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Abstract

In this paper, we obtain bounded criteria on certain weighted Morrey spaces for the commutators generalized by some
sublinear integral operators and weighted Lipschitz functions. We also present bounded criteria for commutators generalized
by such sublinear integral operators and weighted BMO function on the weighted Morrey spaces. As applications, our results
yield the same bounded criteria for those commutators on the classical weighted Morrey spaces.
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1. Introduction and preliminaries

1

Suppose that T is a linear or sublinear operator satisfying, for any f € L _

and x ¢ suppf,

(R™) with compact support

1Q(x —y)|

N f(y)ldy, (1.1)

TGl < CJ

where C is a constant independent of f and x. Condition (1.1) was first introduced by Soria and Weiss in
[19] for the simple case O = 1. It is known that many important operators in harmonic analysis satisfy
condition (1.1). These operators include the Calderén-Zygmund operator with homogeneous kernel, Car-
leson’s maximal operator with rough kernel, C. Fefferman’s singular multipliers, R. Fefferman’s singular
integrals, Ricci-Stein’s oscillatory singular integrals, the Marcinkiewicz integral, and the Bochner-Riesz
mean at the critical index, among many others.

On the other hand, in order to study the operators with fractional nature, we consider another kind

of linear or sublinear operator T,, (0 < u < n), which satisfies that, for any f Lllo (R™),

Tof(x)] < CJ Q=W eyiay, (1.2)

Rn [x =y K
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where C is a constant independent of f and x. Similarly, condition (1.2) is satisfied by many interesting
operators in harmonic analysis, such as fractional integrals with homogeneous kernels, fractional maximal
functions and fractional oscillatory singular integrals, etc.

The main purpose of the paper is to study the boundedness on the weighted Morrey space of some
commutators of those operators T and T, mentioned above. Thus, we first define, in the following, the

generalized weighted Morrey space Lg‘;é‘(l, w1, wz), where 0 < q < p < oo and wj, w; are weights.

Definition 1.1. Let X be an opensetof R™, 1 <p < o0, 1 < q< 00, & € (—00,00) and A € (0, 00). Suppose

w1, wy are nonnegative weighted functions. For any f Lﬁo (X)) let

1

0 1
B P
Hf”l_g‘;é‘(}:,wl,wz) = sup w1(B) )\< Z wl(Ek)ocprXkHEq(z,wz)> ’ (1.3)

BeR™ k=—o00

where B = B(xg, d) denotes a ball with center x¢ and radius d, Ex = B(xo,2%d)\B(xo,251d), xx

A
||f|!Lg:3(Z’w]’w2) denotes the L

say Lgle\ (X, wy, wy) the weighted general Morrey space.

(£, w1, wz) norm of measurable function f. If ||f]|; «x
P,

00, we
q(Z,wl,wz)< ’

We make a few comments on the above definition. Firstly, when w; = wy =1 (wi(x)dx = wy(x)dx
is the Lebesgue measure), « =0, p = g and 0 < A < 1, then Lg‘;é‘(z, w1, wy) is the classical Morrey space
[PMIfx=0,p=qand A = —% + é, then the right hand side of (1.3) becomes

sup wy(B)s 4 (JB ()P waly) dy)p = |l

1_1 7
BERn LPa7 P (wy,w,)

which is the weighted Morrey space M (w1, w,) introduced by Nakamura and Sawano in [16]. Secondly,
assuming that w; = w; = w, then Lg‘;é‘(z, w1, wy) is the weighted Morrey space Mg (w, w) studied by
Komori and Shirai in [9]. Thirdly, when w; = 1 and w; = w then Lg‘;é‘(z,wl,wz) corresponds to the
weighed Morrey space ME (dx, w) introduced by Samko in [17].
We denote
Lp)‘(wl, (1)2) = {f : Hf”]_p)\(

as a weighted Morrey space. Following the monotonicity of {P spaces, it is easy to show that, for p; < po,

A A
I—gl,q (Z/ w1, (UZ) - ngrq (Z/ w1, wZ)-

wr,w;) < oo},

As the reader sees in the above discussion, the Morrey spaces have already received extensive atten-
tions by many authors, since they are important function spaces playing pivot roles in many mathematical
fields. It is well-known that Morrey first introduced the classical Morrey space in [15] to study the local
behavior of solutions for second order partial elliptic differential equations (so the space and its many
extensions are named “Morrey spaces”). After that, this space and its extensions, including its various
weighted settings, play significant roles in the study of regularities of solutions to partial differential equa-
tions and the theory of function spaces, see [3, 4] etc. Particularly, in [14], Mizuhara introduced a type
of Morrey spaces and discussed the boundedness of Calderén-Zygmund operators on these spaces; in
[13], Lu et al. established the boundedness on Morrey spaces for several sublinear operators with rough
kernels, as well as for their commutators. Here, we only list a few of them among numerous papers in
the literature. On the other hand, there are many research papers concerning the boundedness of the
commutators generalized by a BMO function b and integral operators satisfying (1.1) or (1.2) on Morrey
spaces. We refer the reader to [2, 8, 10, 18] and the references therein. Motivated by these observations, the
aim of this paper is to study the boundedness on generalized weighted Morrey space L%ZG‘(Z, w1, wy) for
the commutators [b, T] and [b, T,,]. Below, we review the definition of the LipE, » Space and the BMOP (w)
space.

