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Abstract

In this paper, we establish some new Lyapunov-type inequalities for a class of Laplacian systems. With these, sufficient
conditions for the non-existence of nontrivial solutions to certain boundary value problems are obtained. A lower bound for the
eigenvalues is also deduced.
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1. Introduction
For the second-order linear differential equation
x"(t) + q(t)x(t) =0, (1.1)
where q € C ([a, b], R), the following result is known:
Theorem 1.1. Assume x(t) is a solution of Eq. (1.1) such that x(a) = x(b) = 0 and x(t) #0 for t € (a,b). Then

b
(b—a) J lq(s)lds > 4.
a

Equation (1.1) is known as the Lyapunov inequality. Since this inequality has found extensive ap-
plications in the study of various properties of solutions of many differential and difference equations,
including oscillation theory, disconjugacy, and eigenvalue problems, much efforts have been devoted to
the improvement and extensions of the inequality. These include, for example, works on delay differential
equations, higher order differential equations, discrete differential equations, and Hamiltonian systems.
See, for example, [1-4, 6, 8-10], and the references therein.
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In 2003, Yang [11] considered the following second order half linear differential equation
(rOp O X () + a0 )] *x(t) =0, (1.2)

and obtained the following inequality

Jb q*(t)dt(Jb

a a

1
r(t)] "V W*”dt)y =2,

provided that Eq. (1.2) has a nontrivial solution x(t) which satisfies x(a) = x(b) = 0 and x(t) # 0,
€ (a,b). Here, q* (t) := max{q(t), 0}, r >0,y > 1.
In 2006, Napoli and Pinasco in [5] established Lyapunov-type inequalities for the quasilinear system
of resonant type

{ (W WP W) = () [u®)| )V ul),
—(®]A(1) = g0 [ut)[* v )] v,

on the interval (a, b), with Dirichlet boundary conditions

In 2017, Jleli and Samet [7] obtained Lyapunov type inequalities for the following system involving
one-dimensional (pi, qi)-Laplacian operators (i =1, 2):

{ —([W O w) = (W] R w) = ) w2 v Pul),
—(p O W) = (VO] () = g)]uw)] X vn)] P ),

on the interval (a, b), under the Dirichlet boundary conditions

In this paper, we shall establish some new Lyapunov-type inequalities which are interesting in their
own right, and as applications, we obtain sufficient conditions for the non-existence of nontrivial solutions
to certain boundary value problems, and a lower bound for the eigenvalues.

2. Lyapunov type inequalities

Theorem 2.1. If a nontrivial continuous solution to the boundary value problem

PR ) = () ult)]| ),

—y (u'

2.1)

m
exists, where 1 is a positive continuous function on [a,bl, pi > 1, and o = )_ pi/m, then
i=1

m2Pi b
. _om2R o ‘
1£rlu<nm { (b — a)Pifl } =~ Ja T(t)dt

Proof. Let u be a nontrivial solution to (2.1). Multiplying equation (2.1) by u and integrating over (a, b),

we obtain
m

> [

i=17¢a

b
Piat = J r(t) [u(t)|*dt.
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For any ty € [a, b], we have
b
u/(t)dt — J u’/(t)dt.

to

to

2u(ty) = J

a

So
b
12u(to)] gJ [u’(t)|dt.

a

Pi

1

By using Holder inequality with parameters p; and p{ = 1 we have

2[ulto)] < (b—a)]i(Jb W ar)™,

a

hence
2Pi

Pi :
ik dt, i=1,2,...,m.

b
0" < j e

Now choosing tg as the point where [u(t)| attains its maximum, we have

o [P b m - 2Pi m -
t> i _— ',
}u(to)’ L r(t)dt > L r(t ‘ dt > ; > 1giugnm { b _a)pd } ; ]u(to)
Using the inequality
m
Z ai > m MI
i=1
we get
m2Pi b
i — > < .
i ey <,
The proof is complete. O

Theorem 2.2. If a nontrivial continuous solution (uy,uy) to the Laplacian system

- _El (‘u{(t) p1_2u{(t))/ =7 ‘u | ’u ‘ uy(t)

