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Abstract

In this paper, we are interested in the existence of weak solutions for the fractional p-Laplacian equation with critical
nonlinearity in RN. By using fractional version of concentration compactness principle together with variational method, we
obtain the existence and multiplicity of solutions for the above problem.
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1. Introduction

In this paper, we study the existence of weak solutions for the fractional p-Laplacian equation with
critical nonlinearity in R™:

ePs [a+ bl ] (—A)Su(x) + V(¥)uP2u = [uPs?u+h(x,u), x € RN, W)
u(x) -0, aslx|— oo, '
where a,b >0, 0 € [1, N/(N —sp)), V(x) is a nonnegative potential, N > sp with s € (0,1), [u]s, will be

given later, p; = Np/(N —ps) is the fractional critical exponent, and (—A)]SD is the fractional p-Laplacian

operator which (up to normalization factors) may be defined for any x € RN as

(A u(x) i lim (%) — uly) P2 (u(x) — u(y))

d
P EHOJ'RN\Be(x) |X_U|N+ps Yy

along any u € C8°(IRN ), where B, (x) denotes the ball of RN centered at x € RN and radius ¢ > 0. For
more details about the fractional p-Laplacian operator, we refer to [10, 36, 40].
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The study on semilinear elliptic equation involving critical exponent begins from the seminal paper
by Brézis and Nirenberg [6]. After that many authors were dedicated to investigating all kinds of elliptic
equations with critical growth in bounded domain or in the whole space, we refer to [17-19, 22, 26].

When p = 2 and 0 = 1, the problem (1.1) arises in the study of the nonlinear fractional Schrédinger
equation

.0
i50 = (Ao +Wie —glxlele, (tx) € RxRN.
If we look for standing wave solutions with the form @(t,x) = u(x)e 'tt, then we obtain that u satisfies

(—A)Pu+Vxu= ~(x,u), x € RN,

with V(x) = W(x) — E and f(x,u) = g(x, [u|])u for a suitable E > 0 (see [15, 16]).
In the literature there are many papers on the existence of solutions for fractional Laplacian equations,
we refer the reader to [20, 29]. In [12, 35], the authors investigated the fractional Schrédinger equation

(—A)*u+V(x)u = f(x,u), xeRN (1.2)

and established some existence theorems on one or infinitely many weak solutions. In [13], the authors
used the concentration compactness principle to show that (1.2) has at least two nontrivial radial solu-
tions without assuming the classical Ambrosetti-Rabinowitz condition. In [34], the authors studied the
nonlinear fractional Schrodinger equation

e (—APu+Vx)u=Kx)uPu, xeRN

and obtained existence and multiplicity results using a perturbed variational method. Recently, some
contributions on the existence of solutions for critical fractional Laplacian equations in bounded domain
are given in [4], where the effects of lower order perturbations are considered. A Brézis-Nirenberg type
result for non-local fractional Laplacian in bounded domain with homogeneous Dirichlet boundary datum
is given in [33] by variational techniques, see also [32] for further results. Nonexistence results for nonlocal
equations involving critical and supercritical nonlinearities can be found in [31]. A multiplicity result for
fractional Laplacian problems in RN is obtained in [3] by using the mountain pass theorem and the direct
method in variational methods, where one of two superlinear nonlinearities could be critical or even
supercritical. It is worth mentioning that the interest in nonlocal fractional problems goes beyond the
mathematical curiosity. Indeed, this type of operators arises in a quite natural way in many different
applications, such as, continuum mechanics, phase transition phenomena, population dynamics, minimal
surfaces and game theory, see for example [1, 7, 10] and the references therein. The literature on non-local
operators and their applications is quite large, here we just quote a few, see [23-25, 42] and the references
therein. For the basic properties of fractional Sobolev spaces, we refer the readers to [10].

