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Abstract
Our goal in this paper is to find the form of solutions for the following systems of rational difference equations:

Xn—3Yn—4 Yni1 = Yn—3Xn—4
Yn(ElExn3yn-a) " xn(E1Eyn_3xn_a)’

Xn+1 = n:(),l,...,

where the initial conditions have non-zero real numbers.
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1. Introduction

Difference equations emerge as a natural representation of discovered evolution phenomena because
most analysis of time evolving variables are discrete. Furthermore, non-linear difference equations of
order greater than one are of immense importance in applications. Also several results in the theory of
difference equations have been obtained as discrete analogues and as numerical solutions of differential
equations. This is notably true in the case of Lyapunov theory of stability, which models various diverse
phenomena in biology, ecology, physiology, physics, engineering, and economics. So, recently there
has been an increasing interest in the study of qualitative analysis of rational difference equations and
rational systems of difference equations. Although difference equations looks simple in form, but it is
quite difficult to understand thoroughly the behaviors of their solutions, see [1-30] and the references
cited therein.
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The periodicity of the positive solutions of the rational difference system

XXn—1 XYn—1

X T =
M byxn e T Bxayn 1ty

has been studied by Stevic in [27]. Camouzis [3] studied the boundedness, global stability, periodicity
character and gave the solution of some special cases of the difference equation

_ o +viyn + B1xn y _ %2+ Yayn + Boxn
A1+ C1yn + Bixn’ MTAL 4 Coyn + Boxn

Xn+1

Kurbanli et al. [21] has studied the following system of difference equation

Xn—1 Yn—-1

X =T =2
LRI L L RPN |

El-Dessoky [10] investigated the periodic nature and the form of the solutions of nonlinear recurrence
relations systems of order three

Yn—2Yn-—1 Yni1 = Xn—2Xn—1
Xn (FYn_1yn2+1)" " T Yo (Exn_xn 2+ 1)

Xn41 =

Din et al. [6] investigated the dynamics of a system of fourth-order rational difference equations

_ XXn—3 Yni1 = X1Yyn-3
B + YYn—-3Yyn—2Yn—1Yn ’ nr Bl + Y1Xn—3Xn—2Xn—1Xn

Xn+1
The main objective of this paper is to investigate the forms and expressions of the solution of the
difference equations systems

Xn—3Yn—4 Y | = Yn—-3Xn—4
yn(il ixn—3ynf4)’ nr Xn(il iyn—SXn74)/

Xn+1 = TlZO,l,...,

with initial conditions having non-zero real numbers and

[yn(il j:Xn—31.:lnf4)] #0, [xn(£1 iyn—Sanél)] #0.

2. The first system: X, 1 = xn—3yn—4/yn (1+ Xn—3yn—4)r Yn41 = yn—3xn—4/xn (1+ yn—3xn—4)

In this section, we study the existence of analytical forms of the solutions for the following system of
difference equations:

Xn—3Yn—4 Yn—3Xn—4 n=o0 1 (2 1)

Xn+1 = ’ Ynt+1 = ’
Yn(l4+Xn—3Yn—4) Xn(l+Yn—3Xn—4)
with non-zero initial conditions x_4; X_3; X_2; X_1;X0; Y_4; Y—3; Y_2; y_1 and yg are real numbers.

Theorem 2.1. Suppose that {xn, Yn} is a solution for the system (2.1), then for n = 0,1,2,..., we obtain all
solutions of system (2.1) are given by the following expression.

_/bf"\ n=l (1+41ihb)(1+1ld) B (ce“> =l (1+ (i+1)ag)(1 +ike)
s (1“> i—o (1+({A+1)bf)(1+1idh)’ M2 an im0 (14 (i+1)eg)(1+1iek)’
<df“> nl (14 (i+1)hb)(1+1ld) <e“+1> (14 (141

Xqn—1 = )’ Xqn =

™) iy A+ G+ 1Dbf)(1+ (i+1)dh an EO (1+(i+1

ag)(1+ (i+1)ke)
cg)(1+ (i+1)ek)’

— | —

and

~ (ga™\ 7l (14+1icg)(1+iek) (U =1 (14 (14 1)bf)(1 +idh)
Yin—3 = <en> S5 1+ (i+1)ag)(1+ike)’ Yin-2 = < fm ) EO (1+ (i+1)hb)(1 +ild)’
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Yqn—-1 =

(ka)™ n=1  (1+ (i+1)eg)(1 +iek) B <ln+1> n—1(14+(1+1)bf)(1+ (i+1)dh)
e o (1+({+1Dag)(1+ {1+ 1Dke)’ Yin fm )i (1+@G+1)hb)(1+ (i+1)1d)’

wherex_4=a,x3=b, x p=c¢, x_1=d, xo=e,ys4=Ff, ysz=9, yo=h, y1 =k, andyo =1 with

1
the initial value must be non-zero and ag, kc, hb, ld, cg, ek, bf, dh ¢ {—, n=1,2,...
n

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. That
is,

b1 1:[2 (1+1ihb)(1+1ild) ce™ 1\ =2 (1+ (i+1)ag)(1 + ikc)
X =\ vV ’ X = i
n=7 -1 b (1+ 1+ 1)bf)(1+1idh) b Uan=T ) L (T4 (i+1)eg)(1 +1iek)”
o a1 HZ (14 (i+1)hb)(1+1ild) “ 2 1+( i+1)ag)(1+ (i+1)ke)
ST\t ) L T+ A+ Dbf)(1+ 1+ 1)dh)’ 0 (T+(i+1cg)(1+(i+1)ek)’
and
B gan! “1:[2 (1+1icg)(1 + iek) - “1:12 (1+ (i+1)bf)(1+1idh)
Yan—7 = en—1 ) 10 (1+ (i+1)ag)(1+ike)’ Yan—6 fn— o 1+ +1)hb)(1+1ild)’
_ (ka™! H2 1+(1+1)cg)(1+lek) " 1:12 (1+(+1)bf)(1+ (i +1)dh)
Y5 = "on1 ) L 0 A Dag)i - i+ Dke)” Y47 1) L T+ G+ Do)+ G+ Dld)”
Now, it follows from system (2.1) that
X4n—3
X4an—-7Y4n-—8
= Ym-a(1+Xan7Yan_s)
b1 (1+ihb)(1+ild) -1 bf)(1+(i+1)dh)
1 1+ 1) bf](1+1dh fn—2 g) hb)(I+(i+1)td)
(Y (1+(i+1]bf)(1+(1+1)dh) b 1T (+ihb)(I4ild) | (1n! ﬁ bf)(1+(i+1)dh)
T L (T+(i+Dhb) (1+(i+1)1d) -1 I+ ({A+1D)bf)(I+idh) || 2 hb)(1+(i+1)1d)
bf
_ (1+(n 1)bf)
[ bf)(1+(i+1)dh) bf
<fn T 1:[ )(1+(1+1)1d)>(1+1+(n 1757
n— bf _
i (e 1)bf> "2 (1| (14+1)hb) (1+(i+1)1d)
- bf Il T enan
(T rmemer) \iso
_ b “ﬁz (1+(i+1)hb) (1+(i+1)1d)
— \TOHm-Der+en ) Lo T+ DeN (1) dh)
__ bfn 1:[ 1)hb)(1+(i+1)1d) M“ﬁl (14ihb)(1+ild)
n(1+nbf) 1)bf)(1+(i+1)dh) — 1™ o

—p (1 (+D)bf)(1+idh)”
And similarly

Yin—-3
— Y4n—7X4n—8
Xan—4(14+Yan—7X4n—s)

a™ ! T (I+icg)(1+iek) n1 2 ag)(1+(i+1)kc)
e H (T (L Dag) (11 ike) )(f,n : H )(1+(i+1>ek))
[ en "F (1+(i+1)ag)(1+(i+1)ke) an- ”1‘—[2 (1+icg)(1+iek) e“flﬁ(1+(i+1)a9J(1+(1+1)k0)
a1 (D eg) T+ (i+1)ek) e“ 1 (1+({i+Dag)(I+ike) |\ an=2 L 4 (1+({i+1)cg)(1+(i+D)ek)

(1+(na—gl)ag>

e T (14+(i+1)ag) (1+(i+1)kc) 1+ ag
an—1 L1 (T4 (i+1)cg)(1+(i+1)ek) ( 1+ (n— 1)ag)
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_ (ras o s < 1)cg)(1+(i.+1)ek))
en ( D g) i+1)ag)(1+(i+1)kc)
_ ng 1:[2 i g)(l+(i+1)ek) _(a"g “ﬁl (1+icg)(1+iek)
- 1+nag o ag)(I1+(i+1)kec) — en o (1+(i+1)ag)(1+ike) "

Again, from system (2.1) we get that,

X4n
X4n—4Y4n-5
y4n 1(1+X4n—4Yan—5)

en 2 (14 (i+1)ag) (1+(i41)ke) | (KA1 =2 (14 (141)cg) (1+iek)
an—1 i i+1 o (14+(i+1)ag) (1+(i+1)ke)

- n—1 . —
kg? (1+(i+1)cg) (1+iek) "
( ecil g (1+(i+1)ag) (1+(i+1) ke )) <1+<aenl ];[
ek
(rmaex)
n—1 . "
kal (1+(i+1)cg) (1+iek) N
( e g} (1+(i+1Ja9)(1+(1+1)kc)>(1+1+(f_1)ek)

n k
‘ <1+(neil)ek) Tﬁl (1+(i+1)ag) (1+(i+1)ke)
ka“(l+ﬁ) (1+({i+1)cg)(1+iek)

ag)(1+(i+1)kc)><kan_1 =2 (14 (i+1)cg)(1+iek) ))
cg

en—1 i (14+(i+1)ag) (1+(i+1)kc)

i=

B ( entl )“1—_[1 (1+(i+1)ag) (1+(i+1)ke)
— \a*(1+(n—1)ek+ek) (I+(i+1)cg)(1+iek)

- ( en+l )“1—_[1 (1+(i+1)ag)(1+(i+1)kc) _ en+l “1—_[1 (14 (i+1)ag) (1+(i+1)ke)
— \an( i+1l)cg i

T+nek) (1+(i+1)cg)(I+iek) ~ an

and

y — Yan—4X4n—5
M T D (T Yan—aXan—s)

n *i—f (1+(i+1)bf)(1+(i+1)dh) \ [ afn-1 ‘ﬁz (1+(i+1)hb)(1+ild)
fn—1 o (1+(i+1)hb) (1+(i+1)1d) -1 o (I+(+1)bf) (1+(i+1)dh)
B am T (14 (i+1)hb)(1+ild) = (D) bF) (14 (41 dh) \ (a1 T 1—[ 1)hb)(1+ild)
m Q 1+ e (+(+nan ) (M e L4 O+A+Dhb)(I+(i+1)1d) 1 bf)(1+(i+1)dh)
() "(ritm)
1+(n—1)1d . 1+(n—1)1d 1—[ (14 (i+1)bf) (1+(i+1)dh)
(1+(i+1)hb)(1+ild)

- — ' —
arf (1+(i+1)hb)(1+ild) 1d afn 1+7 =0
<T 13 1+ 1 bf)(l+(i+l)dh)>(1+1+(n71]1d) ( 1+(n— md) :

_ ntlg 1—_[1 (1+(i+1)bf) (14+(i+1)dh) _ [ 1nt] n-l (1+(i+1)bf)(1+(i+1)dh)
df™(1+nld) (I+(i+1)hb)(1+ild) - fn o (I+(i+1)hb) (1+(i+1)1d) "

Also, we can prove the other relations. This completes the proof. O

Example 2.2. In order to verify the results of this section, we deal with some numerical example for the
difference system (2.1) with the initial conditions x_4 =4, x_ 3 =3, x_ 2 =9, x_1 =4, x0 =3, y_4 =
12, y3=9, y» =15 y_1 =5 and yo =9 (see Figure 1).