B 451 (‘ué(t) & uz(t)), =T2 ’ul )‘Bl ’uz(t)‘ﬁzizuz(t), (22)
U—)’(_)—i-u](b) =0, j=1,2,

w(a)+uf(b) =0, j=1,2,

exists, where 11, T are nonnegative real-valued functions, pi, qi >1,1=1,2,...,m, o5, B > 1,j = 1,2, and

mpq mps
+ =1, b T2 g (2.3)

m
2 Pi 2 Gi > Pi > qi
i=1 i=1 i=1 i=1

then

mpq may b m|31 may
2Pi Tzn Pi 24i E qi 1 Z Pi 1 E qi
i - i=1 . 1 - =1 L[ — dt) . (J t dt) i=1
Lmin (a2 i (g ga ) < ] o ),

Proof. Let (u1,u2) be a nontrivial solution to (2.2). Multiplying the first equation of (2.2) by u; and

a
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integrating over (a, b), we obtain

m b

2]

i=174

b
‘u{(t) Pidt = J rl(t)‘ul(t)\“l ‘uz(t)‘“zdt.

Multiplying the second equation of (2.2) by u, and integrating over (a, b), we obtain

m b

ZJ us(t)

i=1+2

b
gt = J 7 (8)|ur (8] Jua (1) P2dt,

From the proof of Theorem 2.1, we get for any tg, xo € [a, b],

= — ‘u (to) " <Jb |u'(t) Piagt, i=1,2 m
) 1LL0 X y IZoEERWA L7
(b—a)pri—1 a 1
29i ‘ ( )q_ b‘ /( ) qs 12
— U2(Xg léJ' w,(t)|'dt, i=1,2,...,m.
(b—a)ai—1 a 2

From (2.4) and (2.6), we obtain

m 2Pi

-

_ap 1 |U1 (to)
i=1

From (2.5) and (2.7), we have

) b
P | moha 0] ()]

3 2 o) < Jb r2(t)[ur (8)] Jua () *at.
= (b a3~ )

Let tg, xg € [a, b] be such that

]ul(tg)] = max{|u1(t)] rag<tgb}, !uz(xo)| = max{‘uz(t)| ra<tg<bh

From (2.8), we have

i 2 s (to) |7 < fua (to) | [ua(x0)| ™ Jbr (t)dt
T o1 ltlto < Jwlto 2(Xo 1
i1 (b - a)pl ! a
and so . .
. 2Pi .
min { gy 2 ha(to)™ < uwrfto) | fuatxo) | | ma(tiat
S i=1 a
By using the inequality
m
Z ai Z my/ajay - am,
i=1
we get
. m2Pi O(lfigilpi X2 b
min {0 < ) et ™ [ o
<t a
Similarly, from (2.9) we obtain
£ ai
. m29: 1 ﬁz*i:]ilq b
121<nm{m} < ‘Uq(to) : ‘UvZ(XO) J T (t)dt.

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

2.9)

(2.10)

(2.11)
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Raising inequality (2.10) to a power e; > 0, inequality (2.11) to a power e; > 0, and multiplying the
resulting inequalities, we obtain

X 2P1 eq . +
Lmin {g—art)] i A garr)] e
1<i<m L(b—a)pPi— 1<i<m a)di—

E Pi o¢2e1+([32— n§1 q1>ez b N b .
) (J rl(t)dt) (J rz(t)dt) )

(OélfizrlrL )e1+[31e2
< ’m(to)’ : ‘uz(xo
a a

(xo)‘ cancel out, i.e., eq, e solve the homogeneous linear system

INNE

(061— mpi>€1+ Bre2 =0,
xreq + <[52— ‘é )ez =0.