Definition 1.2. We will say that a locally integrable function b belongs to the weighted Lipj ,, for 1 <
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P<oo,0<PB<land we Ay, if

1
1 1 v
bllyp = b(x) —bg|P 1=rq < C < oo,
IllLipn SUp (BB <w(B)JBI (x) —bg[Pw(x) X> 00

where the supremum is taken over all balls B C R™. Put Lip; ,, = Lip}a, w- Obviously, for the case w =1,
then the Lip , space is the classical Lip; space.

Let w € Ai(R™). Garcia-Cuerva [5] proved that the norms ||b”Lip}§ , coincide with the norm of
||bHLip1 are equivalent with respect to different values of p provided that 1 < p < oo.

Definition 1.3. Let 1 < p < co and w be a weighted function. A locally integrable function b is said to be
in the weighted BMO space BMOP (w) if

1 P
b =3 J b(x)—b |walpdx> < C < oo,
IbllBMoOP (w B;g(w(B) . (x) —bg[Pw(x)

where w(B) = [ w(y)dy and the supremum is taken over all balls B C R™.

Let w € A;(R™). Garcia-Cuerva [5] proved that the norms ||b||gmor(w) are equivalent with respect to
different values of p provided that 1 < p < oo.
Now we will state our main results.

Theorem 1.4. Let Co > 1 be an absolute constant and T be a sublinear operator satisfying (1.1) for all functions
f € LY(R™) with compact support and x ¢ Cosuppf. Suppose w € Ay, f € (0,1), b € LIPB,w' l<pr <p2<

00, 1< qq,q2 < o0, é = é —% and 0 < A < oo. Let Q be homogeneous of degree zero and Q & L7 (S™ 1) and

[b, T] be bounded from L9 (R™, w) to L92(R™, w!=92). If «, q1, q2 and r satisfy one of the following conditions:
q3(n

nod

i) r>max{q{, }and?x min{>, L} < o < A+ min{-L aral }—l———l'

q1’ q2

(ii) r > max{qp, 7‘“} and A —min{-%, L} < & < A+ min{-

q1’ q2 ”«T

then [b,T] is bounded from L%, (R™, w, w) to L% (R™, w, w!~492).

P1, Q1 P2,92

As a corollary, when Q) € L* and o = 0,p1 = q1, p2 = g2, we obtain:

Corollary 1.5. Let T be a sublinear operator and for all functions f € L'(R™) with compact support and x &
Cosuppf,

If(y)l
n[x —ym

TF()| < C LR dy, (14)

where Co > 1,C > 0 are absolute constants. Suppose w € A1, f € (0,1), b € LipB 1< q1,q2 < oo and
11 % If [b, T] is bounded from L9 (R™, w) to L92(R™, w!'=92) and 0 < A < min{>, L}, then [b, T] is

92 q1
bounded from L9 (w, w) to L922 (w, w!~92),

q1’ q2

The corollary is an extension of a result in [7]. In fact, Hu and Gu in [7] proved that the commutator
[b, T] of a singular integral T satisfying (1.4) is bounded from L9 (w) to L92(w!~92), where b € Lipﬁlw.
Corollary 1.5 further says that [b, T] is bounded from L9 (w, w) to L9222 (w, w!™92), so it extends the
related result in [7].

When b € BMO(w), a same argument as Theorem 1.4 yields the following.

Theorem 1.6. Let Co > 1 be an absolute constant and T be a sublinear operator satisfying (1.1) for all functions
f € LYR™) with compact support and x ¢ Cosuppf. Suppose w € A1, b € BMO(w), 1 < q < oo and
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0 < A < oco. Let Q be homogeneous of degree zero and Q € L™(S™ 1) and [b, T] be bounded from L4(R™, w) to
LI(R™, w!'~9). If o, q and  satisfy one of the following conditions:

(i) v > max(q’, C M and A - & <a <A+ S Lk

T/
(i) T > max{q, ™ q}and?\ —<oc<)\+§,
then [b, T] is bounded from L53(R™, w, w) to LY (R™, w, w!'~9).
Similar to Corollary 1.5, when Q) € L* and o« =0, p = q, we have:

Corollary 1.7. Let T be a sublinear operator and for all functions f € L}(R™) with compact support and x &
Cosuppf,

If(y)l
n [x —ym

TF(x)| < CLR

7

where Cy > 1, C > 0 are absolute constants. Suppose w € A1, b € BMO(w),1 < q < oo. Let [b, T] be bounded
from L9(R™, w) to L9(R™, w!'~9) and 0 < A < %. Then [b, T] is bounded from L9 w, w) to L9Mw, w!~9).

The following theorems focus on the boundedness of the commutators generalized by some integral
operators satisfying (1.2) and a weighted Lipﬁr . function or weighted BMO function.