3. The second system: Xn+1=Xn—3Yn—4/Yn(1+Xn—3Yn—1), Yn+1=Yn—3Xn—4/Xn(1—Yn—3xXn—4)

In this section, we study the existence of analytical forms of the solutions for the following system of
difference equations:

Xn-3Yn—4 Yn-—3%n—4 0,1,... (3.1)

7 == 7 n ==
Un(l +Xn—3ynf4) Yn+

X =
n Xn(l _yn—3xnf4)

having non-zero initial conditions x_4, x_3, X_2, X_1, X0, Y—4, Y—3, Y—2, y—1, and yo, where x_3y_4 #
—1 and X-—2Yy_2 75 1.
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plot of X(n+1)=X(n-3).Y (-4)/Y (n) (1+X(1-3).Y (n-4)),Y (n+1)=Y (n-3) X (n-4)/X () (1+Y(n-3) X (n-4))
14 T T T T T

x(n)
y(n)

x(n).y(n)

I I I
0 5 10 15 20 25 30
n

Figure 1

Theorem 3.1. Suppose that {xn,, Yn} is a solution for the system (3.1), then forn =0,1,...., one obtains

bf™\ n=1  (1—1ihb)(1—ild) ce™\ =1 (1—(i+1)ag)(1—ike)
Xn—3 = ( ) L T+ A+ D)f) (1 +1idh)’ n—2 = <a“> D (T4 (i+ 1)eg) (1 +1iek)’
o — <df“> 1:[1 (1—(i+1)hb)(1—1ild) = <e“+1> n1(1—({+1)ag)(1—({i+1)ke)

" )i T+ GA+1Dbf)(1+ (1+1)dh)’ " an )i M+ @GE+1)cg)(1+(1i+1)ek)’

and

ga™\ =1 (1+1icg)(1+ iek) 1"h\ =1 (1+ (1 +1)bf)(1+1idh)
Yan—3 = ( en ) b (1—(i+1)ag)(1—ike)’ Yin-2= ( fn ) U =i mwa—ua)

ka™\ =1 (14 (i+1)cg)(1+ iek) M\ =1 (14 (A4 1)bf) (14 (i+1)dh)
Jant = ( e“) N a6 Dag)1 -+ Do’ ”4“:( fr )11:[0 (1—(i+Dhb)(1— (i+1)d)’

wherex 4 =a, x_3=b, x2=¢,x1=d, x=e, yys4=Ff,ys=9g, yor=h yi1=%kandyy=1

1
with the initial value must be non-zero and ag, kc, hb, 1d ¢ {n' n=1, 2,...} and cg, ek, bf, dh ¢

1
{—, n=1, 2,...}.
n

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. That
is,

ke

B bfn—l n—2 (1 — 1hb) (1 — 11(1)
X4n—7 (lnl > (1+(i+1)bf)(1+idh)’

—(i+1)ag)(1—ike)
an—6 = (an 1>1 1+ (i+1)cg)(1+1iek)’
dftt\ =2 (1—(i+1)hb)(1 —ild)
n—5 = (l“ ! )in 1+ {1+ 1)bf)(1+ (i+1)dh)’
e™ \ "2 (1—(i+1)ag)(l— (i+1)ke)
Tn- (a“ >U +(A+1)ecg)d+ (i+1)ek)’

and

B <gan1> n—2 (1+icg)(1+i€k)
Yin-7 = o 1—(+1ag)(l—1ike)’
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':l

" "Th\ =2 (14 (i+1)bf)(1 +idh)
Yan—6 = ( 1 > (1—({i+1)hb)(1—ild)’
C (ka™t\ =2 (14 (i41)cg)(1+iek)
ian=s = ( en! ) o (1= (i+Dag)(1— (i+1ke)’
B 2 (1+{A+1)bf)(1+ (i+1)dh)
Yan—4 = (fn 1) . (

1—({i+Dhb)(1—(i+1)d)’
Deducing from system (3.1) we get,

X, X4n—7Y4n—8
4n—3 = Y (I xXan—7Yan_s)

-1 =2 (14 (i41)b 1+ i+1)dh)

2 LU=+ 1) —G+D) ld)

o 1)bf)(1+(i+1)dh) bfn— 17T (1—ihb)(1—ild) m— 1n=3 (1+(i+ f)(1+(i+1)dh)
fn 1 H Tho)(1—(i+r1)td) 1 H 1+ iT1)bf) (1+idn) | | o2 H T—(i+ ) B)(I—(1+1)1d)

bf
_ (m)
1+ 1)bf)(14+(i+1)dh) bf
<fn T H hb)(l—(i+1)1d))(1+1+(n—1)bf)

bf
) <”2 (1—(i+1]hb)(1—(i+1)ld)>

(1—ihb)(1—ild)

b1
( n—1 g (1+(i+1)bf)(1+idh)

fml(ﬁ(in 167
Il tromenirnan

- rer) \iso

w (1+1+(n 67

(1—(i+1)hb)(1—(i+1)1d)
(14+(i+1)bf) (1+(i+1)dh)

b n—2
= (1n(1+(n—1)bf+bf)) };IO

hb)(lf(iJrl)ld) b\ T (1—ihb)(1—ild)
( ) H 1+ iT1)bf)(1+idn)

bfm —
(l“ 1+nbf) ) I;I bf)(1+(i+1)dh) oL

Similarly,

_ Y4n—7X4n—8
Y4n—3 = 3 0Ty rxan )

n—2 N N n—3
(1+icg)(1+iek) en—1 (1—(1
(ge(flfl 11:% (1—(i+1)ag)(1—ikc) <a“ 2 H (I+(1

)
)
(1= (i Dke) a1 (lricg)(+iek) ) (enl ¥
) en T H —(i+1)ag)(I—ikc) an—2 R (

=2 (1 (i+1)ag)(1—(i+1)kc)
(1+(1+1) g)(1+(i+1)ek)

(1+(i+D)cg) (1+(i+1)ek) _ (ﬂg) “ﬁl (1+icg)(1+iek)
—(i g)(1—-(i e ). (I—(i+1)ag)(1—ikc)"

Again extracting from system (3.1), we get

_ X4n—4Y4n—5
Xan = Yan—1(1+X4n—4Yan_s)
en P (1—(i+1)ag)(1—(i+1)kc) kanfl‘ﬁz (14 (i+1)cg)(1+iek)
ar T LT (1) eg) T+ (T4 ek) en T L T—(4 D ag) (1—(i+1)ke)
(ker 7 _Olabegiiiriek) () [ en 7 O-(i+Dag)(—(i+lke)) (ka™ L] __(t(iteg)(+iek)
e £ 4 (I=(i+1)ag)(I—(i+1)kc) FlanT o I+(+Dceg)(1+(i+1)ek) en T LU T—(+Dag)(1-(T+D)ke)
ek
- (l+(n71)ek)
- n—1 . .
kam (14-(i+1)cg)(1+iek) k
or 1:% A—(i+1)ag)(1—(i+1)kc) (l+l+(nefl)ek>
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n(__ek n—1

" (T Tyer) < (1(i+.1)ag)(1(i{r1]kc)>
ka <1+ﬁ> o (1+(i+1)cg)(1+iek)

_ enl "1 (1 _(i+1)ag) (1—(i+1)ke)

— \ar(1+(n—1)ek+ek) Il (1+(i+1)cg)(1+iek)

(et N\ 1—(i+1)ag)(A—(i+Dke) _ (en+1) T (1—(i+1)ag)(1—(i+1)ke)
— \Lan(1+nek) H (14+(i+1)cg)(1+iek) - amn i+1)c i+1)e

and similarly,

Yin
— Y4n—4X4n—5
Xqn—1(1—Ygn—aX4n—5)

L~

m n=2 (14 (i+1)bf) (1+(i+1)dh) afm-17 —(i+1)hb)(1—ild)
fn—1 11_!) (I—(i+Dhb)(I—(i+1)1d) T H 1+ i+1)bf)(1+(i+1)dh)
+
+

df™ n- —(i+1)hb)(1—ild) ™ n=2 4 b (14 (i) dh) | AF T 22 (1 (141 hb) (1—ild)
(T T el )+ (s TR et ) (e T

o AHG+1PA(1+(i+T)dh) n—1 { { O (D) A=+ D) | | n=1 4§ T+E+DeN) I+ ({i+1)dh)
ld n 1d
_ (m) L (m) ﬁ 1+ i+1)bf)(1+(i+1)dh)
N - —(i+1)hb)(1—ild) ld T am (o) LI Re) i)
( 1] 1+ 1) bf)(l+(i+l)dh)>(1_17(n71]ld) ( 1*(“*1”‘1)

_ ntlg 1—_11 (1I+(G+D)bf)(14+(i+1)dh) _ 1n+1> nl:ll (1+(i+1)bf)(1+(i+1)dh)
— \dfr(l1—mld) (I—-(i+1)hb)(1—ild) — fm izo (I—(i+1)hb)(1—(i+1)ld) "