When p # 2 and 0 = 1, there are also some interesting results obtained. In [14], the authors studied
the fractional p-Laplacian equation

{ (—Apu="f(x,u), inQ,

u=0, in RM\Q

and existence and multiplicity results were established using Morse theory. In [38], the authors investi-
gated a Kirchhoff type problem driven by a non-local integro-differential operator of elliptic type

M ([gen Iu(x) = u(y)[PK(x —y)dxdy) Liu = f(x,u), in Q,
{ u=0, in RNM\Q,

the authors obtained two existence theorems on nontrivial weak solutions. In [9], the authors studied a
nonlocal equation involving the fractional p-Laplacian

(—A)Su+ V)P 2u=f(x,u)+Ah inR™
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When the nonlinearity f is assumed to have exponential growth, by using a fixed point method, the
authors established an existence result on weak solutions. In [38], the authors investigated the existence of
solutions for Kirchhoff type problem involving the fractional p-Laplacian via variational methods, where
the nonlinearity is subcritical and the Kirchhoff function is non-degenerate. By using the mountain pass
theorem and Ekeland’s variational principle, the authors in [39] studied the multiplicity of solutions to
a nonhomogeneous Kirchhoff type problem driven by the fractional p-Laplacian, where the nonlinearity
is convex-concave and the Kirchhoff function is degenerate. Using the same methods as in [39], Pucci et
al. in [28] obtained the existence of multiple solutions for the nonhomogeneous fractional p-Laplacian
equations of Schrodinger-Kirchhoff type in the whole space. Indeed, the fractional Kirchhoff problems
have been extensively studied in recent years, for instance, we also refer to [27] about non-degenerate
Kirchhoff type problems and to [2, 29] about degenerate Kirchhoff type problems for the recent advances
in this direction.

Motivated by the above and the idea of [11], the aim of this paper is to study the existence and mul-
tiplicity of semiclassical solutions for fractional p-Laplacian equation. However, to our best knowledge,
there is no result in the literature on problem (1.1). Therefore, in the present paper we are interested in the
existence and multiplicity of solutions for problem (1.1) involving the fractional p-Laplacian in RN. There
is no doubt that we encounter serious difficulties because of the lack of compactness and of the nonlocal
nature of the p-fractional Laplacian. It is worthwhile to remark that in the arguments developed in [11],
one of the key points is to prove the (PS). condition. Here we use the fractional version of Lions” second
concentration compactness principle and concentration compactness principle at infinity to prove that
the (PS). condition holds which is different from methods used in [11]. As far as we known, this is the
first time that the fractional version of Lions” concentration compactness principle and variational meth-
ods are combined to get multiple solutions for perturbed fractional Schrodinger equations with critical
nonlinearity (1.1).

We make the following assumptions on V(x) and h(x, u) throughout this paper:

(V) V(x) € C(RN,R), V(x9) = min V = 0 and there is 19 > 0 such that the set V™ = {x € RN : V(x) < 10}
has finite Lebesgue measure;

(H) (h1) h € C(RN x [0, +00), R) and h(x,t) = o([t/P~!) uniformly in x as t — 0;
(hp) there are Cp > 0 and 1 < q < p§ such that [h(x, t)] < Co(1+t9);

(h3) there are lp >0, Op < v < p%, and Op < p < p% such that H(x, t) > l|t|Y and pH(x, t) < h(x, t)t
for all (x,t), where H(x,t) = fé h(x,s)ds.

Our main result is the following.
Theorem 1.1. Let (V) and (H) be satisfied. Thus

(1) for any x > 0 there is € > 0 such that if ¢ < E, problem (1.1) has at least one solution u satisfying

H—PJ H(x,ue)dx + SJ g [Psdx < ke, (1.3)
P JrN N Jrn

1 1 lue (x) —ue (y)lP J - N—

1 1 < Ps, 14
<p u) [”sz [x —y[N+Fsp dedy +A RN Vidhueldx| < 14

Moreover, ug — Qas ¢ — 0.

(2) Assume additionally that h(x,t) is odd in t, for any m € IN and x > 0O there is €« > 0 such that if
¢ < Emy, problem (1.1) has at least m pairs of solutions u.i, ue i, i = 1,2,--- , m which satisfy the
estimates (1.3) and (1.4). Moreover, u.; — 0ase -+0,i=1,2,--- ,m.
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2. Main results
We set A = ¢ P% and rewrite (1.1) in the following form

{ [a+ b[u]?,gl} (—A)pu(x) + AV () u/P2u = AjuPs~2u+ Ah(x,u), x € RN, 21

u(x) -0, aslx|— oo,

where (—A);u is the fractional p-Laplacian operator.