Theorem 1.8. Suppose w € A,b € Lipﬁrw. Assumel <p; < p2<00,1<q1<00,0<A<o0,0<p<n
and qlz = é — % Let T, be a sublinear operator satisfying (1.2) for all functions f € L}(R™) with compact
support. Assume that Q is homogeneous of degree zero and Q € L™(S™ 1) (r > o) and the commutator [b, T,]

is bounded from L9 (R™, ) to L92(R™, w!~(1=w)9%), If «, q1, qp and v satisfy one of the following conditions:

G r >max{q{,glﬁ+nl}and7\ mm{——%,a}< o< A"’*—f—i-mm{ 2 B3y,
(i) > max{qy, %}and)\—k mm{‘S -k E}< oc<7\+m1n{ T B2y
A 1—(1-4
then [b, Ty is bounded from LJ7’ ql(IR“ w, w) to L7 (R™, w, w (1—x)az),

Following the same line to Corollary 1.5, we have:

Corollary 1.9. Suppose w € A1, b € Lipﬁ,w,l < gy <00,0<pu<mn,and é = é — % Assume that Ty, is
a sublinear operator and for all function f € L}(R™) with compact support,

If(y)l

Tuf(x) < C LG oy (15)

where C > 0 is a absolute constants. Suppose 0 < A < min{% -5, é} and the commutator [b, T,] is bounded
from L9 (R™, w) to L92(R™, w!~(1=%)42), Then [b, Tyl is bounded from LA (W, w) to L92A (@, wl~1-n)az),

Again, Hu and Gu in [7] proved that the commutator [b, T,] of a fractional integral T, satisfying (1.5),
where b € Lipg ,, is bounded from L9 (w) to L92(w(1—w)a2), Corollary 1.9 further states that [b, T] is

bounded from L9 (w,w) to L9 (w, w *qu)
Similarly to Theorem 1.8, we have:

Theorem110 Suppose w € A1, b € BMO(w),1 < p1 < p2<00,1<q1 <00,0<A<o00,0<p<nand
i = é — 2. Let T, be a sublinear operator satisfying (1.2) for all functions f € L}(R™) with compact support.

Assume that Qs homogeneous of degree zero and ) € L"(S™™ Dir > —) the commutator [b, T,,] is bounded
from L9 (R™, w) to L92(R™, w'~(1=x)92), If &, qy, qp and v satisfy one of the following conditions:
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(i) r> max{qy, ql,inlé}andk mm{—— %’5}< x < 7\—1—— — 1 4 min{ 1,,qi +%};
(ii) r>max{q2,?ll(snﬁ}ancﬂ\—i-f———mm{‘S - L, E}< oc<?\—|—m1n{i, % 2y
A 1—(1-&
then [b, T,] is bounded from LY, (R™, w, w) to L&A, (R™, w, w!~H—w)az),

If O e L*® and &« =0, p1 = q1, P2 = g2, then we have:

Corollary 1.11. Suppose w € A;, b € BMO(w),1 < q1 < 00, 0 < pu < nand é = é —%. Let T, be a
sublinear operator satisfying (1.2) for all functions f € L(IR™) with compact support. Assume that
d 1
0 <A <min{— — E, —1
i M q2

and the commutator [b, T.] is boundedfrom L9 (R™, w) to qu(lR“,wlf(lfﬁ)qz). Then [b, T,] is bounded from
L9 (w, w) to L2 (w, w!~(—w)a2),

We should remark that 6 in the above theorems or corollaries is the constant in Lemma 2.3 (see the
next section). Also, it is known that the commutators [b, T,] are dominated by the fractional integral
operator if b is a Lipschitz function so its boundedness can be trivially deduced from known results of
the fractional integral. In our case, b is a weighted Lipschitz function and the situation becomes quite
different. The reader can check this fact from the definition of weighted Lipschitz function b. In other
words, to prove Theorem 1.4 and Theorem 1.8, we are not able to use the original approach (for instance,
the Stein-Fefferman Sharp maximal function) so we need to seek new methods. For this reason, our
computations and estimates in proofs are complicated and possibly very technical.

Remark 1.12. In our knowledge the bounded criteria on the commutators generalized by some sublinear
operator and weighted Lipschitz function on Morrey spaces is first introduced. We would also like to
remark that our results are new even in the classical weighted Morrey space. On the other hand, we do
not need to establish the pointwise estimate for the sharp maximal function of those commutators. For
example, the authors [11] obtained the boundedness of the commutator of strongly singular Calderén-
Zygmund operator on Morrey spaces heavily depending on the pointwise estimates for sharp maximal
function for such commutators. Comparing with un-weighted case, our computation and proof are more
complex and more delicate.

This article is arranged as follows. In Section 2, we will give some preliminaries and some key lemmas.
Section 3 presents the proof of Theorems 1.4 and 1.6. Theorems 1.8 and1.10 will be proved in Section 4.

2. Preliminary

In this section, we will provide some information on the A, weight and its related properties used in
this article. The following Definition 2.1 is referred to [6].

Definition 2.1. Let 1 < p < co. We say w € A, if there exists a constant C such that

—1
<|é| JB w(x)dx> <|é| JB w(x)l_p,dx>p <C<oo,

holds for B ¢ R™. If there exists a constant C such that

1

J w(x)dx < Cw(x), a.e. x € R™,
Bl Jg

then we say w € Aj.
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The following lemma can be found in [12].
Lemma 2.2. Let Q € L"(S™1). Then we have
i) If x € Ey,j < k—2, then fE 1Q(x—y)"dy < ||Q|IF, (sn1) 2k(n—1)+j.
(i) ify € Ej,j <k—2, then [¢ [Q(x—y)l"dx < [Qf]. Sn,l)zk“;
(iii) if x € Ex,j = k+2, then jE Q(x—y)|"dy < [|Q||F, Sn_])zin;
(iv) ify € Ej,j = k+2, then [¢ [Q(x —y)l"dx < [|Q[], gn1)2 M TVFE
The following Lemma 2.3 can be found in [1].