Also, we can prove the other relations. Thus the proof is completed. O

Example 3.2. In order to verify the results of this section, we deal with some numerical example for the
difference system (3.1) with the initial conditions x_4 =5, x_ 3 =2, x_» =4, x_1 =8, x0 =3, y4 =
2, y3=3,y2=>5 y_1 =8, and yo =7 (see Figure 2).

plot of X(n+1)=X(n-3).Y(n—4)/Y(n)(1+X(n-3).Y(n—4)),Y(n+1)=Y (n-3). X(n—4)/X(n)(1-Y(n-3).X(n—4))
25 T T T T T T T T T

—— X(n)

— vy

Figure 2

4. The third system: X 11 =Xn3Yn—4/Yn(—1+Xn_3Yn—4), Yn+1=Yn—3Xn—4/Xn(1+Yn_3Xn_4)

In this section, we study the existence of analytical forms of the solutions for the following system of
difference equations

Xn—3Yn—4 Ynil = Yn—3Xn—4
n(—1 +Xn—3ynf4), nr Xn (1 +Un—3xnf4),

Xnil = n=0,1,..., (4.1)

with non-zero initial conditions x_4, X_3, X_2, X_1, X0, Y—4, Y—3, Y—2, y_1, and yp real numbers.
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Theorem 4.1. Suppose that {xn,, Yn} is a solution for the system (4.1) then forn =0,1,2,..., one obtains

e2n 1‘[ —1+(2i+1)ag)(—1+ (2i+ 1)ke)(—1 + 2iag)(—1 + 2ike)

Xgn—4 =

a? 14 cg)™(1+ek)n ’
n—1
bf2™ [] (=14 (2i+1)hb)(—1 + (2i + 1)1d)(—1 + 2ihb)(—1 + 2ild)
. i=0
Xn—3 = 2"(1 + bf)n (1 + dh)™ ’
n—1
cerm .1‘[0 (—1+ (2i+1)ag)(—1+ (2i+ Dke)(—1+ (2i +2)ag)(—1 + 2ikc)
J— 1=
Hon-2 = a1+ cg)™ (1 + ek)n /
n—1
dfn .HO(—l + (21 +1)hb) (=1 + (2i + 1)1d) (=1 + (21 +2)hb)(—1 +2ild)
J— 1=
Xgn—1 = 2n(1+bf)n(1+dh)™ ’
e2n+l 1‘[ —1+4+ (2i4+1Dag)(—1+ (2i+ Dke)(—=1+ (2i+2)ag)(—1 + (2i +2)ke)
en = a2 (14 cg)(1+ek)n ’
bf2n+l r[ —14 (2i+1Dhb) (=14 (2i + D)ld)(—=1+ (2i +2)hb) (=1 + (2i +2)1d)
o i=0
Tenil = 2T (1 4 bf) (1 + dh)n ’
ce?™1(—1+ag) f[ —1+4 (2i+2)ag)(—1+ (2i + Dke)(—1 + (2i+3)ag)(—1 + (2i +2)ke)
Xgn+2 = a2+ (14 cg)™ (1 + ek)™ ’
df"+1(—1 +hb) f[ —1+ (21 +2)hb)(—=1+ (2i +1)1d) (=1 + (2i 4+ 3)hb)(—1 + (21 +2)1d)
Xgn+3 = 12n+1(1 + bf)n+1(1 + dh)n+l ’
and
12" (1 +bf)™ (14 dh)™
y8n—4 - 7
f2n—1 1‘[ —1+4 (2i+1)hb)(—1 + (2i + 1)1d)(—1 + 2ihb)(—1 + 2ild)
s = ga®(1+cg)™(1+ek)™
n—s n—1 ’
e [1 (=14 (2i+1)ag)(—1+ (2i + 1)ke)(—1+ (2i +2)ag)(—1 + 2ike)
i=0
h1*™ (14 bf)™(1+ dh)™
Ysn—2 = 1 ’,
20 T (=14 (2i 4+ 1)hb) (=14 (2i + 1)1d)(—1 + (21 +2)hb)(—1 + 2ild)
i=0

ka?™(1+cg)™(1+ek)™
ySTL*l 7

e2n H —1+ (2i+1)ag)(—1 + (2i+ Dke)(—1 + (2i +2)ag)(—1 + (2i +2)ke)

y 121 4+ bf)M (14 dh)™
8n — - ’
20 TT (=14 (2i 4+ 1)hb) (=1 + (2i + 1)1d) (=1 + (21 +2)hb)(—1 + (2i +2)1d)
1=0

y ga®™ (14 cg)™(1+ek)™
8n+1 = e ’
en+1(—14 ag) 1‘[1(—1 +(21+2)ag)(—1+ (2i+1Dke)(—1+ (21 +3)ag)(—1 + (2i +2)kc)
i=0
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hP (14 b)) (14 dh) !

Ygn+2 = T 7
f2n+l(—1 4 hb) 1‘[1(—1 + (21 +2)hb) (=1 + (2i+1)1d) (=1 + (21 + 3)hb)(—1 + (21 + 2)1d)
i=0
ka?™ (1 4 cg)™ (1 + ek)™
Ygn+3 = 1 ,
ent1(—1 +ag)(—1+ke) [T (=1+ (2i+2)ag)(—1+ (2i+2)ke)(—1+ (2i+3)ag)(—1 + (2i +3)kc)
i=0

wherex_4=a,x3=b,x2=c¢c,x1=d, xp=¢€, Yy 4=1,y3z=9, yo=h y_ =Xk, and yo=1with

1
the initial value must be non-zero and ag, kc, hb, ld ¢ {n' n=1,2,.. } ,and cg, ek, bf, dh # —1.

Proof. For n = 0, the result holds. Now suppose n > 0 and our supposition hold for n — 1. That is,

e2n—2 1_[ —1+4 (2i+1)ag)(—1+ (2i+ 1)ke)(—1 +2iag)(—1 + 2ike)

Ten—12 = a?n3(1+cg)™ (1 +ek)n! ’

bfin—2 1‘[ —1+ (2i+1)hb) (=14 (2i + 1)1d)(—1 +2ihb)(—1 +2ild)

Xen—11 = 2n—2(1 1 bf)n—1(1 4 dh)n—1 /

e2n—2 ]_[ -1+ 2i+1)ag)(—1+ (2i+ Dke)(—1+ (21 +2)ag)(—1 + 2ikc)

Xgn—10 = a?n—2(1+cg)™1(1 + ek)n—1 ’

afn—2 1‘[ —1+ (2i4+ 1hb) (=1 + (2L + 1)1d)(=1 + (2i + 2)hb)(—1 + 2ild)
i=0

n—9 = 12n=2(1 4 bf)n—1(1 + dh)n—1 '

e2n—1 1‘[ —14 (2i+1)ag)(—1+ (2i+ 1Dke)(—1 4+ (2 +2)ag)(—1 + (21 +2)ke)

en—8 = a?n=2(1 4 cg)™ (1 + ek)n1 ’

pf2n—1 1‘[ —1+4 (2i+ 1Dhb) (=1 + 21+ 1)1d) (=1 + (2i +2)hb) (=1 + (2i +2)1d)

n—7 = 2n1(1+ b (1 + dh)n ! ’

n—2
ce® 1(—1+ag) [](—1+ (2i+2)ag)(—1+ (2i+ Dke)(—1+ (2i +3)ag)(—1 + (21 +2)ke)
B i=0
-6 = a2 1(1+cg)™(1+ek)n! '
n—2
dfP"~1(—1+hb) J] (=1 + (21 +2)hb)(—1+ (21 +1)1d)(—1 + (2i +3)hb)(—1 + (2i +2)1d)
o i=0
en—5 = 2 1(1 1 bf)n (1 + dh)" '
and
M 2(14+bf)" (1 + dh) !
Ysn—12 = po— /
f2n=3 [T (=14 (2i+ 1)hb) (=1 + (2i + 1)1d)(—1 + 2ihb)(—1 +2ild)
i=0
ga®2(14cg)™ 14 ek)™ !
Ysn—11 = - /
e=2 TT (=1 + (2i+1)ag)(—1 + (2i + 1)ke)(—1 + (2i +2)ag)(—1 + 2ikc)
i=0

hi>"2(1 4 bf)" (14 dh)™ !
Ysn—10 = ,

fan—2 1‘[ -1+ (2i+1)hb)(=1+ (21 + 1)1d)(—1 + (2i +2)hb)(—1 + 2ild)




M. M. El-Dessoky, A. Khaliq, A. Asiri, ]. Nonlinear Sci. Appl., 11 (2018), 49-72

58

y ka?2(1+cg)™ 11+ ek)n!
8T‘L—9 - 7

e2n—2 1‘[ —14 (2i+1Dag)(—=1+ (2i+ Dke)(—=1+ (2i+2)ag)(—1 + (2i +2)ke)

11+ o) 11+ dhn !
ySn—S - 7

fan—2 1‘[ —1+ (2i+ 1)hb) (=1 + (21 + 1)1d) (=1 + (2i + 2)hb) (=1 + (2i + 2)1d)

y gaz“*l(l —&-cg)“*1(14—(al<)”*1
8n—7 = 7

en—1(1 + ag) ﬁ —1+4 (21 +2)ag)(—1 + (2i+ Dke) (=1 + (2i + 3)ag)(—1 + (2i +2)ke)

y h12n—1(1 + bf)™ (1 + dh)"2
8n—6 — ’

f2n—1(—1 + hb) 1:[ 1+ (2i+2)hb) (=1 + (21 + 1)1d)(—1 + (2i + 3)hb) (—1 + (2i +2)1d)

ka?™ (1 +cg)™(1+ek)™ !