We recall some results related to the fractional Sobolev space WsP(RN), for more details, see [6].
Define the Gagliardo seminorm by

b —u(y)P o\

where 1 : RN — R is a measurable function. Now, the fractional Sobolev space is given by
WSP(RN) :={u € LP(RV) : u is measurable and [ulsp < oo}

with the norm

1
ulls,p = (RIEp + IRulif) ™

Il = ([ utorac)”

We recall the Sobolev embedding theorem.

where

—

Lemma 2.1 ([10]). Let s € (0,1) and p € [0, +o00) be such that sp < N. Then there exists a positive constant

C = C(N, p, s) such that
lu(x) —uly)lP
P . < = 220
[ CJLRZN Xy dxdy,

where p} = 1\%% is the so-called fractional critical exponent. Consequently, the space WP (RN) is continuously
embedded in L4(RN) for any q € [p,pil. Moreover the embedding WP (RN) — L{

e RNY ds compact for
q € [p,ps)-

In view of the presence of the potential V(x), we consider the fractional Sobolev space
E:= {u e WSP(RN): J V(x)u(x)|Pdx < oo} ,
RN

with the norm
1

lulle = (RIZ, + IV Pulp) .
From condition (V), Lemma 2.1, and Holder inequality, it follows from that the following embedding
E< LIRN), p<q<py,

is continuous. Moreover, the following compactness result holds. It was proved in [8] in the case p = 2.
For the general case, the proof is similar.

Lemma 2.2. Suppose that (V) holds. Then E — L9(RN) is compact for q € [p,p%).
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From above facts, for any & € [p, pi], there is pg > 0 independent of A such thatif A > 1,

lulle < melufle < pellulla, (2.2)
where
1
_ [u(x) —ufy)P J pa|’
[uffa == U J}RZN Xy dxdy + A . V(x)wPdx
In the following , we denote | - || is the norm in L$(RN) (p < s < p?), and ||u||¢ is the norm in E. Note
that the norm || - ||g is equivalent to the || - ||x for each A > 0.

The energy functional ] : E — R associated with problem (2.1) is well defined as

b A A .
Jalu) := g[u]ﬁ + —% + = J V(x)uPdx — — J [uPsdx — )\J H(x, u)dx.
p P op P pUrn Pt R RN
Thus, it is easy to check that as arguments [30, 37] J» € C!(E,R) and its critical points are solutions of
(2.1).
We call that u € E is a weak solution of (2.1), if

(6-1) u(x) —u(y)P2 (u(x) —u(y))
[Cl+b[u]s,p ‘P:| JJ']RZN |X—y|N+Sp (

v(x) —v(y))dxdy

N

= —A J V(x)u/P2uvdx + A J lulPs 2uvdx + A J h(x, u)vdx,
RN RN R
where v € E.
Now we will prove the following result.

Theorem 2.3. Let (V) and (H) be satisfied. Thus:
(1) For any k > 0 there is A > 0 such that if A < A, problem (2.1) has at least one solution u, satisfying

“_"J H(x, up ) dx + SJ hualPs dx < kAT PS, (2.3)
P JrN N Jrw~

1 1 lua (x) —ua(y)P J 1N

22 A Pax| < kA TS, 2.4
(P u) U J]RZN [x —y[NFsp dedy + RN VidhualPdx | < kA @4

Moreover, uy — 0in E as A — oo.

(2) Assume additionally that h(x,t) is odd in t, for any m € IN and « > 0 there is Ay« > 0 such that if A > A,
problem (2.1) has at least m pairs of solutions uy, up —i, 1 =1,2,--- , m which satisfy the estimates (2.3) and
(2.4). Moreover, up; - 0inEasA —o00,i=1,2,---,m.

3. Behaviors of (PS) sequences

In this section, in order to overcome the lack of some compactness, we use the fractional version of the
principle of concentration compactness of Lions [21] in fractional Sobolev spaces. Let

Ce(RN) ={ue C(RN): supp(u) is a compact subset of RN}

and denote by Co(RN) the closure of C.(RN) with respect to the norm n|e = sup, .gn M(x)]. As is well
known, a finite measure on RN is a continuous linear functional on Cy(R"N). For a measure pu we give the
norm

lull = sup I(n,m)l,
Co(RN), [nlo=1

where (,1) = [y ndp.
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Definition 3.1. Let M(R") denote the finite nonnegative Borel measure space on RN. For any n € M(RY),
the equation w(R™N) = ||u|| holds. We say that u, — p weakly *in M(RN), if (i, 1) — (p,1) holds for all
n € Co(RN) as n — oo.