Lemma 2.3. Let w € Ay. Then for all measurable subsets E of ball B, there exist C1,Cy > 0and 0 < & < 1 such
that s
[El _ w(E) <|E|>
Cq —— <G| =
8IS w®) S 2\
If w(x) is a constant, then & = 1. If w(x) is not a constant, then 0 < & < 1.

In the following, we denote Bj = B(xo, 2id).

Lemma 2.4. Let E5 = Bj\ Bj_1,q1 > 1and w € Ay,. Then

_ 1
J [F(y)] dy < [[FXE, [[L01 (1o /B o (Bf) 71

E;
Proof. Using Holder’s inequality and the fact that w € A, we obtain that
1

1 1
q1 7q73 qj 1
L f(y)ldy < (L If(y)Iqlw(y)dy> (JB wly) @ dy) < [1fxE; lean (Rn, ) [Bjlw(By) s [
j j j

)
Lemma 2.5. Let Ej = B \ Bj_1, Ex = Bx \ Bx_1,9 > 1 and w € Aq. Then we have

(i) When j > k+2, then .
w(Ej) 207 w(Ey),

~

and _
w(E;) 220788 (Ey).

(i) When j < k—2, then 4
w(E;) 2207w (Ey),

~

and .
w(E;) < 20788 (Ey).

Proof. First, we prove part (i). When j > k + 2, it is easy to derive the fact E; C B; and Ex C By C B;.
Hence Lemma 2.3 yields that

w(Ej) |E;] € 1 /IBj]\° .
w(E;) w(Bj) = C1‘Bj‘w(B]) > ClIBjI c, U w(Ex) =2 w(Ey),

and

E. E\° EN\° 1 [B; :
w(E;) = w( ’)w(Bj) <G 1511 w(Bj) < G &l —Qw(Ek) < 207Im ().
IB;| ) Ciq [Ex]
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For (ii) of the lemma, when j < k —2, we have E; C Bj, Ex C By and Bj C By. Using Lemma 2.3 again,
we have

w(E;) E;] [E;5l . [B;
w(E:) = 2w(Bj) = C1 =L w(Bj) > C1=-C B
(E;) 0 (B;) (Bj) 1|B]-| (Bj) Bl 1|Bk| w(By)
E| 1 <|Bk|>6 o
> C? ) w(Ey) = 207w (Ey),
1|Bk| G Ve (Ex) 2 (Ex)
and
w(E;) IE;| EN\° . /1B;1\°
E:) = ) ) B:) < Lt Al ) B
w(E;) w(Bj)w( i) < C2(|B| w(B;) < C ;] G2 Bl w(By)
IE> (IB-I> Byl .
c2< 1) R G(Ey) < 20-KIm8 Gy (Ey),
Bi1) \Bd) [B@EW S (Ex)
which completes the proof of the lemma. O

Lemma 2.6. Let Ej = B; \ Bj_1 and w € Ay. Then we have

1

(wlB) PP e [P mn ) < Il mn oo

Proof. Let B = Bj, Ex = Bj4i \ Bj_14k (for k < 0). We then have Ej; = Eg C B. Thanks to Lemma 2.3, it
gives that

\
The above estimates together with Definition 1.1 yield that

=

1
((.U(E] )*'p)\+0(‘p HfXE) ||€q (IR“,w)) P = (CU(EO)ip)\(U(EO)CXp ||fXEO HEq (]R“,(,U])

0 P
<C (w(g)pA Z w(Ek)“prEk|Eq(Rn,w)> C”fHL"”\ R™,w,w)" O

k=—0o0

3. Weighted bounded criteria for the commutator of singular integral type operator

In this section, we will present the proof of Theorem 1.4. The proof of Theorem 1.6 is similar, so we
skip it.

Note that if p; < py, then

A 1—(1-& A 1—(1-&
L%ﬂ]z(w’w “ n)qz)CLgZQZ(w’w ( n)qz)'

So we need only to prove Theorem 1.4 for the case p; = p2 = p.
Fix a ball B = B(xo,d). Let Ej = B(x,21d)\B(xg,2)1d). We write Xj = Xxg; for simplicity in the
notation. Thus, we may write f as the form

Furthermore, we have that

w(B) P Z w(Ex)*P||[b, Tf)(k||qu R, @12

k=—o0
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k—2 o)
—PA Z (Ex) ocp( Z 106, THXxcl a2 (Rn 01 qz)>
k=—o0 j=—00
k+1 P
—pA Z w Ek (Xp( Z H b T ]XkHqu R",w!- q2)>
k=—00 j=k—1
00 p
MY () (3 Tl gt )
k=—0o0 j=k+2
=LH+L+1.