Ysn—5 = -3
i=0

Now, we deduce from system (4.1) that

e 1(—1+ag)(—1+ke) I (—1+ (2i+2)ag)(—1+ (2i +2)ke)(—1 + (2i+3)ag)(—1 + (2i + 3)ke)

X8 L= X8n—8Ysn—9
T Ygnos(—1+ xgn— sysn 9)
e 1]_[ —1+(2i+1)ag) (—14+(2i+1)ke) (—14+(2i4+2)ag) (—1+(2i+2)kc)
a?"2(14+cg)™ 1 (1+ek)n1
ka2 2(14cg)™ 1 (1+ek)™!
en— 21_[ —14+(2i+1)ag) (—1+(2i+1)ke) (—1+(2i+2)ag) (—1+(2i+2)kc)
ka®™1(14+cg)" (1+ek)™!
en-1(—14ag)(—1+kc) H —14+(2i+2)ag) (—1+(2i+2)ke) (—1+(2i+3)ag) (—1+(2i+3)kc)
en— 1]_[ +(2i4+1)ag)(—14+(2i+1)ke) (—14+(2i+2)ag) (—1+(2i+2)kc)
-1 + a2n—2(1+cg)n—1(1+ek)n—l
ka?2(1+cg)™ 1 (14+ek)™!
en— 21_[ —1+(2i+1)ag)(—1+(2i+1)kc) (—1+(2i+2)ag) (—1+(21+2) kc)
n—2
o2n [T (=14 (2i+2)ag)(—1+ (21 +2)kc)(—1+ (2i+3)ag)(—1+ (21 + 3)kc)
_ i=0
N <a2“1 (1—|—ek)> (14 cg)™(1 +ek)n1
e2n 1‘[ —1+4 (2i+1ag)(—1+ (2i + 1)ke)(—1 +2iag)(—1 + 2ike)
- a2 =1(1+cg)™(1 + ek)™
Similarly,
_8X8n —
Ysn_a = Ysn—8X8n—9

Xgn—5(1+Ysn—8Xgn—9)
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=114 b )1 (14-dh)"1

fn— 21_[ —1+(2i+1)hb) (—14+(2i+1)1d) (—14+(2i+2)hb) (—1+(21+2)1d)

arn-2 ]_[ —1+(2i4+1)hb) (—1+(2i+1)1d) (=14 (2i+2)hb) (—1+2ild)

P 2(1+bf)™ 1 (1+dh)™ 1

df?"—1(—14+hb) 1:[ —14+(2i4+2)hb) (—1+(2i+1)1d) (—1+(2i+3)hb) (—1+(2i+2)1d)

12n—1(14+bf)" (1+dh)™

P l4bf)" H(14dh) !

1+
fn—2 H —1+(2i+1)hb) (—=1+(2i+1)1d) (—1+(2i+2)hb) (—1+(2i+2)1d)

dafn—2 ]_[ —14+(2i+1)hb) (—1+(2i+1)1d) (—1+(2i+2)hb) (—1+2ild)

12n-2(14+bf)n1(1+dh)n-1!

1211
(—1+(2n—2)ld> (1+bf)" (1+dh)™

|
¥

n ld n
df? 1(”%)(” 1+(2n— 2)ld) (—14+(2i4+2)hb) (—1+(2i+1)1d) (—1+(2i+3)hb) (—1+(2i+2)1d)
0

-
Il

12n (1+bf)" 1(1+dh)!

(de“*1(1+hb)( T+ (2n—1 1d) =
H —1+(2i+2)hb) (—1+(2i+1)1d) (—1+(2i+3)hb) (—1+(2i+2)1d)

2" (1 +bf)™ (1 + dh)™

fan—1 1‘[ —1+ (2i+1)hb)(=1+ (2i + 1)1d)(—1 + 2ihb)(—1 + 2ild)

Again, we see from system (4.1) that

X8n—7Y8n—=_§
Ysn—4a(—1 4+ Xgn— 7y8n 8)

Xgn—3 =

bfin— 1]_[ —1+(2i4+1)hb) (—1+(2i+1)1d) (—1+(2i+2)hb) (—1+(2i+2)1d)

P T(I+bf)" (1+dh)n T

1 4+bf) 1 (1+dh)™ !

f2n— 2]_[ —14+(2i+1)hb) (—1+(2i+1)1d) (—1+(2i+2)hb) (—1+(2i+2)1d)

12" (14+bf)" (1+dh)™

fan—1 H —1+(2i+1)hb) (—=1+(2i+1)1d) (—1+2ihb) (—1+2ild)

bt H —1+(2i+1)hb) (—1+(2i+1)1d) (—1+(2i+2)hb) (—1+(2i+2)1d)
-1+

12n-1(14+bf)" (14dh)n !

P la4bf) 1 (14dh) !

f2n— 2]_[ —14+(2i+1)hb) (—14+(2i+1)1d) (—1+(2i+2)hb) (—1+(2i+2)1d)
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bfZTl
12n (1 4 bf) (1+bf)"(14+dh)"™
n—1
H (=14 (2i4+1)hb) (—14(2i+1)1d) (—142ihb) (—142ild)
i=0
n—1
bf2™ TT (=1 + (2i+ 1)hb)(—1+ (21 + 1)1d)(—1 + 2ihb)(—1 + 2ild)
o i=0
N 12n(14+bf)n(1+ dh)" ’

and

Y8n—7X8n—8
Xgn—4(1 +Ysn—7Xsn—s)

Ysn-—3 =

ga®™ (14cg) (1+ek)™!

n—2

e2n1(—14ag) [ [ (—1+(2i+2)ag) (—1+(2i+1)ke) (—1+(2i+3)ag) (—1+(2i+2)ke)
i=0

en—1 H —14+(2i+1)ag) (—1+(2i+1)ke) (—1+(2i+2)ag) (—1+(2i+2) kc)

a?n—2(1+cg)"1(1+ek)n!

H —14+(2i+1)ag) (—1+(2i+1)kc) (—1+2iag) (—1+2ike)

a?1(1+cg)™(1+ek)™

14 ga? 1(14cg)" (1+ek)™ !
n—2
em-1(14-agq) H (—14(2i+2)ag) (—1+(2i+1)ke) (—=1+(2i+3)ag) (—1+(2i+2)kc)
i=0
e2n—1 H —1+(2i+1)ag) (=14 (2i+1)ke) (—1+(2i+2) ag) (—1+(2i+2)kc)
a?"2(1+cg)™ 1 (1+ek)™ 1
(=)
- —1+(2n—1)ag
- n—1
[T (—1+@i+1)ag) (—1+(2i+1)ke) (—14+2iag) (—1+2ike)
e (14 T ragy ) |
(—1+(2n—1)ag) (14cg)™(14+ek)™
B ga®™(1+cg)™(1+ek)™
o n—1
e2n(—1+2nag) [] (—1+ (2i+1)ag)(—1+ (2i+ 1)ke)(—1 +2iag)(—1 + 2ikc)
i=0
(14 cg)™(1+ek)™

en ]_[ -1+ 21+1)ag)(—1—|—(2i+1)kc)(—1—|—(2i+2)ag)(—1+2ikc)'

Now, we see from system (4.1) that

X8n—4Y8n—5
Ysn—1(—1 4 Xgn—4Ysn—5)

Xgn =
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n—1

e [T(—1+(2i+1)ag) (—1+(2i+1)ke) (—1+2iag) (—1+2ike)
i=0

a1(1+cg)"(1+ek)™

ka?1(14cg) (1+ek)™ !

en—1(—1+ag)(—1+kc) H —1+(2i4+2)ag) (—1+(2i+2)kc) (—1+(2i+3)ag) (—1+(21+3) kc)

ka? (14+cg)™(1+ek)™

n—1
en H (=1+(2i+1)ag) (—1+(2i+1)ke) (—1+(2i+2)ag) (—1+(21+2)ke)
i=0

e [ [ (=14 2i4+1)ag) (—1+(2i+1)ke) (—14+2iag) (—1+2ike)
1+ i=0

a?1(1+cg)™(1+ek)™

ka2 (1+cg) (14+ek)™?

en—1(—1+ag)(—1+kc) H —1+(2i+2)ag) (—1+(2i+2)ke) (—1+(2i+3)ag) (—1+(2i+3)kc)

n—1
(%) [T(-1+@i+1)ag)(—1+2i+1)ke) (—1+(2i+2)ag) (—1+(2i+2)ke)
i=0

aZn( 1+ 1+ek)>

e2n+l 1‘[ —1+(2i+1)ag)(—1 + 21+ Dke) (=14 (2i +2)ag)(—1 + (2i +2)kc)

(I14+cg)™(1+ek)™

a?n(1+cg)n(1+ek)™
Similarly,

Ygn—4X8n—>5
Xgn—1(1 +Ysn—4Xgn—5)

Ysn =

12" (14bf)™ (1+dh)™

fan— 11_[ +(2i+1)hb)(—1+(2i+1)1d) (—1+2ihb)(—1+2ild)

df?"=1(—14+hb) H —14+(2i4+2)hb) (—1+(2i+1)1d) (—14+(2i+3)hb) (—1+(2i+2)1d)

P T (14 bf)" (1 dh)™

dfn ]_[ —1+4(2i+1)hb) (—1+(2i+1)1d) (—1+(2i+2)hb) (—1+2ild)

121 (14+bf)" (1+dh)"

PN (14bf)™ (1+dh)™

1 + n—1
201 [ [ (=14 (2i4+1)hb) (14 (2i+1)1d) (—142ihb) (—1+2ild)
i=0
n—2
arm-1(— 1+hb)H( 14 (2i4+2)hb) (—1+(2i+1)1d) (—1+(2i+3)hb) (—14+(2i+2)1d)
i=0
Pl (1+bf)™ (1+dh)™
_ et
(—1+(2n—1)1d) (1+bf)* (1+dh)™

n—1
f2n (1 + m> ]_[ (—1+(2i+1)hb) (=14 (2i+1)1d) (—14+(2i+2)hb) (—1+2ild)

i=l
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1211 4+ bf) (1 + dh)™

f2n(—1 4 2nld) nf[l(—l 1 (2i+ 1)hb) (=1 + (21 + 1)1d)(—1 + (2i + 2)hb)(—1 + 2ild)
i=0

121 (1 4+ bf)™ (14 dh)™

f2n TT (=1 + (2i + 1)hb) (=1 + (20 + 1)1d)(—1 + (20 + 2)hb)(—1 + (21 +2)1d)
i=0

Also, the other relations can be proved similarly. This completes the proof. O

Example 4.2. In order to verify the results of this section, we show a numerical example for the difference
system (4.1) with the initial conditions x_4 = 0.55, x_3 =04, x_» =05, x_;1 =06, X0 =2, y_4 =
09, y3=0.7, y—» =025 y_1 =0.38, and ypo = 0.31 (see Figure 3).

plot of X(n+1)=X(n-3)Y(n-4)/Y (n)(1+X(n-3)Y(n-4)),Y(n+1)=Y(n-3)X(n-4)/X(n) (=1 +Y(n-3)X(n—4))
5 T T T T T T T T

x(n)
y(n)

Figure 3

5. The fourth system: Xy 11 =Xn—3Yn—a/Yn(1+Xn—3Yn—4), Yn+1=Yn—3Xn—4/Xn(—1—Yn_—3Xn_4)

In this section, we study the existence of analytical forms of the solutions for the following system of
difference equations:

Xn—3Yn—4 y | = Yn—3Xn—4
Un(l+xn3yna) 7 xXn(—1—yn 3xn 4)’

Xni1 = n=0,1,2..., (5.1)

with non-zero initial conditions x_4, X_3, X2, X_1, X0, Y_4, Y—3, Y_2, y_1 and yg.

