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Abstract

In this paper, we introduce two new subclasses of meromorphically p-valent starlike functions. Inclusion relation, integral
transforms, and partial sums for each of these classes are discussed.

Keywords: Analytic function, meromorphic function, p-valent function, starlike function, subordination, inclusion relation,
integral transforms, partial sum.

2010 MSC: 30C45, 30C80.
(©2018 All rights reserved.

1. Introduction
In this paper, we assume that
—1<B<0, B<AK-B, A>1 and keN\{l1}L (1.1)

For functions f and g analytic in the open unit disk U = {z € C : |z| < 1}, the function f is said to be
subordinate to g, written f(z) < g(z) (z € U), if there exists an analytic function w in U, with w(0) =0
and |w(z)| < 1, such that f(z) = g(w(z)).

A function f which is analytic in a domain D C C is called p-valent in D if for every complex number
w, the equation f(z) = w has at most p roots in D and there will be a complex number wy such that the
equation f(z) = wy has exactly p roots in D. Let £, denote the class of functions of the form

flz) =z P+ Z anz™ (peN), (1.2)
n=p
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which are analytic in the punctured open unit disk Uy = U\ {0}. We denote by S} the well-known class

of meromorphically p-valent starlike functions. It is defined as follows

zf'(z)
f(z)

S;—{erP:Re <0,zeu}.

Let .
fiz) =z P+ ) anjz" €, (j=12).

n=p

Then the Hadamard product (or convolution) of f; and f; is defined by

(f1xf)(z) =2 P+ ) anjangz" = (f2% f1)(2).

n=p
Lemma 1.1. Let f € X, defined by (1.2) satisfies
Y {p(1=A)+(1—B)An+pA—1)8npxl} <p(A-B). (1.3)
Then (1—=A)fp(z) —Azf'(z) 14+A
pll— pklz) —Azt'(z + Az
u), 1.4
pf(z) <1—|—Bz (zel) (14
where
1 ip 2mi
= Z e 1 skz £} = exp ~ (1.5)
and (P ¢ N)
0/ Tk ’
s ={ 1 {2 EN) (o)
Proof. The function f,, i in (1.5) can be expressed as
fox(z) =27P + Z dn,pxAnz™ (1.7)
n=p

with

i {0 e,

=0

npk

According to (1.1) and (1.6), we see that
pA —BIp(1 — Ak —An) < —Blp —p(A—1)dnpx — A <0 (n>p). (1.8)

Let the inequality (1.3) hold. Then from (1.7) and (1.8), we deduce that
p(l—?\)fppf(( )) Azt'(z) 4

p(A-=A)fpx(2)—Azf'(2)
A= BRI

D pPA=1)8n px + A+ p] Anz™tP
T |p(A—B) + 2 n—piPA=Bp(1—A)dnpx —Anflanz™ P

< ZOO [p(}\_l)énpk+)\n+p]|an| <
p(A B + Z {]:)A B[ p(l _A)én,p,k —7\1’1]}|(1n| h

Hence, by the maximum modulus theorem, we have (1.4). The proof is completed. O
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We now introduce the following two subclasses of Z,.

Definition 1.2. A function f € L, defined by (1.2) is said to be in the class M i (A, A, B) if and only if it
satisfies the coefficient inequality (1.3).

Definition 1.3. A function f € Z,, defined by (1.2) is said to be in the class Ry i (A, A, B) if and only if it
satisfies the coefficient inequality

> nfp(1—A)+ (1-B)An+pA—1)onpil} < p*(A—B).
n=p

For f € £,,, we have

., zf'(z) _ = n
227P 4+ —— =z p+Z—anz ,
p =

which implies that
zf'(z)

f € Rp k(A A,B) ifand only if 2z7P + € My (A, A, B). (1.9)
If we write
p(1—A)+ (1—B)An+pA—1)50 5] n
= L d = — 2 7 11
&n p(A—B) an Bn pan (n p) (1.10)
then it is easy to verify that
0pn MNoan 0Bn MOoon 0B Mooy
— - >0 S5 =55 <0 d ——w =->5 2
N por U A poA ~ M TR T LB

Thus, we obtain the following inclusion relations. If
1< A <A —-1<By<B<0 B<A<-B, and A <Ay <-By

then

zf'(z)
f(z)

Rpk(A, A, B) CMp k(A A, B) € My (Ao, Ag, Bg) € My k(1,1,~1) C S5 :{f €%, :Re <0,ze u} :