Lemma 3.2 ([41]). Let {un}n C WP (RN) with upper bound C > 0 for all n > 1 and
Un — u weakly in WSP(RN),

P
dy — p weakly % in M(RV),

J [un (x) — un(y)l
RN ‘X_y|N+sp

un (x)[Ps —= v weakly * in M(RN).
Then
dy + Z HjOx; + KL, u(RN) < CP,
j€]
v=luPs+ ) vidy, v(RN) < SPCP,
j€]

B [u(x) —u(y)P
H= J]RN [x —y[N+sp

where | is at most countable, sequences {W;};,{vj}; C R{, {xj} C RN, 8, is the Dirac mass centered at {x;};, 1L is
a non-atomic measure,

v(RN) < STP/PRRN)PI/P, vj < ngZ/pH)Pi/P forallj €],
and S > 0 is the best constant of WP (RN) < LPs(RN).

Actually, Lemma 3.2 does not provide any information about the possible loss of mass at infinity for
a weakly convergent sequence. The following theorem expresses this fact in quantitative terms.

Lemma 3.3 ([41]). Let {un}n C WP (RN) be a bounded sequence such that

J un(x) —un(y)P
RN [x—y[NTPs

dy — p weakly * in M(RN),
un|Ps — v weakly * in M(RN),

and define

o [un (x) —un(y)IP
Lo = lim limsu J J dydx
00 R—o00 T‘L—)oop {xERN:|x|>R} JRN |X_U|N+ps

and

Voo = lim limsup lun|Ps dx.

R—00 n 300 LxEIRN:xI>R}
Then the quantities Wo, and v, are well defined and satisfy

. [t (x) = un (Y)IP J
1 dydx = d
mop [ [ ety dude= [t

n—oo

and

limsupj Iunlp:dx:J dv + V.
]RN

n—oo RN

Moreover, the following inequality holds

SVE/Ps < g
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In the following, we use the fractional version of the principle of concentration compactness to show
that ], satisfies the (PS). at energy levels ¢ below some constant.

Lemma 3.4. Assume that (V) and (H) be satisfied. Let {un} C E be a (PS). sequence for Ja. Then there exists a
constant M(c) which is independent of A > 0 such that ¢ > 0 and

lim sup |[un|y < M(c).
n—oo

Proof. Since {un}is a (PS). sequence for J,, thus

Taln) — i]g(un)un — c+o(1) + enfunlln, (3.1)

where €,, — 0 as n — oco. On the other hand,

litn) = T3 (un)un = <1 - i) P, +b < L 1) wly

p p u
1 1 1 1 ,

; ( _ ) [ AVEhmPax+ ( _ ) A e G2)
P H/IRN Lo Ps RN

+ ?\J [1h(x, Un)un — H(x, un)] dx.
RN [ H
Condition (hz) implies that
ih(x,un)un —H(x,un) >0 and b < — > W > o.

Thus, it follows from (3.1) and (3.2) that

. 1 1 1 1
mm{(— ) q, (— )} [unl® < ¢+ 0(1) + en funlin
T P nu

hence for n large enough, there exists constant M(c) := (min { (% — i) a, (% — ﬁ) }) - ¢ such that

[un X < M(c).

Thus ||un |5 is bounded as n — co. Taking the limit in (3.2) shows that ¢ > 0. O

Lemma 3.5. Suppose that (V) and (H) hold. For any A >1, Jx satisfies (PS). condition for all c € <O, GO)\l_P;jGP ) ,

where oy == (L — L) (bS° P;*SP, that is any (PS).-sequence (un) C E has a strongly convergent subsequence
Y q Sty 8 q

‘ [T
in E.

Proof. Since {un}n C E is bounded and nonnegative, up to a subsequence, there exists a nonnegative
function u € E such that u, — uin E, up — win LY (RN) for o € [1,p}), and un — ua.e. in RN. By
Lemma 3.2, up to a subsequence, there exists a (at most) countable set ], non-atomic measure i, points

{xj}je; C RN, and {u}je, {vi}je; C R such that as n — oo

)l g [ M Zuy) _
[ 4 o ey 49 Lk R

and

Pt = v = P+ Y Vb,
j€]
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in the measure sense, where SXJ. is the Dirac measure concentrated x;. Moreover,
Vi <STPVPUPYP i e, (3.3)

and S > 0 is the best constant of WP (RN) «— LPs(RN). Next we claim that ] = . Suppose by
contradiction that J # (). Fix j € J. For € > 0, choose ¢, ; € C8°(IRN) such that

Qe =1 for[x —xj| < & @¢ 5 =0 for x —x;| > 2¢,

and [V, ;| < 2/¢. Obviously, @, jun € E. It follows from (J} (un), @¢ jun) — 0 that