Theorem 5.1. Suppose that {xn,, Yn} is a solution for the system (5.1) then forn =0,1,2,...., one obtains

(e \ = (14 (2i+1)ag)(1+ (21 + 1)ke)(1 4 2iag)(1 + 2ike)
Xgn—4 = <a2n—1> o (1+(2i+1)cg)(1+ (2 +1)ek)(1 + 2icg)(1 + 2iek)

C/b2M\ =l (14 (214 1)hb)(1 + (2i+ 1)1d)(1 + 2ihb) (1 + 2ild)
Xgn—3 = < 12n > o 1+ 21+ 1D)bf)(1+ (2i+1)dh)(1 + (21 +2)bf)(1 + 2idh)’
ce’™\ =1 (1+ (2i+1)ag)(1+ (2i+ 1)ke)(1 + (21 +2)ag)(1 + 2ike)
Xgn—2 = < 2n ) =0 (1+(2i+1)cg)(1+ (2i+1)ek)(1 + (2i+2)cg) (1 + 2iek) ’
dfPm\ n=1 (14 (2i+1)hb)(1+ (2i+1)1d)(1+ (21 +2)hb)(1 +2ild)
Xgn—1 = < 2n ) EO (1+ (2i+1)bf)(1+ (2i+1)dh)(1 + (21 +2)bf)(1 + (21 +2)dh)’
eZ 1\ =1 (1 4+ (2i +1)ag)(1+ (2i+ 1)ke)(1 + (2i+2)ag)(1+ (2i+2)kc)
Xgn = < o2n > EO (14 (2i+1)cg)(1+ (2i+1)ek) (14 (2 +2)cg) (1 + (2i+2)ek)”
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(bl (1+ (2i+1)hb)(1 + (21 + 1)1d)(1 + (21 +2)hb)(1 + (2i +2)1d)
Xgn+1 = <[2T1+1(1_|_bf)> o (1 +(21+2) f)(1+ (2t +1)dh)(1+ (214 3)bf)(1 + (21 +2)dh)’
(—1)ce*1(1 + ag) n,l + (21 +2)ag)(1+ (2i+ 1)ke)(1+ (2i+3)ag)(1 + (21 +2)ke)
Xgn+2 = < a2 +1(1+ cg) > . 1 +(2i+2)cg)(1+ (2L +1)ek)(1+ (21 +3)cg) (1 + (2i +2)ek)”
(—1)df2"*+1(1 + hb) (1+ (2i+2)hb)(1+ (21 +1)1d)(1 + (21 +3)hb)(1 + (21 +2)1d)
en+3 = <12n+1 1+bf)(1+dh) ) 11;[0 1+ (2i+2)bf)(1 + (21 +2)dh)(1 + (21 +3)bf)(1+ (2i +3)dh)’

and
1 (14 (2 + 1)bf) (1 + (2i+ 1)dh)(1 + 2ibf)(1 + 2idh)
(1+(2i+1)hb)(1+ (21 +1)1d)(1 +2ihb)(1 +2ild)’
(14 (2i+1)cg)(1+ (2i+1)ek)(1 4 2icg)(1 + 2iek)
0 (I+(2i+1)ag)(1+ (2i+1)ck)(1+ (2i+2)ag)(1 + 2ick)’
A+ 21+ 1D)bf)(1+ (2L +1)dh)(1 + (21 +2)bf)(1 + 2idh)
0o (1+ 21+ 1)hb)(1+ (2i+1)1d)(1 + (2i +2)hb)(1 +2ild)’
(1+ (2i+1)cg)(1+ (2i+1)ek)(1+ (21 +2)cg)(1 + 2iek)
o0 (1+(2i+1)ag)(1+ (2i+1)ck)(1+ (2L +2)ag)(1 + (2i +2)ck)’
PPN el (14 (28 4+ 1)bf) (1 + (28 + 1)dh) (1 + (21 +2)bf) (1 + (21 +2)dh)
) 0 (1+ 21+ 1Dhb)(1+ (2i+1)1d)(1 + (2 +2)hb) (1 + (21 +2)1d)”
—1)ga?™ 1 \ n=1 (14 (2i+1)cg)(1+ (2i+1)ek) (1 + (21 +2)cg) (1 + (2i +2)ek)
n+1(1 + ag)> o (14+(21+2)ag)(1+ 21+ 1)ek) (1 + (2i+3)ag) (1 + (21 +2)ck)’
(—DhIZM1(1 4+ bf)\ n=1 (14 (2i+2)bf) (1 + (21 + 1)dh) (1 + (2i + 3)bf)(1 + (2i +2)dh)
f2n+1(1 1 hb) ) b 0+ 21+ 2)hb) (1 + (2i+ D) (1 + (21 + 3)hb) (1 + (2i + 2)1d)
ka? (1 +cg) n—1 (1 4+ (2i+2)cg)(1+ (2i+1)ek) (14 (21 +3)cg) (1 + (2i +2)ek)
Ysn+s = <62“+1(1 Fag)(1+ ck)> S0 1+ (2i+2)ag)(1+ (2i+2)ck)(1+ (2i+3)ag) (1 + (2i + 3)ck)’

| -
Ty
1
N———"
-
1\3\

3
R

[ay

el H:lw =

N[ —

wherex 4 =a,x3=b,x2=c¢,x1=d, xo=e, yas4=1,y3=9g,yo=nh y_ 1=k andyo =1 with

1
the initial value must be non-zero and ag, kc, hb, 1d, cg, ek, bf, dh ¢ —y n=1,2,...;.

Proof. For n = 0, the result holds. Now suppose n > 0 and our supposition hold for n — 1. That is,

62“2> n—2(1+(2i+1)ag)(1+ (2i+ 1)ke)(1 +2iag)(1 + 2ike)
0 (1+(2i+1)cg)(1+ (2i+1)ek)(1 +2icg)(1 + 2iek)’
—2  (1+ i+ 1)hb)(1+ (21 +1)1d)(1 +2ihb)(1 + 2ild)

o (1+(2i+1)bf)(1+ (21 +1)dh)(1 + (2i +2)bf)(1 + 2idh)’
(1 + i+ 1ag)(1+ 21+ Dke)(1+ (21 +2)ag) (1 + 2ike)
(1+ (2i+1)cg)(1+ (2i+1)ek)(1 + (2 +2)cg)(1 + 2iek)

(e) T

dfPn=2\n=2 (14 (2i+1)hb)(1+ (2i+1)1d)(1 + (21 +2)hb)(1 +2ild)
-9 = ( 12n—2 > 1;[

( —2

—_—

— | —

(1+2i+1Dbf)(1+ (2i+1)dh)(1+ (21 +2)bf)(1 + (21 +2)dh)’
e2“1> H 1+ 2i+1Dag)(1+ 21+ Dke)(1+ (2i+2)ag)(1+ (21 +2)ke)
o 1+ 21+ Deg)(1+ 21+ 1ek)(1+ (2i+2)eg)(1+ (2i+2)ek)”
bf2n—1 2 (14 (2i+1Dhb)(1+ i+ 1)1d)(1+ (2i +2)hb)(1 + (21 +2)1d)
12n— 1(1+bf)> o (T+(2i4+2)bf)(1+ 21+ 1)dh)(1 + (21 +3)bf)(1 + (21 +2)dh)’
(—1)ce?™— 1(1—1—(19))”2 (14+21+2)ag)(1+ (2i+Dke)(1+ (21 +3)ag) (1 + (21 +2)ke)
o 14+ (21+2)eg)(1+ (21 +1)ek) (1 + (2i+3)cg) (1 + (2i +2)ek)’

— | —

a?n~1(1+cg)
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(=1)df> (1 +hb) \ =2 (14 (2i+2)hb)(1+ (2i+ 1)1d)(1 + (21 +3)hb)(1 + (21 +2)1d)
en—5 = <12n—1(1+bf)(1+dh)> EO (14 (2i+2)bf)(1+ (2L +2)dh)(1 + (2i+3)bf)(1+ (21 +3)dh)’
and
122\ n=2 (14 (2i 4+ 1)bf)(1 4 (2i + 1)dh)(1 4 2ibf)(1 +2idh)
Ysn—12 <f2n—3> EO (14 (2i+ 1)hb)(1 + (2i + 1)1d)(1 + 2ihb)(1 +2ild)’
ga®™ 2\ n=2 (14 (2i+1)cg)(1+ (2i +1)ek)(1 +2icg)(1 + 2iek)
Ysn—11 = < e2n—2 ) S0 1+ i+ 1Dag)(1+ (2i+ 1)ck)(1+ (2i+2)ag)(1 + 2ick)’
h12"—2\ n=2 (14 (21 4+ 1)bf)(1 + (2i + 1)dh)(1 + (2i +2)bf)(1 + 2idh)
et < fan-—2 > S0 (T+ 2L+ 1)hb)(1+ (2i+ 1)1d)(1 + (2i+2)hb)(1 4 2ild)’
ka2 2\ =2 (14 (204 1)eg)(1+ (2t + 1)ek)(1+ (21 +2)cg) (1 + 2iek)
Hin=9 = < e2n—2 ) EO (1+ (2i+1Dag)(1+ (2i+ 1)ck)(1+ (2i+2)ag)(1+ (2i+2)ck)’
121N\ n=2 (1 4 (2i + 1)bf) (1 + (28 + 1)dh)(1 + (21 4+ 2)bf)(1 + (21 +2)dh)
Yin—5 = <f2n—2> EO (14 (2i+ Dhb)(1 + (2i+ D)) (1 + (2 +2)hb) (1 + (2i +2)1d)”
(—1)ga?™ 1 \ =2 (1+ (2i+1)eg)(1+ (2i+ 1)ek)(1+ (2i+2)cg)(1+ (21 +2)ek)
Yan-7 = <e2“—1(1+ag)> S0 (14 (2i+2)ag)(1+ (2i+1)ck)(1+ (2i+3)ag) (1 + (2i+2)ck)’
—DR2 (14 bf) | =2 (14 (214 2)bf)(1+ (2i+1)dh)(1 4 (2i+3)bf) (1 + (2i +2)dh)
Yin—6 ( 2n—1(1 + hb) ) EO (14 (2i+2)hb)(1 + (2i+ D) (1 + (21 +3)hb) (1 + (2i +2)1d)”

