax,) < H(f(x0), f(x1)) +v.
By (1), we obtain a family of compact subsets {A, }n such that A, C f(xn_1) and
H(Ax,, Axpi) < H(f(xn—1), f(xn)) + v
Hence, we have

H(Ax,, Ax.) S H(f(xn—1), flxn)) +v"
1H(Ax, 1, Axy) +oa(d(Ax,, flxn)) + d(Ax, ) f(xn-1)))

o
+ o3(d(Ax,, flxn-1)) + d(Ax, , fxn))) +v™, VneN.

VAR/A

Also by (1), we get
H(Axn/ Axn+1) < (XlH Axn 17 xn) + 2 H(Axn/Axn_H

(
H(Axn/ Axn) + H(Axn 17 Xn+])
AXn 17 Xn) + (XZ(H(A'XHIA

H(Axn_]/AXn))
YT, YVnelN
H AXn,]/AXn))
YT, VnelN.

Xn+

—_— =

Xn+1
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Consequently,
,Yn
H(A, A <YH(Ax, A —, .
( Xn 7’ Xn+1) Y ( Xn—1 xn)+1_(0(2+(x3) YneN
Thus,
HA Ay ) <Y HAG A+ — " yneN
Xn/s Xn+1/ y X0 X1 1 . (0(,2 + 063)’ .

(e ¢]
Since vy < 1, then Z H(Ax,,Ax,,,) < oco. This shows that the sequence (A, ) is a Cauchy sequence in

n=1
(CB(X),H). The completeness of (CB(X), H) (see [5]) and the closeness of the set {Ay,x € X} implies that
there exists X € X such that A, — Ax in (CB(X), H). To prove that Ax () f(X) # 0, by the assertion (1),
it suffices to get that 11m 1nf d( xns f(xn)) = 0. We have

d(Axn/f(Xn)) g H(AXn/ AXn+1)/ vn € N/

which gives that
liminf d(Ay,, f(xn)) < liminfH(A,, A, ,,) =0.

n——aoo n—aoo

By the condition (1) and the fact that Ay, — Ax in (CB(X), H), it follows that d(Ax, f(x)) = 0 which
implies that Ax () f(X) # 0 and achieves the result. dJ

Proposition 2.6. Let (X, d) be a complete metric space and let f : X — CB(X) a multi-valued mapping
with the following condition:

H(f(x), f(y)) < aq(d(x, f(x)) + d(y, fly))) + «a(d(x, f(y)) + d(y, f(x))) + cad(x,y), Vx,y € X,
with 20 + 20 + a3 < 1. Then, there exists z € X such that z € f(z).

Proof. This result follows immediately from Theorem 2.5 by taking A, = {x} for all x € X. In this case, it is
easy to check that assumption (1) is satisfied, for the assumption (11), (see [6]) while the assumption (11)
is deduced from the following;:

If x, — x then we have for allmn € IN

d(x, f(x)) < d(x, xn) + d(xn, f(xn)) + H(f(xn), f(x))
< d(x,xn) + d(xn, f(xn)) + 01 d(xn, f(xn)) + 1 d(x, f(x))
+ opd(xn, T(x)) + opd(x, f(xn)) + xzd (%, Xn)
< d(x, xn) + (14 o)d(xn, f(xn)) + ocrd(x, f(x))
+ opd(xn, x) + opd(x, f(x)) + oad(x, xn) + 0pd(xn, T(xn)) + azd(x, X1 ).

Hence
(1— (o1 +0))d(x, f(x)) < (1+2x + o3)d(x, xn) + (1 + g + &) d(xn, f(xn)).