Using (2.3), we may take

= B1,
m
Z Pix2
e =
2 qi
i=1
Then we have
m m
Y pixg Y piag
i=1 i=1
m b b m

[min {er )] [min (e )] &7 < (5] ntwae) " (o[ ramar) S

and so

mpq maoyp b mpq b moy
Zpi ni Pi Zqi nZl qi 1 E Pi 1 E qi
1 — Y= . i —— 3= L — t dt) i=1 <7 J t dt) i=1
[1£i‘1<nm{(b—a)m—l H [1giugnm{(b—a)qi—1 H (mL T (t) m )
The proof is complete. 0

Theorem 2.3. If a nontrivial continuous solution (uy, Uy, uz) to the Laplacian system

—g (e ()P (1) = v (1) hua (£)1% 2 u (1)1 %2 us (1) *w (1),

e

— Y (uy ()% 2uy (1) = 2 () g ()% [z ()12 2fus (1) ua (t),
= (2.12)
— 3 (g (O 2ug (1) = 13 (t) g (1)1 [z (1) *2fug (1) 2ug (1),

)+uj(b) =0, j=1,2,3,
)+u(b) =0, j=1,2,3,

exists, where 11, T2, T3 are nonnegative real-valued functions, p; ,qi, yi >1,1=12,...,m, a5 >1,j =1,2,3
and mo mo mo
Lt e =1, 2.13)

m
2P X di 2 Yi
i=1 i=1 i=1
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then

3

x3

Yi
1

3

P ) O T | PN )|
1<i<m L(b—a)pri—1 1<i<m L(b—a)di—1 1<i<m L (b—a)Yi~1

Tﬂ.CX.l mo(.z m0(3
< ( J

Tl(t)dt) iglpi : <Jb T‘z(t)dt) iglqi . (Jb £ v

rs(t)dt) &
Proof. Let (ug,up,uz) be a nontrivial solution to (2.12). Multiplying the first equation of (2.12) by u; and
integrating over (a, b), we obtain

Il M3
™M

(2.14)

b

a a a

m b b
> J luf(t)|P dt :J T (1) [ur (1) | |z (8)] * [ua (1) | dt. (2.15)
i=17¢ a
Let to, x0, Yo € [a, b] be such that
lui(to)| =max {|ui(t)| : a <t < b},
[uz(xo)| =max {|uz(t)| : a <t < b},
lus(yo)| =max {|us(t)[: a <t < b}

From the proof of Theorem 2.1, we get

Pidt i=1,2,...,m. (2.16)

2Pi . b
o [wi (t0)]” <J g (t)
a

(b—a)

From (2.15) and (2.16), we obtain

ke 2p"L Pi X1 X2 X3 b
Zm}ul(to)l "< ‘ul(to)‘ ’uz(xo)’ \ua(yo)\ Ja ri(t)dt,
i=1
which yields
min {%}i ‘u (t )‘pi < ‘u (t )‘“1}u2(x )}(xz‘u (y )‘“3Jbr (t)dt
1<i<m (b —a)pi—1 — 1150 S TR0 0 3150 N 1 :
By using the inequality
m
Zal Zmy/ajday- - Qm,
i=1
we get
m2Pi o iglpi : [ b
. 1= 2 3
i { o < )] Pt uafu)| | m(tat. 217)
Similarly, we obtain
2.
. m29i o1 b
min { oy b < o) o) o) | raftiat, (2.18)
Py b
i=1

ZVi X1 X2 X3—
Jmin { e ) < )] ¥ fuabxo) fus(yo)| Lrs(t)dt. (219)
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Raising inequality (2.17) to a power e; > 0, inequality (2.18) to a power e; > 0, inequality (2.19) to a power
e3 > 0, and multiplying the resulting inequalities, we obtain

. 2Pi el . 2q1 (] . 2Yi es e1+estes
[12?13“ { (b—a)pi—1 }] . [él}lgnm { (b—a)ai-l H . [12?13\1 { (b—a)vi~1 H m
E Pi ni ai

xpe1+ (oczf ":fn ) e)t+oases

i=1
= ) ejt+ujext+uge3

< (ul(to)](“l Juztxo)

oc361+063ez+<oc3;%:i)e3 b e/ (b e
(J rl(t)dt> (J rz(t)dt> (J

a a

b

r3(t)dt) .

a

' ’%(Uo)

Choose e, ey, and e3 such that [u;(tg)l, lua(xo)l, [uz(yo)| cancel out, i.e., e, ez, e3 solve the homoge-

neous linear system

m
_Z Pi
(oq — 1:1111 )el + oper + ez =0,
m
'Z qi
el + (062 - l:Tln )62 + ez =0,
m
'Z Yi
xzeq + ozer + <oc3 — )63 =0.