_( ka?™ (1 +cg) )n2 (1+(2i+2)cg)(1+ (21 +1)ek)(1+ (2i +3)cg) (1 + (21 +2)ek)
Y8n=5 = { n—1(1 1 ag)(1+ ck) ) i (1+ (2i+2)ag)(1+ (2L +2)ck) (1 + (2i+3)ag)(1 + (2i+ 3)ck)”

Deducing from system (5.1)

Xgn—8Ysn-—9
Ysn—5(1+xgn—8Ysn—9)

en—1 “1:[2 (1+(2i4+1)ag) (14 (2i4+1)ke) (1+(2i4+2)ag) (14 (2i4+2) ke)
a?n—2 - (I+(2i+1)cg) (I+ (2i+1D)ek) (1+(2i+2)cg) (1+(2i+2)ek)

Xgn—4 =

==

ka2n-2 “1:[2 (1+(2i+1)cg) (1+(2i+1) ek) (1+(2i+2)cg) (1+2iek)
en—2 iy (14+(2i+1)ag) (1+(2i+1)ck) (1+(2i+2)ag) (1+(2i+2)ck)

e2n—1(1+ag)(1+ck) i (1+(2i+2)ag) (1+(2i+2)ck) (1+(21+3) ag) (1+(21+3)ck)

1+ ((eznl) n-—2 (1+(21+1)ag)(1+(21+1)kc)(1+(2i+2)ag)(1+(21+2)kc)>
0 (1 k)
1=

<< ka?1(1+cg) )“1—[2 (1+(2i+2)cg)(1+(2i+1)ek)(1+(2i+3)cg)(1+(21+2)ek))

+(2i+1)cg) (1+(2i+1)ek) (1+(2i+2)cg) (1+(2i+2)e

a2n—2 nl:[Z (14 (2i4+1)cg) (1+(2i+1)ek) (1+(2i+2)cg) (14+2iek)
7 ) Ll T2 ag) (1+ i T)ek) (1+(2i+2)ag) (1+(20+2)ek)

eZn
((1+(2n72Jek)>(”a9)(”°k) " (14(242)ag) (14 (2042)ek) (1+ (2i43) ag) (1+(2i-+3)ck)
a2n71(1+C9)<1+1+(2§52)ek> o (1+(2i4+2)cg) (1+(2i+1)ek) (1+(2i+3)cg) (1+(2i+2)ek)

B ( e (14+ag)(1+ck) ) “1:[2 (1+(2i42)ag) (14 (2i4+2)ck) (14 (2i4+3)ag) (14 (2i4+3)ck)
B Jek)

a?1(1t+cg)(1+(2n—1 L (T (2042)cg) (T+(20+T)ek) (T+(2043)cg) (1+(21+2)ek)

R 1—_[ (14 (2i+1)ag) (1+(2i+1)ke) (1+2iag) (1+2ike)
- (1+(2i+1)cg)(1+(2i+1)ek)(1+2icg)(1+2iek) °

and

Y8n—-8X8n—9
Xgn—5(—1—Ysn—8Xsn—9)

Ysgn—4 =
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<(12n—1 ) “1:[2 (1+(2i+1)bf) (1+(2i+1)dh) (14 (2i+2)bf) (1+(2i+2)dh)>
fan—2 I+ 2+ hd) (I+ (2i+1)1d) (1+(2i+2)hb) (1+(2i+2)1d)

a2\ 2 (14 (2i41)hb) (1+(2i41)1d) (14 (2i+2)hb) (142i1d)
-2 ) 1l T Do) 0+ @it dh) (1+(2i+2)bf) (1+(2i+2)dh)
1

=0
(—1)df21(1+hb) “1:[2 (14 (2i+2)hb) (14 (2i+1)1d) (1+(2i+3)hb) (1+(2i+2)1d)
12n-1(14+bf)(14+dh) o (1+(2i4+2)bf) (14 (2i+2)dh) (14 (2i+3)bf) (1+(2i+3)dh)

g (e “1:[2 (1+(2i+1)bf) (1+(2i+1)dh) (1+(2i+2)bf) (1+(2i+2)dh)
72 ) 1L (T QU RD) (T 23 D Td) (T+ (2042 R) (T+ (2142)1d)
afn—2 “1:[2 (1+(2i+1)hb) (14 (2i+1)1d) (1+(2i+2)hb) (1+2ild)

ez ) LU T+ R RN (T4 21 dh) 1+ 2i+2)b1) (T+(21+2)dh)

12n
<(1+(2nf2)ld)>(1+b”“+dh) N2 (14 (2i42)bf) (14 (2i42)dh) (14 (2i+3)bF) (1+(2i+3) dh)
TR (F— — (T (2i+2)hb) (1+ (2i41)1d) (I+ (2143)hb) (1+ (2i+2)1d)

N ( 12" (14+bf)(14+dh) ) “1:[2 (14+(2i42)bf) (14 (2i4+2)dh) (14 (2143)bf) (1+(2i+3)dh)

f2n-1(1+hb)(1+(2n—1)1d) 0 (1+(2i+2)hb) (1+(2i+1)1d) (1+(2i+3)hb) (1+(2i+2)1d)

i=0

B ( 12n )“‘1 (14 (2i41)bf) (1+(2i+1)dh) (1+2ibf) (142idh)

7T ) LU T R DRe) (1+ 20 1)1d) (1+2iR0) (1+211d) *
1=

Again, extracting from system (5.1) we get,

Xg8n—6Y8n—7
Ysn—3(1+xsn—6Ysn—7)

(—1)ce®™ (1+ag) “ -2 (1+(2i4+2)ag) (14 (2i+1)ke) (1+(2i+3)ag) (1+(2i+2)ke)
aZ“ 1(1+cg) (1+(2i+2)cg) (1+(2i+1)ek) (1+(2i+3)cg) (1+(2i+2) ek)

Xgn—2 =

(—1)ga?™1 1—[ ( +(2i+1)cg)(1+(2i+1)ek) (1+(2i+2)cg) (1+(2i+2)ek)
e2n—T(14+-agq) (1+(2i+2)ag) (I1+ (2i+Dke) (1+(2i+3)ag) (1+ (2i+2)kc)

B ga®" ”1:[ (1+(2i+1)cg) (1+(2i+1)ek) (1+2icg) (1+2iek)
o (1+(2i+1)ag) (1+(2i+1)kc) (1+(2i4+2)ag) (1+2ikc)

14 (—1)ce?™ (1+ag)\ T -2 (1+(2i4+2)ag) (14 (2i4+1)ke) (1+(2i+3)ag) (14 (2i4+2)kc)
aZ“ T(1+cg) (1+(2i+2) g)(1+(21+1)ek)(l+(21+3)cg)(1+(21+2)ek)

(—1)ga?—3 “1:[ +(2i+1)cg) (1+(2i+1)ek) (1+(2i+2)cg) (1+(2i+2)ek)
e2n—3( 1+ag . +(2i+2)ag)(1+(2i+1)kc)(1+(2i+3)ag) (1+(2i+2)kc)

cen >
(1+2(n—1)cg

o cg 2l (14 (2i+1)cg) (1+(2i+1)ek) (1+2icg) (1+2iek)
a (l+1+2(n 1]cg) 1:!)(1+(ZiJrl)ag)(lJr(ZiJrl)kc)(1+(21+2)ag](1Jr2ikc)

2n "1 (14 2i41)ag) (1+(2i41)ck) (14+(2i+2) ag) (142ick)

- ( a2n (§i2ncg) ) il:IO (I+(2i+1)cg) (1+(2i+1)ek) (1+2icg) (1+2iek)

_ [ ce™ nﬁl (14 (2i+1)ag) (1+(2i+1)ke) (1+(2i4+2)ag) (1+2ikc)
—\am o (1+(2i+1)cg)(1+(2i+1)ek) (1+(2i+2)cg) (1+2iek) *

and

Ygn—6Xgn—7
Xgn—3(—1—Ysn—6Xsn—7)

Ysn—2 =
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<(( —1)h121(14-bf) )“1—[2 +(2142) bf)(1+(2i+1)dh)(1+(2i+3)bf)(1+(2i+2)dh)>

-1 (1+hb +(2i+2)hb) (1+(2i+1)1d) (1+(2i+3)hb) (14 (2i+2)1d)

i=0
pf2n-1 “1:[2 (14 (2i+1)hb) (1+(2i+1)1d) (1+(2i+2)hb) (1+(2i+2)1d)
T ) L T2 B (1 (2001 dh) (T+ (25+3)bF) (1+(21+2) dR)
—1

ben\ Y (14 (2i+1)hb) (1+(2i+1)1d) (1+2ihb) (14+2ild)
en ) UL T 2o (T R0 dh) (1+(202)6 1) (T28dR)

1 (—1)h12*1(14bf) “1:[2 (14 (2i+2)bf) (14 (2i+1)dh) (14 (2i+3)bf) (14 (2i+2)dh)
f2n—T(14+hb) o (I+(2i+2)hb) (1+(2i+1)1d) (1+(2i+3)hb) (1+(2i+2)1d)

bf2n—1 nl—_Iz (1+(2i+1)hb) (14 (2i+1)1d) (1+(2i+2)hb) (1+(21+2)1d)
1-1(1+bf) 0 (1+(2i4+2)bf) (1+(2i+1)dh) (14+(2i+3)bf) (14+(2i+2)dh)

<1+ m— 1 hb)
hb ><<bfzn>"1( (1+(2i+1)hb) (1+(2i+1)1d) (1+2ihb) (1+2ild) >
1

(1 T+2(n—1)hb 2 F 2+ bf) (I+(2i+1) dh) (1+ (2i+2)bf) (1+2idh)

N 2i41)bf) (14 (2i4+1)dh) (14 (2i4+2)bf) (14+2idh)

o hlZn 1_[
— \ A (1+(2n—2)hb) iso (1+(2i+1)hb) (1+(2i+1)1d) (1+2ihb)(1+2ild)

