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Abstract

In [T. Kim, D. S. Kim, H. I. Kwon, J. J. Seo, Glob. ]J. Pure Appl. Math., 12 (2016), 1893-1901], Kim et al. presented some
identities for the Bernoulli numbers of the second kind using differential equation. Here we use this differential equation in a
different way. In this paper, we deduce some identities of the degenerate Daehee numbers with the Bernoulli numbers of the
second kind of order r. (©2017 All rights reserved.
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1. Introduction

For any real number x and nonnegative integer n, throughout this paper, we denote (x),, for falling
factorial (x)n = x(x —1)(x —2)--- (x —m+1) and (x)gp = 1 and S;(m,n) and S»(m,n) denote the Stirling
number of the first kind and the second kind, respectively. The n-th Bernoulli numbers are denoted by
B... The definition of these numbers follows [21].

It is well-known that the n-th Daehee numbers of order r, denoted by Dg ), are defined by the gener-
ating function

(log (1+1) ) Z D , (seel4,5,23, 24])

In the special case r =1, Dg ) = D, are called Daehee numbers.
The Daehee numbers have many interesting properties in the combinatorial special numbers. The
equations shown below illustrate that there is a close relationship between Daehee numbers and Bernoulli
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numbers:
n

m
=Y BmSilnm), Bm =) DnSy(m,n),

m=0 n=0
where By, Si(n, m) and Sz(n, m) are the m-th Bernouli numbers, the Stirling numbers of the first kind
and the second kind, respectively (see [1, 12]).
The Bernoulli numbers of the second kind of order r ([21]) which are also called the Cauchy numbers

of the first kind [19], denoted by b, are defined by the generating function

t T o0 (r)tn
oo ) =2ty 13, 15, 20, 22]).
(10g(1+t)> nZ_O n o (see[13,15,20, 22])

In [17], Kim et al. showed that the following identity holds for the Bernoulli numbers of the second
kind

Following Carlitz [2], several types of degenerate numbers have been presented and research has been
carried out (see [3], [16]).

In [10] the degenerate Cauchy numbers of the first kind, which also are named the degenerate
Bernoulli numbers of the second kind, denoted by by, 5, are introduced as follows:

log(1+ At) Z
Alog(1+ +log(1+At)) nA

The degenerate Daehee numbers, denoted by D, 5, are 1ntroduced as follows (see [8]):

Alog(1+%log(1+)\t)) B ad tn
log(1 + At) B HZ_OD“'

If A goes to 0, then by, , and Dy, \ converge to by, and Dy, respectively.

Recently, a group of mathematicians used a differential equations to study special numbers. In [6],
the Daehee numbers are considered by using differential equations arising from the generating function.
New identities were obtained for degenerate Daehee numbers [8] and for Frobenius-Euler polynomials [9]
using linear and nonlinear differential equations. Using differential equations, new identities for Bernoulli
numbers of the second kind were obtained in [12], for degenerate Euler numbers and polynomials in [14],
and for Laguerre polynomials in [18]. Jang and Kim presented some identities of the ordered Bell numbers
arising from differential equation [7].

In [8], authors presented some identities of degenerate Daehee numbers arising from nonlinear differ-
ential equations. The differential equation is deduced by the function

F=TF(t) =log (1 + %log(l +?\t)) .

So, naturally, it is valuable to study what happen if F is selected as follows:

_ A
~log(1+At)

In [21], Kim et al. studied the function F = F(t)
of the second kind were deduced.

Nevertheless, in the study of (1.1), we can find some interesting identities for degenerate Daehee
numbers with the Bernoulli numbers of the second kind.

In [21], Kim et al. presented some identities for the Bernoulli numbers of the second kind using
differential equation. We use this differential equation in a different aspect. In this paper, we deduce
some identities of the degenerate Daehee numbers with the Bernoulli numbers of the second kind.

(1.1)

= bg(++t). Some identities for the Bernoulli numbers
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2. Differential equations arising from the generating function of degenerate Daehee numbers

In [21], Kim et al. showed that the function

1
F=Ft)=—F—7——,
(t) log(1+t)
satisfies the following differential equation
NIFN+L — NZa1 )1+ Y, (N=1,2,---),
where a;(N) =1and for2 <i< N
N—i N—i—kiq N—i—kj1—-—ks
aN)= > > - > (i — ke k 1)
ki 1=0 ki =0 k1=0

Let us consider the function

%log(l +At)

for which one can easily obtain
—(1+At)F". (2.2)

And by taking the similar process to [21], we get
NIFN+L = ()N Z ai(N)ANTHT + At FW (2.3)

where the coefficients a;(N) are the same as in (2.1).
From [21], we get

=a1(N), ans1(N+1) =an(N),

=aqi(N)=---= al(l) =1,
aj(l) =ax(2) =---=an(N) =1

The conditions of a;i(N) follow the Stirling numbers of the second kind, therefore we assume that (2.3)
equals to

N
NIFNH = ()N 3™ 5N I)AN TR (1 4+ At <R, (24)
k=1

We can easily show that (2.4) is true for N = 1,2 and this is already proved in [21]. Assume that it is true
for N. We differentiate on the both sides of (2.4),