Firstly, the (qu (R™, w), L92(R™, wlfqz))-boundedness of commutator [b, T] yields that

0 k+1 P
L<w®B) P ) w(E@“P( D ||fjxk\|mmn,w)) < ClIfIT s o oo
k=—o00 j=k—1

To estimate I, when x € Ey, y € Ej, j < k—2, one can easily deduce [x —y| ~ [x —xo| ~ 2kd. If g2 < 1, we
obtain, by Minkowski’s inequality that

1

q2

106, Ik 2 (e cor-a2) < Czkn( L
k

qz
(J 1Q(x —y)lib(x) —by)lIf(y)l dy) wlqz(X)dX)

Ey
1

<cr LA <L Q(x—y)|®[b(x) —ka|q2w1—q2(x)dx> " If(y)l dy

1

vz ( | |Q(x—y)|q2w1q2(x)dx> " ow, — bly)lIf(y)| dy
E,’ Ek
= C(U; + Uy).

Choose s > max{qy, q1}. Then applying Holder’s inequality, (ii) of Lemma 2.2, the reverse Holder inequal-
ity, the property of w € A q) and Lemma 2.4, we can obtain

weerk| (L |Q(x—y)|fdx>r(j8 |b(x)—ka|Sw1—S(x)dx)

1—qp—32(1— 1 a TS
y <J w( q2— 2 ( s))ﬁrzg(x)dx> a ()l dy
By

_ kn 1 _ 1 1
< C2 M|Q|r(sn1)2 [bl[Lips @ w(By)n s w(By) %2 s [By|TT L If(y)ldy
;

N Bl 1

< C2 kn”QHLT(S“—l)HbHLipE,ww(Bk)n 2 [|fXE; Lo (Rn, ) [Bjlw(By) a1
1

o 1 |Bk| qar _1

< 20 k)nHQHU(S"*l)HbHLipaw”fXEjHqu(]R“,w)w(Bj)ql <> w(B;) @

Bj

(G—knt
< C2 IollLips,  I1XE; [[Lar (Rn ) -

Thanks to Holder’s inequality and the fact that w € A ;;, we have that

q’
47
7

11

Uy < C2kn LA (L |Q(xy)|rdx)r(J’B w(1q2)<qrz>l(x)dx) “ Tlbg, —bly)l(y)] dy
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1
q1
< C27MM|Q|r(gne1 2T w(By) % Byt (J |f(y)|q1wdy)

1 1—L_1

’ - T
X (J b, —by)Fw(y) dy) (J w(y) ai s dy>

Byl . 1—1_1
< CQ|pr(gn-1yw (Bk ||fXE a1 (R™, w0 Jw(Bj)"+S(k_J)”bHLipE,ww(Bj) a s
1 _1 1—L
< Clk = QLr(sn1) [FxE; lLar mr, ) [PllLips @ (Bi) 2" w(Bj) ™ %
. - 1—L J(G—kns(1—L
< C(k _])HQHLT(S“*)foEjHqu(IR“,w)||bHLip|53/ww(Bk)q2 w(By) q22(J s ( qz)
A, K52
< C(k—j)2 2 [[fXE; Lo (Rn, )/
which, along with the estimate of U;, gives that
..~ (j—k)nmin{-L-
||[b/T]ijkH]_qz(]Rn,wl*qz) < C(k—])z LI1 qz HfXE H]_q1 R™,w)-
Now, from Lemma 2.6 and (ii) of Lemma 2.5, it follows that
k—2 P
. () k)nmm{,
I < B Z (Ex) w( D (k=j)2 % HfXE ILar (Rm, ))
k=—o0 j=—00
—PpA (xp = A= k)nmln{—, 7} A
Z W(E)*P( D (k—j)2 7% w(E;)
k=—o0 j=—00
1\P
— B
X (LU(E]) 7\P+<XPHfXEjHEq1(]Rn,w)) )
0
—PpA xp
< ClfIT s (g o, @B P D @B
k=—o0
k—2 P
k al’
( Z (k—])ZU )nmin{ - 2n Y (A— oc)w(Ek)A—OC) , o> A
j=—00
x k—2 P
k a’
< Z (k—j)Z() )n min{ L 2“ (A_“)w(Ek)A_“> Cx<h
j=—o00
P —PpA
k=—o0
k—2 . 15 _ P
( Z (k—j)Z() k)n(mm{q{,qé}Jr?\ oc)) , 0(2)\
j=—00
% k-2 - 16 P
( Z (k_j)z()—k)n(mm{ql,,qé}—H\é—oc6>) , o<
j=—00
< ClIf|IP

Lo‘)‘ (R™,w,w)’

where we require either A < o <A + min{i,, %} or o« < A.
1 2

Ifr> max{qi, 5 q2} then we write

q2
10, T35 e <c2—k“(L (L |Q(xy)||b(x)b(y)|f(y)|dy> Wl (x )dx>

1
q2
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q2
<cz—k“(L |b(x)—ka|q2(JE |Q(x—y)||f(y)|dy> wl—q2(x)dx)

j

q2
rer ([ (] 100 wibs, ~vlifivlay) @' era)
Er \JE;

= C(U] + Uy).
To estimate term U}, we use Holder’s inequality, (i) of Lemma 2.2 and the property of w € Aq; to obtain

that '

Al

q

[b(x) —bg, [1 (<L IQ(x—y)|q3w(y)*% dy>

Uy < cakn ( J
Ek j
1

a7\ 92 qiz
><<J If(y)lqlw(y)dy> ) wlqz(X)dX)
E;

|b(x)—b3k|qz(<L Qlx—y)I dy)