<h12n> “1:[1 (1+(2i4+1)bf) (14 (2i+1)dh) (14 (2i42)bf) (1+2idh)

fon o (1+(2i+1)hb) (1+(2i+1)1d) (1+(2i+2)hb)(1+2ild) *

From system (5.1),

Xgn—4Ygn—5
Ysn— 1(T4+xgn— 4Ysgn— 5)

(( o2 )“1:[1 (1+(2i+1)ag)(1+(2i+1)kc)[1+2iag)(1+zikc)>
(

X8n =

aZnT T+ (2it1)cg) (1+(2i+1)ek) (I1+2icg) (1+2iek)

N

e2n—1(1+ag)(1+ck) (1+(21+2)ag) (1+(21+2)ck) (1+(2i+3)ag) (1+(2i+3)ck)

<( ka?1(1+cg) )"’ (1+(2i+2)cg)(1+(21+1)ek)(1+(2i+3)cg)(1+(21+2)ek))

o
o

.

en o i+1)ag)(1+(2i+1)ck)(1+(2i+2)ag)(1+(2i+2)ck)

1+ ((azﬁ“l>

ka?"1(14cq) 2 (1+(2i+2)cg) (1+(2i+1)ek) (1+(2i+3)cg) (1+(2i+2)ek)
en—1(1+ag)(1+ck) (I+(2i+2)ag) (I+ (2i+2)ck) (1+(2i+3)ag) (1+(2i+3)ck)

=0
2n+1
<1+2 (n—1 ek)
n

- 1
" k (1+(2i+1)cg) (1+(2i+1)ek) (1+(2i+2)cg) (1+2iek)
o (14 g )(H( )

<<ka2n) “l:[1 1+ (2i+1)cg) (1+(2i+1)ek) (1+(2i+2)cg) (1+2iek) )
(1+(21
—1

3

(1+(2i+1)ag) (1+(2i+1)ke) (14+2iag) (1+2ike)
(1+(2i+1)cg)(1+(2i+1)ek) (1+2icg)(1+2iek)

LT

i

i

n—1)ek 14+(2i+1)ag) (1+(2i+1)ke) (1+(2i+2)ag) (1+(21+2)kc)

. en+1 1:[1 (1+(2i+1)ag) (1+(2i+1)ck) (14+(2i+2)ag) (14 (2i+2)ck)
a2 (1+2nek) (14+(2i4+1)cg) (14+(2i+1)ek) (1+(21+2)cg) (1+2iek)

! “1—_[1 (1+(2i+1)ag) (1+(2i+1)ke) (1+(2i+2)ag) (1+ (2i+2)ke)
— Lo ) L aretmeg i e (Tr 2ir2)e 1+ 2+ 2)ek) -

and

Ysgn—4X8n—5
Xgn—1(—1—Ysn—4Xsn—5)

Ysn =
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2n “ﬁl (1+(2i+1)bf) (14+(2i+1)dh) (14+2ibf) (14+2idh)
7o1) L e ne) (e L) (1 2ime) (2itd)
1=
(—1)dfn 1 (1+hb) \ Y57 (1+(2i42)hb) (1+(2i+1)1d) (1+(2i4+3)hb) (1+ (2i+2)1d)
1 1(1+bf)(1+dh) (1+(21+2)bf) (1+(21+2) dh) (1+(21+3)bf) (1+(21+3) dh)

e

o

P

B afm “1:[1 (1+(2i+1)hb) (1+(2i+1)1d) (14 (2i+2)hb) (1+2ild)
e ) LU O+ 2D e I+ R+ 1) dh) 1+ 2i+2)8 1) (T+21+2)dh)

1 12n n-l (1+(2i+1)bf) (14 (2i+1)dh) (14+2ibf) (14+2idh)
T -1 1_[ (I+(2i+1)hb) (1+(2i+1)1d) (1+2ihb) (1+2ild)

n—1(11bf)(1+dh) (T+(21+2)b7) (1 (2i+2)dh) (1 (2143)bF) (1 (2i13)dh)

]_2n+1

(1+2(n—1)1d>

- o 1d " (14(2i4+1)hb) (1+(2i+1)1d) (1+(2i+2)hb) (142ild)
f <1+1+2(n 1)ld) g)(1+(21+1]bf)(1+(21+1)dh](1+(21+2)bf)(1+(2i+2)dh)

1
<( (—1)df2"1(14+hb) ) n-2 (1+(Zi+2)hb)(1+(21+1)1d)(1+(2i+3)hb)(1+(Zi+2)ld)>
1i=0

B 12n+1 “1:[1 (14 (2i+1)bf) (14 (2i+1)dh) (14 (2i+2)bf) (1+(2i+2)dh)
~ PG L ORI R) (T 2D (14 (2i+2)he) (1211d)

(12n+1 ) “l—_Il (1+(2i+1)bf) (14 (2i4+1)dh) (1+(2i+2)bf) (14 (2i+2)dh)

) LU O+ R DRe) (T 2T (T+ 2072 Re) (T+ 282)1d)
1=

Also, the other relations can be proved similarly. This completes the proof. O

Example 5.2. In order to verify the results of this section, we deal with some numerical example for the
difference system (5.1) with the initial conditions x_4 =0.17, x_3 =0.34, x_» =04, x_1 = 0.5, x9 = 0.25,
y4=09,y3=07y_2=02, y_1 =06, and yo = 0.15 (see Figure 4).

plot of X(n+1)=X(n-3).Y(n-4)/Y (n)(1+X(n=3).Y(n-4)),Y(n+1)=Y(n-3).X(n-4)/X(n) (~1-Y(n-3).X(n—4))
T T T T T T

100~ 7

50

x(n).y(n)

-100 4

_150 1 1 1 1 1 1
0 5 10 15 20 25 30 35

n

Figure 4

6. Other systems
The following theorem can be proved similarly.

Theorem 6.1. Suppose that {xn,Yn} is a solution for the system

Xn—3Yn—4 Yn—3Xn—4
7 - 7 n= 0 1 2
Yn(1l—Xn_3Yyn_4) It = 0+ Yna¥n_a)

Xn41 =

then forn =0, 1, 2,..., one obtains

_(bfM\ =t (14+1ihb)(1 +ild) ~ (ce™\ =1 (14 (14 1)ag)(1 +ike)
Xan-3 = < ) 1;[ (1—(i+1)bf)(1 —idh)’ Xn-2 = (a“) S0 (1= (i4+1Deg)(1—iek)’
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_/dfm\ =l (14 (i41)hb)(1 +ild) /e nol (14 (i41)ag)(1+ i+ 1)ke)
Nn— (w) A=+ DbH(I—(i+1)dan) " ( an )i_o (1—(i+1cg)(1—(i+1)ek)’
and

_ [ga™\ "=l (1—icg)(1—1iek) /"R = (1= (i+ 1)bf)(1 —idh)
Yin—3 = ( ) 1;[ 1+ 1+ 1)ag)(1+ike)’ Ytn—2 = ( fm ) AT G+ DRb) (1 + id)’

B <ka) n—1  (1—(i+1)cg)(1—1iek) B (l““) n—1(1—(1+1)bf)(1—(i+1)dh)
Y1 =\ "on ) L A4 A+ Dag)1+ i+ Dke)’ 9~ U ) L O+ G+ D)+ A+ D)’

1
where the initial value must be non-zero and ag, kc, hb, ld ¢ {_n' n=1, 2,...} and cg, ek, bf, dh ¢

1
{, n=1, 2,...}.
n

Theorem 6.2. Suppose that {xn,, Yn} is a solution for the system

Xn—-3Yyn—4 Yn—-3Xn—4

) - ) n=0,1,2,...,
Yn(l—Xn_3Yn_4) It = (0 — Yn_s¥n_4)

Xn+4+1 =

with non-zero initial conditions x_4, X_3, X_2, X_1, X0, Y—3, Y—3, Y—2, y_1, and yo, then forn =0,1,2,...,

_ (bfr\ =l (1—ihb)(1—ild) _ (ce™\ ' (L= (i+1)ag)(l — ike)
s <1n> o (I=(A+1)bA(1—1idn)’ Hn =2 <a“> TG Deg)1—tek)’
_/df"\n=l o (1—(i+1)hb)(1 —ild) eI\ (1= (14 Dag)(1— (4 Dke)
Xqn—-1 = <ln> 0 (1—(l+1)bf)(1—(1+1)dh)’ in — < an > -0 (1_(1+1)Cg)(1—(1+1)ek)/
and
~ (ga™\ =l (1—1cg)(1—iek) ~(1*h\ =l (1—(i+1)bf)(1 —1idh)
Yin-3 = (en> L A )ag)i =ik’ Yin—2 (f“ > —o (1-(i+1hb)(1—ild)’
~(ka™\ =l (1—(i+1)cg)(1—iek) I\ =L (T — (14 1)bf)(1— (i4+1)dh)
Yin—1 = <€n> il;[o (1-(14-1)(19)(1- (1+1)k€)’ Yin < fn > -0 (1—(1—{—1)hb)(1—(1+1)1d)1

wherex_4 =a,x_3=b,x2=c¢,x_1=d,x=¢e, Yya=1F, ys=g,yo=nh, y_1 =%k, and yo =l with
1
ag, kc, hb, 1d, cg, ek, bf, dh¢{,n—1 2,.