(a_i_b[un}(@fl)p) ”IRZN [ (%) = un (Y) P2 (un (x) — un(Y)) (@e,; (X)un(x) — @ 3 (y)un(y))dxdy

s,p [x —y|N+ps (3.4)

:?\J V(X)|un|p(p5,jdx+)\J uﬁ:(paljder?\J h(x, un) @ jundx +o(1).
RN RN RN

Using the Holder inequality, we deduce

lim lim
e—0Nn—o0

(6-1) un (%) = un (Y) P2 (un (%) = un (Y)) (@e ;(x) — @ 5 (y)un (x)
(a+b[un]s,ep P) JJ}RZN |X_y|N+ps : :

o un (x) — un (Y)IP (p—1)/p ” (@e,i(x) = Qe (y))un(x)P /v
< 7. 7 .
S Cima (JLR oy W R x—yINFPs ) 69

(x) — ©. P 1/p
< Clim lim JJ' |((P£,) (x) Pej (U))un(xﬂ dxdy '
e—0M—00 R2N |X—y|N+PS

dxdy ‘

Similar to the proof of Lemma 2.1 in [41], we claim that

. . |((P£,j (x)— Pej (y))un(X”p B
}E)I}) nlgréo ”RZN X y|Nps dxdy = 0. (3.6)

In the following, we just give a sketch of the proof for the reader’s convenience.
On the one hand, we have

RN x RN = (RN \ B(xj,2¢)) UB(xj,2¢)) x (RN \ B(x;,2¢)) UB(x;,2¢))
= (RN \ B(xj,2¢)) x (RN \ B(xj,2¢))) U (B(xj,2¢) x RN)U (RN \ B(x;,2¢)) x B(x;, 2¢)).
On the other hand, we have

JJ |un(x)|p|¢’e,j(x)_(Pe,j(U”
R2N |X_y|N+ps

P . _ . P
:J'J' un (x)] |(p£,](72+ (Pa,](y)| dxdy
B(xj,2¢) xRN |X*y| ps

o)
dxdy

+JJ [un (X)P@e;(x) — @ 5(y)l
(RN\B (x;,2¢)) X B (x;,2¢) Ix —y|N+Pps

< CEPSJ un(x)lpdx—i-CspSJ
B(xj,2¢) B(x;,3¢)

P/Ps
+CK—N J hun (%)Ps dx
RN\B (x,Ke)

< CSPSJ
B(Xj,?)i)

P
dxdy

[uwn (x)|Pdx + Cepsj [wn (x)|Pdx
B(x;,Ke)

P/Ps
[un (x)[Pdx + CK—N (J lun (x)|P5 dx>
R

N\B(X]‘,KE)
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< Ce™ % J lun (x)[Pdx + CK—N.
B(Xj,KS]

Note that u, — u weakly in E, then u,, = winL? (RN), 1< o< ps, which implies that

loc

Ce™Ps J lun (x)[Pdx + CK™N — Ce7Ps J u(x)[Pdx + CK™N,
B(xj,Ke) B(x;,Ke)

as n — oo. By the Holder inequality, we obtain

P/Ps 1-p/ps
Cs_pSJ lu(x)[Pdx + CK~N < CePs J lu(x)[Psdx J dx +CK—N
B(x;,Ke) B(x,Ke) B(x;,Ke)

P/Ps
— CKPs ( J Iu(x)lp:dx) +CK N 5 cxkN
B(Xj,KE)

as ¢ — 0. Furthermore, we have

P
dxdy

lim sup lim sup
e—0 n—00

JJ |un(x)|p|(Pe,j(X)_(Pe,j (U)|
R2N [x —y|N+ps

T . . un (X)|p|(95,j (x) — Pe,j (y”p .
= Khm lim sup lim sup J J}RzN x— y NS dxdy = 0.