From (2.13), we may take

€1 = &1,
m
> Pixo
i=1
€ = : m ’
2 4di
i=1
m
> P
i=1
€3 = . m ’
> Vi
i=1
and get
m m
> pixp > pixg
i=1 i=1
[min {5 em)] T [min {5 Paamr)] & - [min {5 Remer)] &7
min ¢ —m—— | min { ————— | = | min { ————— | =
1<i<m U(b—a)pi—1 1<i<m U(b—a)di—1 1<i<m L(b—a)yi—1
m m
2 pix _211’1“3
- =

1

1

< (Jb rl(t)dt) o (Jb rz(t)dt> A (L r3(t)dt> =t

a a

From (2.13), we get

moy moo mxs
|: ' { 2pl }i| .Elpi |: ' { qu }i| .El b [ . { 2’Y1 }i| -Elyl
m-| mn { —————¢|i=1 .| min { —————¢|i=1 .| min {————— {|i=
1<icm (b — a)Pi T i<i<m L(b—a)ai! 1<i<m L(b—a)yi!
mog moy mxs
b

b o b uy

zpi Y qq z
< r(t)dt) = - J rp(t)dt) = - J r3(t)dt) =
The proof is then complete.

As immediate consequences of Theorems 2.1-2.3, the following corollary gives sufficient conditions
for the non-existence of nontrivial solutions to the above boundary value problems.
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Corollary 2.4.
(@) If .
. m2Pi
J, o< o, {E e}
then BVP (2.1) has no nontrivial solution.
(b) If
b e b m
1 i1 i
(J r1(t)dt) & (J r2(t)dt) =
m a m a
mBy mog
] 2Pi g Py ) 2di ”;‘ a
< [é&nm { (b—a)pi—1 H oo [é%nm { (b—a)ai-1 }] o
then BVP (2.2) has no nontrivial solution.
(@ If
b $“1 b 2“2 b ::“3
> Pi > 4 Yi
ri(t)dt )= J ro(t)dt)i=1 - J r3(t)dt )=
(], nwa) & (] mwa) 57 (] wa)
. 2Pi Ti Pi . 24i ; i . 2Yi g vi
sm [éﬂlg‘m { (b—a)pi-l H o [%‘lgnm { (b—a)ai-l H oo [é?lgnm { (b—a)vi—l H o

then BVP (2.12) has no nontrivial solution.

Theorem 2.5. Let (A, u,7y) be a generalized eigenvalue of the following system

i=1
i=1

uj(a) +uj(b) =0, j=1,23,
w(a)+ui(b) =0, j=1,2,3,

where pi, qi, Yi, &; satisfy condition (2.13),v >0, v € L'(a,b). Then

Y = h(A, w),

where h : (0, 0o) x (0, co) — (0, 0o) is the function defined by

Ay = (S )"

o3 \xoyo fzv(t)dt
with
mxq 111%0.%) mxs3
0= ™ ’ 0= m 7 n= oy ’
2 Pi 2 di 2 Yi
i=1 i=1 i=1
and

cafad = [ min (e} [ (e}

min
1<i<m

1o

= 3 (g (0P 2 (0 = Avlvlu (019 hu (0] us (0] (1),
= 3 (01928 (0) = poav(t)hu (V] (1] s (1) ua(t),

- Elﬂué(t)lw_zué(t))’ = voav(t)[ug (1) ¥ up (1) %2 hus (1) %3 2us (1),

2Vi

)
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Proof. Let (A, u, v) be a generalized eigenvalue, with corresponding nontrivial solutions uj, u, uz. By
substituting into (2.14) the functions

T(t) =Axqv(t), T2(t) = poov(t), 13(t) =vyazv(t),

and using condition (2.13), we have

m[lginm{w_z&i—l}r' [1gili<nm{(b—2aq)lqi—1}}e' [182‘“1{(13_2&1—1}]1]
b

<A oy pl oy o] J v(t)dt.
a
Hence
n C
2 b .
oagAoud [ v(t)dt

The proof is complete. [
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