Theorem 6.3. Suppose that {xn, yn} is a solution for the system

Xn—3Yyn—4 Yn—-3Xn—4

, = , n=01,...,
yn(*l - Xn73yn—4) Y Xn(1— Unf3xn—4)

Xn41 =

then forn =0, 1,...,

e n1:11(1 —(2i+1)ag)(1 — (2i + 1)ke)(1 —2iag)(1 — 2ike)

_ i=0
en—4 = a?1(1+cg)™(1+ek)n ’
n—1
bf2" T (1= (2i+1)hb)(1 — (2i+1)1d)(1 — 2ihb)(1 — 2ild)
i=0
Xgn—3 =

121+ bf)™ (1 + dh)™ ’
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e TT(1— (20 +1)ag)(1 — (2i + 1)ke) (1 — (2i +2)ag)(1 — 2ike)

X8n—2 = = a2 (1+cg)™(1+ek)n ’
df2n fﬁlu —(2i+1)hb)(1 — (21 +1)1d)(1 — (21 +2)hb)(1 — 2ild)
Xgn—1 = = 12n(1+ bf)" (1 + dh)™ ’
e+l Ti:[l(l —(2i+1)ag)(1— (21 + Dkec)(1 — (2i+2)ag)(1 — (21 +2)kc)
Xgn = = a2 (14 cg)n(1+ ek)n '
(—1)bf2n+1 1—[ — (2i+1)hb)(1— 2L+ 1)1d)(1 — (21 +2)hb)(1 — (2i 4 2)1d)
Xgn+1 = = 12n+1(1 + bf)"+1(1 + dh)™ ’
(=1)ce?™+1(1— ag)jﬁl(l — (2i+2)ag)(1 — (2i+ Dke)(1 — (21 +3)ag)(1 — (2i +2)kc)
Xgn+2 = =0 a2n+1(1 4 Cg)n+l(1 + ek)n
df2"+1(1 — hb) 1:[ 1—(2i+2)hb)(1— (2i+1)1d)(1 — (21 +3)hb)(1 — (2i +2)1d)
Xgn+43 = = 12n+1(1 + bf)n+1(1 + dh)n+1
and
ona— _ 12" (14+bf)™(1+dh)™ ,
fan—1 i1;[0(1 — (2i+1)hb)(1 — (21 +1)1d)(1 —2ihb)(1 — 2ild)
Yoo —— ga®(1+cg)™(1+ek)™ ,
e [T (1—(2i+1)ag)(1— (2i+ ke)(1 - (2i+2)ag)(1 —2ike)
- :L_j h1>™ (1 +bf)™(1+ dh)™ ,
2 TT (1= (2t 4+ Dhb)(1 - (2i+ 1)1d)(1 — (21 +2)hb)(1 —2ild)
I :01 ka?™(1+cg)™(1 +ek)™ ,
e ] (1—(2t+1)ag)(1— (2 + 1)ke)(1 - (2i+2)ag)(1 — (2i +2)ke)
o — ;j P11+ b)) (1 + dh)™ ,
20 TT (1— (2i+ 1)hb) (1 — (2i+ 1)1d)(1 — (2i + 2)hb) (1 — (2L +2)1d)
s — o _ ga®™ (1 +cg)™(1+ek)™ )
e2+1(1—ag) [T (1—(2i+2)ag)(1 — (2i+ 1)ke)(1 — (2i+3)ag)(1— (2i+2)ke)
o :Lj (—Dh1PH (1 4+ bf)n (1 + dh)n ! ,
f2n+1(1 — hb) E()u — (21 +2)hb)(1 — (2L + 1)1d)(1 — (21 +3)hb)(1 — (2i 4 2)1d)

(—Dka? (1 +cg)™ (14 ek)™

Ysn+3 = 1

e2nt1(1—ag)(1—ke) [T (1—(2i+2)ag)(1— (2i+2)ke)(1 — (21 +3)ag)(1 — (21 +3)kc)
i=0
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wherex_4=a,x_3=b,x2=c¢,x1=d, xo=e, yas=1, ysz=g, yo="hnh y_1 =%k and yo =l with

1
the initial value must be non-zero and ag, kc, hb, ld ¢ {, n=1, 2,.. } and cg, ek, bf, dh # —1.
n

Theorem 6.4. Suppose that {xn,, Yn} is a solution for the system

Yn—-3Xn—4
Xn(_l + Un—3xnf4) ’

Xn—3Yyn—4

, n=012,...,
yn(l + Xn—3ynf4)

Xn41 = Yn+1 =

then forn =0,1,2,...,

)(
o (=14 (2i+Deg)(—1+ (21 + 1)ek)(—1 + 2icg)(—1 + 2iek)’
(14 (2i+1)hb)(1+ (21 +1)1d)(1 + 2ihb)(1 4 2ild)
o (=14 21+ 1)bf)(=1+ (21 +1)dh) (=1 + (21 +2)bf)(—1 + 2idh)’

(1+(2i+1)ag)(1+ (2i+ Dke)(1+ (2i+2)ag)(1 + 2ike)

1+ (2i+1)cg)(—1+ (2i+1)ek) (=1 + (2L +2)cg)(—1 + 2iek)’
(14 (2i+1)hb)(1 + (24 4+ 1)1d)(1 + (21 + 2)hb)(1 + 2ild)
(—1+ (2i+ D)bf)(—1 + 2L+ 1)dh)(—1 + (2i +2)bf)(—1 + (2i + 2)dh)’

(14+2i+1Dag)(1+ 2i+1Dke)(1+ (21 +2)ag)(1+ (21 +2)ke)

0 (—14+ 21+ Deg)(—1+ 2L+ 1)ek)(—1+ (2i +2)cg)(—1 + (2i +2)ek)’

(14 (2i + 1)hb)(1 + (20 4+ 1)Ld) (1 + (21 + 2)hb)(1 + (2i + 2)1d)
—14 (2i+2)bf) (=1 + (2i +1)dh) (=1 + (21 + 3)bf)(—1 + (2i +2)dh)’
(_1)Cezn+1(1+ag)) nl:ll (14 (2i+2)ag)(1+ 21+ Dke)(1+ (21 +3)ag) (1 + (21 + 2)ke)

a?l(l+cg) 0 (=1+(21+2)cg)(—1+ (21 +1)ek) (=1 + (2i +3)cg)(—1 + (2i +2)ek)’

en ) “1_—[1 (14+(2i+1)ag)(1+ (2i+1)ke)(1+2iag)(1 + 2ike)

n—1

1

eZnJrl
aZn
b f2n+l

12n+1(1+bf)> il;[O (

n—1

(1+(2i+2)hb)(1+ (2i+1)1d)(1+ (2i+3)hb)(1 + (2i+2)1d)
—14 (2i+2)bf) (=1 + (2i +2)dh)(—1 + (21 + 3)bf)(—1 + (2i +3)dh)’

)df*" 1 (14+hb)
1

_q n—1
12n+ (1+bf)(l+dh)> izo (

and

—1+4+ (2i+1)bf)(—1+ (2i+1)dh)(—1 + 2ibf)(—1 4 2idh)

Ysn—4

( 12n )n—l
f2n—1 0

)
(14 (2i+1)hb)(1 + (2i+1)1d)(1 4 2ihb)(1 +2ild) ’
—14+ (21 +1)cg)(—1+ (21 +1)ek)(—1 + 2icg)(—1 + 2iek)

211 n—l

g
Ygn—3 = (e“) Ll
—1(

i
h12m) n

(1+(2i+1)ag)(1+ (2i+1Dck)(1 + (2i+2)ag)(1 + 2ick)

—1+4 (2i+1)bf)(—1+ (2i +1)dh) (=1 + (2i 4+ 2)bf) (=1 + 2idh)
Ygn—2 _<f2“ EO (1+(2i+1Dhb)(1+ (2i+1)1d)(1+ (2i+2)hb)(1+2ild)
_(ka®\ ol (=14 (28 +1)eg)(—1 + (2i+ 1)ek)(—1 4 (21 +2)cg)(—1 + 2iek)
Ysn—1 = ( e2n ) HO (14 (2i+1)ag)(1+ (2i+1)ck)(1 + (2i +2)ag)(1 + (2i +2)ck)
e\ nol (14 21+ 1)bf) (—1 + (2 + 1)dh) (—1 + (21 +2)bf) (—1 + (21 + 2)dh)
( f2n ) 1;10 (1+2i+1Dhb)(1+2i+Dld)(1+ (2i+2)hb)(1+ (2i+2)1d)
_( (=1)ga® A\ ol (=14 (284 1)eg)(—1 4 (21 + 1)ek)(—1 + (2i+2)cg) (—1 + (21 +2)ek)
Ysn+1 ( n+1 1+ag > o (1+(2i+2)ag)(1+ (2i+1)ck)(1+ (2i+3)ag)(1+ (2i+2)ck) ~
1)h1ZH (1 + bf) (=14 (2i+2)bf) (=14 (2i + 1)dh) (=1 + (21 +3)bf)(—1 + (21 +2)dh)
ys”“( f2+1(1 1 hb) )1 0 (I+(2i+2hb) 1+ Qi+ DId)(1+ (2i+3)hb)(1+ (2i+2)1d)
ka?™*1(1 +cq) (=14 (21 +2)cg) (=14 (2i + 1)ek)(—1 4 (2i +3)cg)(—1 + (2i +2)ek)
Ysn+3 <e2n+1 (1+ag)( 1+ck)> o (1+(2i+2)ag)(1+ (2i+2)ck)(1+ (21 +3)ag)(1+ (2i +3)ck) ’

where x4 = a, x_3=b,x2=c¢,x1=d, x=¢e¢ yqs=1Ff,ys=g9g, yor=h y i1 =%k andyg =
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. 1
L with the initial value must be non-zero and ag, kc, hb, 1d ¢ {—, n=1, 2,...} ,and cg, ek, bf, dh ¢
n

1
{/ Tl:l/
n

The following systems can be considered as similar. Therefore, the form of expression and proof of
the following systems can be obtained similarly to the above theorem.

X | = Xn—-3Yn—4 y | = Yn—3Xn—14

nr yn(—1 +Xn—3ynf4), nr Xn(—1—=Yn -3Xn_4)
X | = Xn—-3Yn—4 y | = Yn—3Xn—4

T Y (-1 —Xn-3Yn—4a)’ T X (14 Yn—s¥n—4)
Xpal = Xn—3Yyn—4 Yni1 = Yn—-3Xn—4

M Y1+ xn—3Yn—4)’ T X (1 + Yn_sxXn_d)
Xnsl = Xn—3Yyn—4 Yni1 = Yn—-3Xn—4

" Yn(—1 _anSUn—él)’ n Xn(—=1—=Yn-3Xn_4)
Xaq = Xn—3Yn—4 Yni1 = Yn-—3Xn—4

e yn(l_‘xn—3ynf4y nr Xn(_l‘_yn—3xn74
X | = Xn—3Yn—4 y | = Yn—3Xn—4

nr Yn(l—Xn—3Yn—4) ’ nr Xn(—1+Yn-3Xn_4)
X | = Xn—-3Yn—4 y | = Yn—3Xn—4

T Y (1 —Xn-3Yn—4a)’ T X1+ Yn—sxn—4)
Xrpq = Xn—3Yyn—4 Yni1 = Yn—-3Xn—4

M (1 + xn-—3Yn—4)’ T X (T —Yn_3%n_4)
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