N
(N+DIFNF = ()N} Sp(N, kAN ¥
5" e

x (AL + AR TEE 4 (14 AR
and multiply by (1 +At) on the both sides of (2.5)

N
(N+DIFNF(1+At) = (DN ) S(N, AN *
k=1 (2.6)

X {k}\(l +7\t)kF(k) +(1 +)\t)k+1F(k+1)} ‘
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Applying the identity (2.2) to (2.6), we get

N
(N4 DIFN*2 = ()N Y So(N, kAN TFKA(L + At FF)
k=1

N
+ (DN YT So (N IAN TR (1 4 A HFHD,
k=1

Hence, we get

N
(N DIFNF2 = (—)NFE Y AN (14 A)* (kSo(N, k) + S2(N, k— 1)) F¥)
k=2

4 (=N (SZ(N, DAN(1 +A0)F® £ 85(N, N)(1 + At)N“F(N“))

N (2.7)
= (DN Y ANTEEI 4 AR (So(N + 1, k) FF)
k=2
(DN (SN DAN A+ AOFD + 85(N,N) (1 4+ AN
Since
S2(N,1) =1, S2(N,N)=1, VNeN,
So(N+1,k) =S2(N, k—1) +kS2(N, k),

then (2.7) becomes

N+1

(N DIFNF2 = (—)NFE Y ANTRFL(] 4 A1) RS, (N + 1, k) F),
k=1
Therefore we get the following Lemma 2.1 and Corollary 2.2.
Lemma 2.1. For N € IN, the differential equation
N
NIFNTE = (=N 3 So(N, kAN TR (1 4+ At)F), (2.8)

k=1

has a solution N
F=F(t)= —— .

) log(1 + At)

Corollary 2.2. For N € IN, the following identity holds.
N—i N—i—ki N—i—kij1——ka
SINK = > > > iker(i—1)k2. 0k
ki1 =0 ki_»=0 k1=0

3. Some identities of degenerate Daehee numbers with the degenerate Cauchy numbers of the second
kind
In [9], the degenerate Cauchy numbers which are also called the degenerate Bernoulli numbers of the
second kind, denoted by by, », are defined by

o0

+log(1+At) _ Z t
log (1+ x log(1+At)) A

n=0
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In [11], Kim introduced the degenerate Cauchy numbers of the second kind, denoted by C,, 5, which
are given by the generating function to be

o0

t "
= Car—-
log (1+ 3 log(1+At)) T; ™Al
We represent some relations between the degenerate Bernoulli numbers of the second kind and the
degenerate Daehee numbers.
According [9, Theorem 2.4], Co = 1, therefore we get

: Ly et
log (1+ % log(1+At)) ot — AT
- (3.1)
1 n Z Chpiat™
t —= n+1nl
From (3.1), we obtain
F= A
log(1+ At)
_ Alog (1+ L log(1+At)) 1
B log(1 + At) log (1+ 1 log(1+At)) (3.2)
. > t" 1 > Cn+1,7\ tn
B (ZD“T!> <t+Z n+1 n!) ‘
r=0 n=0
For brevity, let
OO tT 1 OO tT—l
Fl(t) = (Z Dr,)\r,> { - ZDr)\ !
=0 =0 (3‘3)
1 Dipgat
ot ; r+1 7!
and
= tr — Cniiath
- (o) (2 St
r=0 n=0
© n (3.4)
-y <“> DnraCrian tt
e AN r+1 n!
We observe (3.5) in [21],
1t 1T &bttt 1
~ log(1+1) _log(1+t)t_kz_ok+1k!+t' (3.5)
Similar to (3.5), we obtain
A A 1T & by AT 1
F = = —_ = _— —.
log(1+At) log(1+At)t Z n+1 n! * t (3.6)

From (3.2), (3.3), (3.4) and (3.6), we get the following theorem.



S.-S. Pyo, T. Kim, S.-H. Rim, J. Nonlinear Sci. Appl., 10 (2017), 6219-6228

6224

Theorem 3.1. For any positive integer n,

b A™ Diyaa n i <T1> Dn v+ ACri1a

n+1  n+1 T r+1

From (3.3), we get the k-th derivative of F;

) _ (—1)*K! i Dyjia(r) t™F
Lo kel r+1 7l

[e¢]

_ (—1)*K! Z Diyrgia t7
thtl — (r+k+1) 1!

(k) (k)
=k +Fy

where Fﬂc) = (_t‘1<7+1 nd F12 =5 Drtictin t . From (3.4), also we get the k-th derivative of F,

=0 (r+k+1)

Pk _ i i N\ Doy ACrpia(m)i tF
2 T r+1 n!

r=0

+k
_ i v (M+K) DrgkraCrian t™
r+1 n!’

From (3.7), we have

K g 1)k K ikl
1+ AR = [ gons <(tl)ﬂk!):(—1)kZ(k)j>\szt. ,

[
j=0 ' j=0 r

0
_ i i <T> (k)rfj”*ijJrkﬂ,)\ t"
: j G+k+1) !’

and

k : oo n+k n
Kp(k) _ N N+K)DngkraCrpn th
(1+At)"F, (Z(k)l}\ j! (Z < T T+1 n!