Therefore, by Lemma 1.1, we see that each function in the classes M, (A, A,B) and Ry (A, A, B) is
meromorphically p-valent starlike function. Meromorphic (and analytic) functions which are starlike
have been extensively investigated by several authors (see, e.g., [1-22] and the references therein). In this
paper we study some properties such as inclusion relation, integral transforms, and partial sums for the
above-defined classes M i (A, A, B) and Ry, (A, A, B).
2. Inclusion relation
In this section we shall generalize the above mentioned inclusion relation

Rp,ko\/ A,B) C Mp,k(}\/ A, B). (2.1)

Theorem 2.1. If -1 < D < B, then
Rp,k()\r Ar B) C Mp,k()\/ C(D)/ D)/

where

(1-D)(A—B)

C(D) =D+ ———%

The number C(D) cannot be decreased for each D.
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Proof. Since —1 < D < B < 0and B < A < —B, we see that

 2B(1-D)

<
D<CD)LD 1B

< —D.

Let f € Rp k(A A, B). In order to prove that f € M, (A, C(D), D), we need only to find the smallest C
(D < C < —D) such that

P1-C)+ A -D)An+pA—-1)dnpil _ nip(l—A)+(1—B)An+pA—1)dnp i}

< 22
p(C_D] P2(A—B) @2)
for all n > p, that is, that
(1=D)An+p+pA—onpid ;1 [(1=B)M+p+pA—Donpil 23
p(C—D) Sy p(A—B) ' '

Forn > p and “ 2 ¢ IN, (2.3) becomes

1-D
C>2D+ RB)  np o(n).

p(A—B) An-+p

Noting that (1.1), a simple calculation shows that ¢ (n) (n > p) is decreasing in n. Therefore,

elp+1), (L eN),
¢(n) < )
o(p), T EN).
Forn > p and %E € N, (2.3) is equivalent to

1-D
C>D+ S8 np =1P(n).

P(A—B) _ A(ntp)

Also, Pp(n)(n > p) is decreasing in n. Thus

V(p), 2 eN),
v <{ W (e([2] 1) ), El ¢N§ Y

where [x] in (2.4) denotes the integer part of a given real number x. Consequently, by taking

7

(1-D)(A—-B)
1-B

- C(D), (2.5)

it follows from (2.2) to (2.5) that f € M, (A, C(D), D). Furthermore, for 2% €N and D < Cy < C(D), we
see that

1—Co+(2A—1)(1—D) A—B
Co—D "1-A+(2A—1)(1—B)
1-C(D)+(2A-1)(1-D) A—B .
C(D)—D 1—-A+(2A—1)(1—B)

which implies that the function

A—B
1-A+(22—-1)(1—B)

f(z) =z P+ zP € Rp k(A A, B)
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is not in the class M, i (A, Co, D). Also, for %13 ¢ N and D < Cy < C(D), we have

1—Co+A(1—D) A—B _1-Cot+A1-D) A—B .
Co—D 1—A+A(1-B) Co—D 1-A+A1-B)

which implies that the function

A—B

&) =2+ A a8

2P € Ry k(A A, B) (2.6)

is not in the class My, (A, Co, D). The proof of the theorem is completed. O

Remark 2.2. Putting D = B in Theorem 2.1, we have the inclusion relation (2.1).

3. Integral transforms

Theorem 3.1. Let p < u < p(2A+1). Suppose that £ € My, x (A, A, B) and
_b—p [(Fu
I.(z) = " Jo (1) dt. (3.1)
Then I, € My (A, C1(D), D), where —1 < D < B and

A+1)(n—p)(A—-B)(1-D)

G =P () (1—B)—2p(A—B)

The number C1(D) cannot be decreased for each D.
Proof. Since -1 < D <B<0,B<A < —-Bandp < u<p(2A+1), we can see that

A+1D(w—p)(A-B)1-D) 5 2B(1-D)

D<Ci(D)<D <
<GPS D T L a8 1B

< —D.

For .
f(z) =z"P + Z anzm € Mp k(A A, B),
n=p

it follows from (3.1) that

W H—DP
I.(z) =2z P+ anz™. 3.2
= S 62)

In order to prove that I,, € M, (A, C1(D), D), we need only to find the smallest C (D < C < —D) such
that

p(1—=C)+(1=D)An+pA—1Dsnpid 1w=p _p=A)+(1—B)An+pA—1)dppl
p(C—D) hm p(A—B)

(3.3)

foralln > p.
Forn > p and 2 ¢ IN, (3.3) becomes

1-D
(p+n)(1-B) _ p(n+p)

(b—p)(A=B)  (p—p)(An+p)

C>D+ = @1(n).