By taking the limit n — 400, we get

Aot infd(x, F(xn ).

d(x, f(x)) < T (o o) aminf

1+ o0+

' 0
1— (o1 + )

Thus (1) is satisfied by taking p =

Corollary 2.7 (see [6]). Let (X, d) be a complete metric space and let f : X — CB(X) a multi-valued mapping
satisfying that
H(f(x), f(y)) < ad(x,y),

forall x,y € X, where 0 < o < 1. Then there exists z € X such that z € f(z).
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Proof. The result follows from Proposition 2.6 by taking o; = ap = 0. O
By the same principle, we can also derive the following results:

Corollary 2.8 (see [7, 8]). Let (X, d) be a complete metric space and let f be a mapping from (X, d) into (CB(X), H)
satisfying
H(f(x),f(y)) < ad(x, f(x)) + d(y, f(y)))

forall x,y € X, where 0 < « < % Then there exists z € X such that z € f(z).
Corollary 2.9. Let (X, d) be a complete metric space and let f be a mapping from (X, d) into (CB(X), H) satisfying
H(f(x), f(y)) < eld(x, fy)) + d(y, f(x)))
forall x,y € X, where 0 < « < % Then there exists z € X such that z € f(z).
Corollary 2.10. Let (X, d) be a complete metric space and let f be a mapping from (X, d) into (CB(X), H) satisfying
H(f(x), f(y)) < ead(x,y) + aa(d(x, f(x)) + d(y, f(y)))
forall x,y € X, where a1 + 2y < 1. Then there exists z € X such that z € f(z).

For any nonempty subsets A, B of X, we define
5(A,B) =sup{d(a,b)la € A,b € B}

In the following, we denote by g : X — CB(X) for which g(x) = Ay (Ay C f(x) given in the
assumption (1) of Theorem 2.5). As an extension of Reich and Iseki results (see [3, 8]), we have:

Lemma 2.11. Let (X, d) be a complete metric space. If f : X — CB(X) is a multi-valued function for which the
assumptions (1), (0) and (\1) of Theorem 2.5 are satisfied and

8(f(x), f(y)) < ca(d(Ax, f(x)) + d(Ay, f(y))) + x2(d(Ax, fly)) + d(Ay, f(x)))
+ogH(AL, Ay)

for every x,y in X, where oy, 0z, 3 are nonnegative and 201 + 4oy + oz < 1, then g : X — CB(X) satisfies a
contraction condition of the form (2.1).

Proof. By the definition of g, since g(x) C f(x) and g(y) C f(y), we have

H(g(x), g(y)) < 8(f(x), f(y))

1(d(Ax, f(x)) + d(Ay, f(y))) + a2(d(Ax, f(y)) + d(Ay, f(x))) + aaH(AL, Ay)
1(d(Ax, g(x)) + d(Ay, g(y))) + x2(2d(Ax, Ay) + d(Ax, g(x)) + d(Ay, g(y)))
+ ogH(Ax, Ay)

< (&1 4+ o) (d(Ax, g(x)) + d(Ay, g(y))) + (20 + a3 )H(AL, Ay).

<
<
<«

The fact that 201 + 4 + oz < 1 gives the result.
d

Theorem 2.12. Let (X, d) be a complete metric space. Under the assumptions of Lemma 2.11, if the mapping g
satisfies (W) of Theorem 2.5, then there exists X € X such that X is a pseudo-fixed point for f.

Proof. By taking account of Theorem 2.5, the mapping g has a pseudo-fixed point X € X, then Ax () g(x) #
(). But by definition, we have g(x) C f(x), hence we obtain that Ax () f(x) # () which gives the result. [
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Remark 2.13. Noting that the uniqueness of fixed points is not ensured in general in the case of multi-
valued contraction or generalized contraction mappings, however we have the following result of exis-
tence and uniqueness.

Corollary 2.14. Let (X, d) be a complete metric space. If f : X — CB(X) is a multi-valued mapping satisfying
that

5(f(x), f(y)) < x1(d(x, f(x)) +dly, f(y))) + az(d(x, f(y)) + dly, f(x))) + xsd(x,y),

for every x,y in X, where oy, 0z, oz are nonnegative and 2y + 4y + &3 < 1, then there exists a unique point
X € X such that (x) = {x}.

Proof. The existence can be deduced from Theorem 2.12 by taking A, = {x},x € X and the properties of
the single-valued mapping g : X — CB(X) in this case. For the uniqueness see [3]. O
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