=0 50 T—00

Hence the claim holds.
We deduce from (3.4)-(3.6) that

I 01 [un (x) —un(y)IP
lim lim <a+b[un]£,p )p) ”}RZN T|LX—U|N11’S Pe,i(y)dydx

e—0n—o0

0
b lim [a [[ el gy +b<”m un ) —unly)l” dxdy> ] (37)

e—0 N—00 Ix —y[N+Ps [x —y|N+Ps
0
lim lim J uff(pelj dx = limJ uPs@,sdx 4+ vy = vj, (3.8)
e—=0n—o0 JRN e—0 JRN
and

lim lim J h(x, un)undej(x)dx = lim lim J h(x, uud,;(x)dx = 0. (3.9)
RN RN

£—0Nn—o0 e—0n—o0

It follows from (3.7)-(3.9) that

0
vj = buy.

op
Combining this inequality with (3.3), we obtain vj > b)\_lsevjps . This result implies that
I v; =0 or
1Y
() v; > (bA—1S9)pi-on,

To obtain the possible concentration of mass at infinity, similarly, we define a cut off function xgr €
C>(RN) which satisfies xg € [0,1] and xr(x) = 0 for x| < R, xr(x) = 1 for |x| > 2R, and |Vxgr| < 2/R.
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Note that (J§ (un), unXr) — 0, this fact implies that

<Cl + b[un] g?p_l)p) [JJRZN |un(X) —tn (U)‘pXR (X) dxdy +A J V(X)|un|pXR dx

|X_y|N+ps RN
[t (%) — ()P~ () — U ()1t () (xR (%) — X (1)
- ”}RZN x —y[N+ps dxdy] (3.10)

:AJ uﬁ:XRdx—i-?\J f(x, wn)unxrdx +o(1).
RN RN

Similarly, by the Holder inequality, it is easy to prove that

_ p—2 _ _
lim hmsup” [un (%) — un (Y)IP~= (un (x) —un (y))un (y) (xr (%) XR(U))dXdU:O, (3.11)
R—00 n o R2N |Xfy|N+ps
and
lim lim J h(x, un)unxrdx = 0. (3.12)
R—ocon—00 JRN

Hence we deduce from (3.10)-(3.12) that

. (0—1)p Un (%) —un (y)[Pxr(x)
Jim s (s vt 7 [ B avay

o—1
N [un (%) —un(y)?
a+b (J dp+ p.oo> lim limsu (J J dydx
RN R—o0 n—)oop {x€RN:|x|>R} JRN ‘X_y|N+ps Y

> (a+bud) too = bul,

and

Voo = lim limsupJ lun (%)xr (%)[Ps dx.
R—00 300 JRN

op P
Letting R — oo in (3.10), we obtain vy > bA1SOv2s . By Lemma 3.3, we obtain v, > A1SvEs . This
result implies that

(II) voo =0 o0r
(IV) vo, > (bA-180) 97 05

Next, we claim that (II) and (IV) cannot occur. If the case (IV) holds, for some j € ], then by using
Lemma 3.3 and condition (hs), we have that

¢ = lim (Ix(un)—i%(un),uﬁ)

n—oo

. 1 1 1 1 1 1
o ({2 )t o)) (- D v

1 1 \ 1
+ < - > ?\J [un [Psdx + ?\J [h(x,un)un - H(x,un)] dx
Lo Ps RN RN LH

1 1 . 1 1 .
> ( — *) AJ [un[Psdx > ( — *) AJ [un[Psxrdx
K Ps RN K Ps RN
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where og = (& — o3 ) (bS9)ri-or Ps*BP This is impossible. Consequently, v; = 0 for all j € J. Similarly, we can

prove that (II) cannot occur for each j. Thus

lim J uﬁz dx = J uPs dx.
n—oo RN ]RN
From the weak lower semicontinuity of the norm and Brezis-Lieb Lemma [6], we have

Dlfunll = J"(un), un)

~ afunlZ,, + blunlSp +A |

V(x)un|Pdx — A J
]RN

un |Psdx — A J h(x, wn ) undx
]RN

RN
> alun —ull, + AJ V() —uPdx + aful? ) +bl? + A J V(x) /P dx
RN RN
- )\J lu|Psdx — )\J h(x, u)udx
RN RN
= min{a, 1}{[un —u|[¥ +o(1)|lu,

here we use J’(u) = 0. Thus we prove that {u, } strongly converges to uin Z(Q). This completes the proof
of Lemma 3.5. 0

4. Proofs of Theorem 2.3

In the following, we always consider A > 1. By the assumptions (V) and (H), one can see that ] (u)
has mountain pass geometry.