Ex j

T

< C27 M X Lo (re ) (J

- k(n-1) | j -1 q’
< C27M e[| (ko) [ Qs 25 t(JE w(y) @ A dy> 1
j

X <J [b(x) —kalqzwl_‘”(x)dx) -
By

3l

k(n—1) | j 1
+ %

_ i —L _1
< 274 xe, llas (mmeo [ QL rgsn 12 7 Fw(By) By b ;e w(Bi)
P[_’),w

1
k) (-] ~& L ([Bil\ @
< C2U7 M=) ey [l an (o) Q] Lr sty @ (B5) Wbl ipez, 0 (By) (M>
’ )

l+i)
o HQ”Lr(Snfl) ”fXE) Hqu (R™,w) ”bHLlpg%W.

Cﬁr Using Holder’s inequality, the reverse Holder inequality and (i) of Lemma

For U5, we choose s > — T
1

2.2, we have that

1

a2 -
ug:cz‘“‘(L < L IQ(x—y)Ika—b(y)Ilf(y)Idy> wqu(x)dx)

j

! / —i
< CZ_kn(L (L 1Q(x —y)[N[bg, —b(y)Tw(y) o dy)
k j

& 1

X <J |f(y)|qlw(y)dy> 1 w(x) 92 dx)q2
Ej

< CzanfXE]-Hqu(]R",w)(JE (L Q(x—y)I" dy) (L b(y) —be, [*w(y) dy)
k j j

(7h7q1( - )> I ]
a1 s q; 4a _ a2
) =< dy w(x)—9 dx)

q
q

N

=
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B 1 1

1
< Cokmp ||fXE L (Rn, w0 )HQHLT(S“*l)(k_]‘)HbHLipE,ww(Bj)ﬁJrg|Bj|7?w(Bj)ql

1-q2
X <JB;< w(x) dx>

r(—k)(1—2)s—kn 1—L 1
< C(k—j)2 T2 X e (mm ) Qe (sneny Bl Lipy , 0 (By) 92 [Bifw (Bi) 92
C

» =

q2

1

(k=320 1O sy 1 Lot (R o y1PllLips

1 _ 1 _ 1—L
x w(By) % 1w(Bk)1 qzz knd(1-5;)

o Gn (=t
< C(k—j)2 ||QHU sn1) [1XE; lLa (v, ) [ l|Lips -

This inequality together with the estimate of U} deduces that

. (j%)n(min{qi,,qi,wﬁf%)
H[b/T]ijkHLQZ(]Rn,wlfqz) < C(k—j)2 179 HfXEjHqu(]R“,(,U)'

Therefore, applying Lemma 2.6 and (ii) of Lemma 2.5, we obtain that

—PA 0 N k—2 . (j*k)n(min{, ,}+i,,> P
L <Co®) ™ Y wE)™( Y (k—jp 1 PR
k=—o0 el
k-2 _ e
—k P e e
< Cw(B)~P? Z w(Ey) ocp( Z (k_].)z(J )n(mm{q1 o e r>w(Ej)°‘+7\
k=—o0 el

1N\P
—A
< (w(E) P*“P||f><Ej||qu(W,w))")

0

CHfH
k=—o0
k=2 1 511 P
< Z (k—])Z(J k)n(mm{q/ q) +ar r)zn(] k) (A oc)w(E )7\—0() o a=A
X )=
k=2 a5y, 11
( Z (k_])z(]—k)n<mln{q{ q£}+“r r)zn(] k)& (A oc)w(E )}\ o() ) o< A
j=—00
0
SOl (g gy @BV 7Y D (B
k=—c0
k—2 - inf L 8y 114y P
< > (k—jp2" on (mint )+ “)> . a=A
X j==00
= . (i—kJn<mm{% %H%—%Ma—aa) P
Y (k—j)2 L , a<A
j=—00
< ClIfIIY

Loc)\ ",(U,(,U)’

where we require either A < « < min{4, 21+ L -1l Aora<A
q1 qZ nr T

We finally estimate I3. When x € Ey,y € Ej, j > k+2, it is obvious to see that [x —y| ~ [x — x| ~ 2id.
Ifr > max{qz, ql} we obtain, by Minkowski’s inequality that

||[b,T]ijkH]_qz(]R“,wl*qZ) < Cz_jn(,[ (J
Ex E;

)]

1
a2

q2
1Q(x —y)lfb(x) b(y)lf(y)ldy> W' (x )dX)
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<C2—i“J ( J |Q(x—y)|q2|b(x)—kaiqul—qZ(x)dx)”|f(y)|dy

E; \JE,

+c2j“J (J ln(x—ynqzwlqz(x)dX>qz'ka—b(y)Hf(yNdy
E; \JEx

=C(V1+ Vo).