From (3.8), we get the following equation

N
(DN ST (N AN TR (1 + AL FY
k=1

k g—k+N
So(N, k)AN—K § ()N (k)N
1 j ]!
j=0

I\/]z

k

t]*k+N

N
Z N+kS (N k))\N k+]k|(k)
k=]

I
Mz

j!

-.
Il
=}

0
n j+k . —j
:i Z)i n\ (i +k\ (k)n_jA™ 'Djtk—rACrria ﬁ
2.2 )\ T+1 ™

(3.8)

(3.7)

(3.9)

(3.10)
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By changing the variable of exponent N —k +j of t to n, the right side of (3.10) becomes

t) k+N

j!

N n AN o! ! n
=y (Z 1)7"S,(N, oc)o‘](!cx)’n) J;—,

n=0 \j=0

N N
ZZ N+ks N k)?\N k+]k|(k)
j=0k=j

where x =N +j—n
From (3.9), we get (3.11)

N
NS SN KANTR (1 + AR

k=1
Ny Nk (5 [y (M) rATTDs vk |
=t S5 (N, K)A () i At
Zl TZO =0 ) j+k+1 T!
3.11
Z - (K)n_; A" D; gnHN+1 ( )
= Z Z Z (n) Sz(N,k)}\N—k noj; j+k+1,A
n=0k=1j=0 \) j+k+1 n!
SR (k)g_jAn—k—1-iD; [
=) > <[-3>52(N,k) B e ant
n=N+1k=1j=0 ) G+k+1)B! n!
where f =n—N—1, and
N
tN+1 Z SZ(N,k))\Nik(l +)\t)kF£k)
k=1
N
=D SN JKANE
k=1
3.12
00 n n+k k (k) )\-n_—)D C tn+N+1 ( )
Z Z Z ]+ n—j jHk—r, AT+ A
n=0 \j=0 r=0 r+1 n!
i D Sa(N,k) ( ><) >(k)f3j}\n_k_j_leJrkr,)\CT—b—l,)\Tl!tn
n=N+1 Y (r+1)p! n!’
where ) | = Zk 1Zn N-—1 Z?;ONflJrk’ B—n—_N_1.
The left hand side of (2.8) becomes
N+1
NN g (A YT
log(1+ At)
_ — (N1 AT
=N b (3.13)

n=0
(e.¢]
=Y N tUAn
n=0

From (2.8), (3.11), (3.12) and (3.13), we get the following theorem.
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Theorem 3.2. For positive integer N € IN, the following holds:

o if0< N, then
= A !
NN+ _ (Z( 118y (N, o L (eint )

!
=0 s
where x =N+j—n
e if N+1<n,then

N B
(—DMANR T =Y Y

k=1j=0

G+k+1)B!
j+ k) (K) A" 71D ACrypan!

+;S2(N’k)(i>< " 5 D!

n—N—l—l—k’ B=n—N-1.

where ) y = Zk 1 Zn N Zr:O

From [21, Theorem 2.2] and above Theorem 3.2, we get the following theorem.

< >82 (N k) (K)g—A™ 19Dy g an!

7

Theorem 3.3. Forn > 0, N > 1, we have

min{N—1n}

n i . n N - .
A 2 (—1) (N—l)n_i(J(i) So(N,N —1)

i=0
n n | I
:r\l” (E (—1) 5y (N, o 2t “J(! )’n'),

where x = N +j —n, and

i=0
+ (=N (N+1)£i BY ()5 Sa(N, 1) DktiL
N+1 Lok P K+i+1
DN & (B (K)p A" T Dy
~ AN éé()‘)szm’k) G+k+1)p!
(—N BY /i +k\ (K)pg_ A" T 1ID; kA Crypan!
TN gSZ(N’k)@( r ) (r+1)p! /

where ) y = Zk 1 Zn N Zr:O

4. Additional remark
We define higher-order sub-degenerate Daehee numbers, denoted by dnr, A7

log(1+ +log(1+At)) = oyt

t n,

n=0
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The sub-degenerate Daehee numbers make it possible to express the degenerate Daehee numbers as the
second kind Bernoulli numbers. This is a kind of inversion of Theorem 3.2.

We have
Mog(1+ Llog1+at)\ "/ At \N*! [log(1+Llog(1+At)\ "
log(1 + At) ~ \log(1+At) t

_ — 1o (N+1) (N+1) (log(1+At)™

_<Z?\b )(Zd A e
1=0

(e Nt — L (N+1)yom — ARtk

_<Z>\ b, u) <Z dm TAT™ Y Sy(k,m) x
1=0 m=0 k=m
— 1p (N1t Z (N+1) k—m tk

= | A T 2l D dw AR S (ko m)
1= ) k=0 m=0 ’

3

>

k=0 m=0

5

=0

k

/\O

—* tm
( >7\ bt a Y ?\“kmsl(n—k,m)> =

3

Also we get the following theorem.

Theorem 4.1. For any positive integer n,

n n—k
D=2 ) (k)h"b DD ARk (e m).
k=0m=0
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