Lemma 4.1. Assume (V) and (H) hold. There exist oy, px > 0 such that Jx(u) > 0 if u € By, \ {0} and
Ja(u) = o if u € 0By, , where By, ={u € E: |[ullx < palk

Proof. By (hy)-(hs), for & < (Zpkpg)_l there is Cs > 0 such that

1 *
*J Iuldex+J H(x,u)dx <
Ps JRN RN

where 5 is the embedding constant of (2.2). So, from condition (H) it follows that

. |a + 1 . fa *
Ja(u) = min {p,l} )} — AS[[uf[p = ACs|luflp: = 5 Min {p,l} [w)} —ACspps

Since p; > p, we know that the conclusion of Lemma 4.1 holds. This completes the proof of Lemma
4.1. O

Lemma 4.2. Under the assumption of Lemma 4.1, for any finite dimensional subspace F C X,
Jalw) - —co as uweF, [ux — .

Proof. Using conditions (V) and (hy)-(h3), we can get

mu)<max{p }ruup O ger —fuuu Alflul

for all u € F. Since all norms in a finite-dimensional space are equivalent and p < p;. This completes the
proof of Lemma 4.2. O
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Since J(u) does not satisfy (PS). condition for all ¢ > 0. Thus, in the following we will find a special
finite-dimensional subspaces by which we construct sufficiently small minimax levels.

Recall that the assumption (V) implies there is xg € RN such that V(xg) = min, c.gn V(x) = 0. Without
loss of generality we assume from now on that xg = 0.

From condition (h3) it follows that

A *
*J Iuldex—H\J H(x,u)dx > 107\J [u|Ydx.
Ps JRN RN RN
Definite the function I € C!(X®%,R) by

a b A
P op . 2 Pdx — oA Ydx.
p[u]s,p + 5 [u]srp + J N V(x)uPdx —1 J N [u|Ydx

Then Jx(u) < Ix(u) for all u € E and it suffices to construct small minimax levels for Ij.
Note that

I}\ (u) =

inf{” dedy b e CP(RN), [dly = 1} —0.
]RZN

[x —y|N+sp

For any 1 > & > 0 one can choose ¢5 € C8°(]RN) with [¢pslp =1 and supp ¢s C B, (0) so that

lps(x) —ds(y)P
5.
”]Rm [x —y[N+sp dxdy <

Set

1__» 1

L N—sp pi—6p
and )

ex = ¢s(Atx), (4.1)

then

suppex C B)\f% (0).

Ts

Thus, fort > 0,

P btér 0 tP
Ly(tex) = —I[eAl?, + leals? + 7\J V(x)lealPdx — IOtVAJ' leal™dx
P op Poop o jn RN
N atp btep _ — tp -1 v
— AT [ [Pt + ——ale-na T?)[(IM]E,% T J v (A {X) |d)6|pdx_tVlOJ sl dx]
P op P JrN R

N atp btep tp 1 v v
<AITT [[¢5]E,p + [bs]P + J \ (7\ %X> lpslPdx —t 10J [dsl dx]
p Op P JrN RN

= N YW (ths) = AT Wy (ths),
where ¥, € C!(E,R) defined by
a b 1

o 0 —1
V() i= D + gl + JRN V(A ) rax—1o LRN s dx.

We obtain by v > p that

e L T L

£20 2p(vlp) 77 x —y[N+sp RN

v

v—

% (A*%x) |¢5de>
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On the one hand, since V(0) = 0 and note that suup ¢5 C B, (0), there is A5 > 0 such that

1 )
D < < > .
V (?\ P x) < |¢6|E forall |x| <rsand A > Ag
This implies that
) N
max W (tds) < —— = (25)%7.
20 2p(vip)¥r
Therefore, for all A > Asg,
) N
maxJa(ths) <~ (28) 7T A0 (42)
0 2p(vle) 7

Thus we have the following lemma.

Lemma 4.3. Under the assumption of Lemma 4.1, for any « > O there exists A > 0 such that for each X > A,
there is /6\7\ € XS with Hé\;\H;\ > PA, ])\(/6\7\) < 0and
N

max J(tén) < kA ps.
te0,1]

Proof. Choose &6 > 0 so small that %(ZS)ﬁ < k. Let ey € X® be the function defined by (4.1).