Choose s > max{ﬁ, ql} By the same line to estimate U; and U,, we get that

1—qr— 2 (1— L TS
><<L W S””rz?(deX>q2 f(y)l dy
k

11 1 _1
(Bk)qz s | By THfXE]-||Lq1(]R",w)|Bj|w(Bj) qi

3\@

s in=D |k
< C2MQlLrsn1y2" T T [Ibl|ipy W (Bi) T

1

Bl -
[xE; [[lLa1 (7, wy @ (Bj) 91

(k=) (3 =) i j
<C2 Q||Lr(sn*1)||bHL1PE,ww(B])q (IBJI
k=im(g =) o

(g : e (snn[olluip , [1FXE; ler vn, )/

< 2!
and
1 1

(L |Q(x—y)|rdx)T (JB o= (3) (x)dx) " T bg, —bly)lf(y)l dy

s jiin-1) , k L1 1
§ C2 )nHQHLr(Sn—l)Z T +r(U(Bk)q2 |Bk|1 erXEj”qu(IRn,CU)

1

. E 1 1—1
% (j— K)o (B;) R 5 [[bllLip  w(By)' 4

V, < cz—inj
Ej

1 +-1 -+
< C(G — k2 IO O snony | e, o (R o ) 1PllLips @ (Bi) 92~ w(B;)" a2
1

. 1
< C(j — k)2l mli—5+55) 1O (sn) 1 [[Lar (rr, ) [1BlLips , 0 (Bic) %2

1 i _ 1
X(,U(Bk)l_qzz(] k)n(1 qz)

. k—jIn(L L
< CG—102" ™M@ TR o e o (o [Bips,

which along with estimate of V; reads that

} 1

i 1
k)n(mm{ r+nr>”'fXEjHLq1(]Rn,w)-

106, TH5 Xkl oz (o o2y < € — k)27
With the help of Lemma 2.6 and (i) of Lemma 2.5, we now obtain that

q2” 41

0 [} P
_3 1, 1
I3 < Cw(B)pr Z w(Ek)cxp< Z (] _k)z(k jin (mm{qz 41} r+“r>”fXEjHqu(]R",w)>

k=—00 j=k+2
k=—o0 j=k+2

1N\P
—A
x (i) P*“Pufxmimn,w))p)

0
< CIMP g iy @B ™ D wlE)

k=—0o0
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00 ) P

j=k-+2
00 P

Sy_1..1
< Z (j_k)z(kﬂ)n(mm{qz a Ter)zn( k)(A—oc)w(Ek))\—oc> , <A
j=k+2

0
< ClM7 e g @B 3 (B

k=—o0
00 ) P
( Z T Cjplkn n(min{ L, & +?\6+oc5)) R
j=k+2
X o .
< Z G2k n (min{L, q]}+7\+oc)) <
j=k+2
<P e oy
where we need either o > A or ?\+f———mm{q e 31w <A
If r > max{qj, qz(:é ) 1, we write

100, TI5X [l a2 (Rn, o142

92 a
ccm(| (] eyl -bylitlay) wixex)

. q2
<czl“<L |b(x)—b3k|q2<J |Q(x—y)||f(y)|dy) % (x)dx

k Ej
q2
+C2—j“< <J IQ(x—y)Ilek—b(y)IIf(y)Idy> W'~ 9 (x)dx
Ek Ej

= C(V] + V).

By the same methods used to estimate U and U}, we obtain that

£

vi< e ([ oo —va o (( | 00 yito) o ay)’

a\ @ &
><<j |f(y)|q1w(y)dy) ) wqu(x)dx)
Es

)

< C27™1fxE; Lo (ko) Qe (5n1) 2% w(B))~ o B[+ "lIbllpipg, w(Bi)

_1 1 |Bk| a1
< Clifxe e re ) [Qllersnon w(Bs) - |bllpe w(Bs) { 5

(k—j)n
<C2 T ||Q‘|Lr(sn71)||fXEj ||qu(H{“,w)‘|b||Lipg?w’

c-n(]

. , , _q
< c27in L L 1Q(x —y)[Y1fbe, —b(y)[Nw(y) @ dy)
k

j

and
q2 qu
|Q(x—y)|ka—b(y)||f(y)|dy> wqu(x)dx>

j

o ‘_a
=~
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1

o @

Y <J f(ynqlw(y)dy) " () dx
E;

B 1 _1
< Cl—Kk2im2 ||fXE ”qu R™,w J||QHLr(S“*1)w(Bj)“+SHb||Lipf3,w|Bj| r

—_

T Biw(Bi)®

o
B

. —-5) 1 1-L G-
< C =125 ™ Q L snny X Lot (R ) JIPllLips @ (Bi) %2~ w(By) w220

k—j)n

< C(j—k)2! qzllQHU sn1) X lLan (e, ) 1P llLips,

These estimates tell that
. k—
10, T3k (ot -2) < € — K250 e e, -
( 7 )

From Lemma 2.6 and (i) of Lemma 2.5, it follows that

o.0]

0 P
I; < Cw(B)P* 3 w(Ek)"‘p< > (j — k)2 (kI mmin(g qz}HfXE Lo (R™, )>

k=—00 j=k+2
0 00
)—p?\ Z w(Ek)ocp< Z (]—k) (k ))nmln{ql T (,U(E]) x+A
k=—00 j=k+2

1\P
X (w(Ej)_Ap_'_aprXEj||EGI1(]Rn,w))p )

0
<Ol (g ) @BV D (BT

k=—o
o s P
( Z (j_k)z(k j)mmin{ -, q2}2n k)8 (A— oc)w(Ek)?\—oc) =
j=k+2

X

00 5 P
( S =kt minGraslon (- MJw(Ek)”> , a<A
j=k+2

0
SO (o gy @BV D (B

k=—o

00 . P
< Z (j_k)z(kf)) (mm{q Clz} 7\6+6(x>> x> A

j=k+2
00 ) P
( Z (j—k)z(k_)) (mm{q at— )‘+°‘)) , o< A
j=kt2
< C|If|P

LO‘?‘ R™,w,w)’

where we demand either « > A or A —min{->, L} < o < A.

q1’ d2

4. Weighted boundedness for the commutators of fractional type operator

In this section, we will prove Theorem 1.8. We skip the proof for Theorem 1.10, since it is the same.