2p(vlp) V=P
Take A = As. Let ty > 0 be such that t)|lex||x > pa and Ja(tex) < O for all t > t). By (4.2), let e\ = tyen,
we know that the conclusion of Lemma 4.3 holds. O

o |For any n;* € N, one can choose m* functions ¢t € CP(RN) such that supp ¢t N supp ¢¥ =0, i #Kk,
dils =1, an

[0l g,
R2N

x —y|N+sp
Let rg“* > 0 be such that supp ‘b}s C Biré (0) fori=1,2,---,m*. Set

el (x) = pi(APsx) fori=1,2,---,m* (4.3)
and

m* 1 2 m*
HY; =span{e, e, ---,ex |

m
Observe that for each u = Z ciel € HY,
i=1

m*

P, =D leilPled]?,,
i=1
m*

| voamPac=3"ler | Vi,
RN i=1 RN

1 * 1 - * i *

— luPsdx = — » Icy/Ps lex[Psdx,
* * A

Ps JRN Ps i1 RN

and

m*

LRN H(x,u)dx = Z J}RN H(x, cie;)dx.

i=1



Y. Q. Song, S. Y. Shi, J. Nonlinear Sci. Appl., 11 (2018), 172-188 185

Therefore,

*

Jaw) =) Taleied)
i1

and as before
Talciel) < AP W(lciled).
Set
Bs = max{lcb})lg :j=1,2,---,m"}
and choose A+5 > 0 so that
V(?\_%x) < [565 for all |x| < rg“* and A > A5,

As before, we can obtain the following

* P— 2 v 1N
max Ja(u) < m*——=5—(28)v"P A bs (4.4)
weH 2p(vlp)v—r

for all A > Apss.
Using this estimate, we have the following.

Lemma 4.4. Under the assumptions of Lemma 4.1, for any m* € IN and k > 0 there exists A+ > 0 such that
for each N > A=, there exists an m*-dimensional subspace Fm+ satisfying

N

max Ja(u) < kA Ps,
U.EF)\m*

Proof. Choose & > 0 so small that m*ﬁ’f)z—L(%)ﬁ < k. Taking Fam+ = H}\“; = Span{e}\, eg\, e, e}\“*},
p(vlp)Y—p

where e}\(x) = d)%(?\%x), fori=1,2,---,m" are given by (4.3). From (4.4), we know that the conclusion
of Lemma 4.4 holds. O

We now establish the existence and multiplicity results.

Proof of Theorem 2.3. For any o < k < 09, by Lemma 3.4, we choose A; > 0 and define for A > Ag, the
minimax value
cx = inf max Jx(tey),
YEI te0,1]
where
M :={y € C([0,1],X%) : ¥(0) = 0 and y(1) = ex}.

By Lemma 4.1, we have o) < ¢ < K}\l_%. In virtue of Lemma 3.4, we know that |, satisfies the (PS),

condition, there is u, € X® such that J} (1)) = 0 and Ja(ua) = cx. Moreover, it is well known that such a
Mountain-Pass solution is a least energy solution of problem (2.1).
Because u, is a critical point of J,, for p € [p,pi],

AP > Talua) = Jalwn) — :)H\(w‘)w‘

1 1 lun (x) —ux(y)[P (1 1> J
— (- _= dxdy+(———=)A V(x)|ur|Pdx
<p p)”mm [x —y|NFsp YT\ o RN ()l
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1 1 « 1
+ < — *> ?\J [ua[Psdx + AJ [h(x,u;\)ux — H(x,u)\)] dx
P Ps RN RN [ H

1 1 “ lua (x) —ua(y)P <1 1) J
> -== dxdy+[(——=|A V(x)|[ua [P dx
(p p> RN [x—y[NFsP IT\p 7o) e (c)fual

1 1 :
+ (—*)AJ [up[Psdx + (“—1> ?\J H(x, up)dx.
P Ps RN P RN

Taking p = p, we obtain the estimates (i) and taking p = p we obtain the estimate (ii). This completes the
proof of Theorem 2.3 (1).

Denote the set of all symmetric (in the sense that —Z = Z) and closed subsets of X* by L for each
Z € L. Let gen(Z) be the Krasnoselkski genus and

j(z) = renrm gen(1(Z) N0By,),

where T+ is the set of all odd homeomorphisms t € C(X®,X*) and p, is the number from Lemma 4.1.
Then j is a version of Benci’s pseudoindex [5]. Let

*

cai:= inf supJa(u), 1<i<m™

Since Ja(u) > ay forallu € aB;LA and since j(Fam+) = dim Fj ;- = m*,

N

1 N
o <Cap <o amr < osup Jau) < kATTEs,
WEH \ %

It follows from Lemma 3.4 that J, satisfies the (PS)., condition at all levels ¢ < 00)\1*%. By the usual
critical point theory, all c,; are critical levels and ], has at least m* pairs of nontrivial critical points. [
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