Note that if p; < p», then

A 1— A 1—
Lgl QZ(w’w qz) ng QZ(w’w qz).
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So we need only to prove Theorem 1.8 for the case p; = p2 = p.
For a given ball B = B(xo, d), let E; = B(x,2/d)\B(xo,2)~1d). We decompose f as

fly)= > flyxg) =D f)

j=—o0 j=—c0

Then we can write

0
)P Y w(ER)*P b, TP

L92 (Rl H)a2)
k=—o00
\ P
Y wfEy o 0Tl g ——
k=—o0 j=—00
k+1 P
A
-P Z w Ek (xp< Z H b T ]XkHqu R, wl™ T‘{)%))
k=—00 j=k—1
00 P
A
P Z w Ek ocp( Z || b T ]XkHLQZ R™,w!-0 ﬁ)%))
k=—00 j=k+2
=L +L+1I.

The known (L9 (R"™, w), L92(R™, w!~(1=%)42))-boundedness of commutator [b, T.] gives that

0 k+1 P
I, < (U(B)fp}‘ Z (,U(Ek)‘xp ( Z ||ijkHI_q1(]R“,w)) CHfHLoc?\ R™ cw,0)"
K=—o0 j=k—1

Now we bound I;. When x € Ey,y € Ej, j < k—2, then it is easy to check [x —y| ~ [x —xq| ~ 2kd. If
T > (2, then the Minkowski inequality implies

1T, T3l g (g 1

q2 L
<cz—kn+ku( ( Qx—y)lIbx) - (y)uf(yndy) wl—“—im(x)dx)”
i
<c2k“+k“J (L (x —y)|%2[b(x) — bp, [l 1—)az(x )dx) “l¢(y)] dy
k

1

+C2_kn+ku ) (J Qlx -y qu(x)dx)q2|ka—b(y)||f(y)dy
)
= C(Uy + Uyp).

Choose s > max{ﬁ%, q}}. By Holder’s inequality, (ii) of Lemma 2.2, the reverse Holder inequality and
Lemma 2.4, we obtain that

ulgczmkuL_(J |Q(x—y)|fdx>’<J Ib(x)—b3k|5wls(x)dx>s

Ek Bk
1 1
1-(1-1)a2—2(1-s)) — @ T
] @RI ) " )l ay
Bk
< O kntkp kn B4 s+E 1
< 1Q[Lr(sn-1y2 7 [IbllLip @ w(By)n s w(By)® |By| 7 n . f(y)l dy
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1 _ 1
< CZ_anQHLr(snfl)HbHLipg/ww(Bk)ql HfXEHqu Rm,w)IBjlw(Bj) @

(j—k)n Bxl L
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< C2 Qe snny [[blluips  ITXE; Lo mr, )

Thanks to Holder’s inequality, reverse Holder inequality and (ii) of Lemma 2.2 again, we have that
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Ex Bk

1
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N
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Combining the estimates of U, and U;, we now have that

(j—k)nmin{-%-,5 (E—O—L,
q q1 |

I[b, T,.] < C(k—ij)2 i

)Xk”]_qz R™,w!- %)qz] |fXE ”qu R™,w)-
The above inequalities together with Lemma 2.6 and (ii) of Lemma 2.5 yield
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k=2 - (L 8B pa_o)\P
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where we require either A < o < A+ min{-, 5(£ + 1)} or a < A.
q q1 qi

n
If r > max{qj, %}, we write that
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q2 L
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= C(Ui + Uy).

Choose s > max{qp, - } Invoking Holder’s inequality, (i) of Lemma 2.2, the property of w € Aq1 and
the reverse Holder mequahty, we have that
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1
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HQ||LT(S“*1)||fXEj”qu(]R“,U-’JHbHLi a2 -
pﬁ,w

Using Holder’s inequality, the reverse Holder inequality and (i) of Lemma 2.2 and the fact w € A(
we obtain that
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which, together with the estimate of U}, concludes that
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The combination of the above estimate with Lemma 2.6 and (ii) of Lemma 2.5 derives that
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By (iii) of Lemma 2.2 and applying the same method as used in U} and U}, we may prove that
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where we demand either o« > A or A — mm{ 6 — % qlz} < o< A

5. Conclusion

In this paper, we have obtained bounded criterion for commutators of some sublinear operators on
weighted Morrey spaces. Utilizing these criteria, we have obtained the boundedness of the commutators
associated with some classic operators such as singular integral, fractional integral, Marcinkiwicz integral
etc. on weighted Morrey spaces. The results derived in this paper become natural generalizations of
classical results. It is expected that the interested reader may find useful applications of these results and
consequently this paper may stimulate further research in this area.
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