It is easy to show that @1(n) (n > p) is a decreasing function of n and so

ou(m) < ei1(p+1), (®LeN),
U e, »¢N
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Forn > p and M2 € N, (3.3) reduces to

1-D
(b—p)(A-B)  A(n—p)
and we have
11)1 (p)/ pr elN ’
Pi(n) < (3.4)
{ v (R[] +1) -p). (B eN).

A simple calculation shows that 11 (p) < @1(p). Therefore, by taking

C = @1(p) = C1(D),

it follows from (3.3) to (3.4) that I, € M, (A, C1(D), D).
Furthermore, the number C;(D) is best possible for the function defined by (2.6). The proof of the
theorem is completed. O

Theorem 3.2. Let p < u < p(2A+1). Also let 1), and C1(D) be the same as in Theorem 3.1. If f € Ry (A, A, B),
then 1, € Rp k(A, C1(D), D) and the number C1(D) cannot be decreased for each D.

Proof. By (3.2) we have
— —p = H'ip n
I.(z) <z + E 7p+nz ) xf(z)

n=p
and so
I / e _ /
227 P + ulz)” =[z7P+ Z EZPon), <27,_p + zt(z) (Z)> . (3.5)
p S outn p
In view of (3.5) and (1.9), an application of Theorem 3.1 yields Theorem 3.2. The proof of the theorem is
completed. O

4. Partial sums

In this section, we let f € X, be given by (1.2) and define the partial sums s;(z) and s\ (z) by

p+m—2
s1(z) =z P and sm(z) =z P+ Z anz™ (meIN\{1}).
n=p

For simplicity we use the notation «,, (n > p) defined by (1.10).
Theorem 4.1. Let p >2and 1 < A < %. Suppose that f € My, i (A, A, B). Then for m € IN, we have

f(z) 1
Resm(z) 1— 70‘p+m71 (zeU) 4.1)
and @)
SmlZ Kptm—1
Re f2) > T+ oty (z e l). 4.2)

The bounds in (4.1) and (4.2) are sharp for each m.
Proof. In view of the assumptions of the theorem, we see that
pP1—-A)+(1-B)M+pA—-1)dnpxl . 2—A—B

_ > >1 43
on p(A_B) A—B (43)

and
(1 _B)D\'i_p(}\_1)(6n+1,p,k_6n,p,k)] > o+ (1 —B)U\—P(A—l)] > o
p(A—B) - p(A—B) -

K1 = Xn + (4.4)



Y.-J. Liu, J.-L. Liu, J. Nonlinear Sci. Appl., 11 (2018), 228-236 234

Let f € My (A, A, B). Then it follows from (4.3) and (4.4) that

p+m—2 00 0
Z lan|+ Kp+m—1 Z lan| < Z anlan| <1 (m e IN\{1}). (4.5)
n=p n=p+m-1 n=p

If we put

Pie) =1+ oo (s 1)

sm(z)

for z € Uand m € IN \ {1}, then p1(0) = 1 and we deduce from (4.5) that

0 n+
Xp+m—1 Zn:p+m—1 anz™P

pi(z) +1 ‘ (1 +Y P a znﬂ’) +0pim-1) n—pim—1 Iz P

Xp+m— 1Zn =p+m— 1|an|

2 ~
Sa- 23 PI an] — opim-1 X mep i mo1 lan]
P

This implies that Re p1(z) > 0 (z € U), and so (4.1) holds for m € IN'\ {1}.
Similarly, by setting

Sm(z
2(2) = (1 &y 1) 20—y,
it follows from (4.5) that

pa(z) —1 ’ _ —(1+ O‘p—b—m—l) Zf:p—'—m—l anz™tP
pa(z) +1

(1 + ‘Xp+m—1) Zf:p+m71 |anl

Y i P PR} - S P

Hence, we have (4.2) for m € IN \ {1}.
For m =1, replacing (4.5) by

[e¢]

0
Kp Z lan| < Z onlan| <1
n=p

n=p
and proceeding as the above, we see that (4.1) and (4.2) are also true.
Furthermore, taking the function

Zp+m—1

f(z) =2 P+ —— € M (A A, B),
Xp+m—1
we have s, (z) =z7P,
f
R (2) 1— as z—>exp< s )
Sm(z) p4m—1 2p+m—1

and

Resm(z) — Fptm—1 as z— 1.

f(Z) ]. + (Xermfl

The proof of the theorem is completed. O
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Theorem 4.2. Let p > 2and 1 <N < P4 Suppose that f € Ry (A, A, B). Then for m € N, we have

f(z) p
Re 1— zel 4.6
@ prm—Dopams 2 40
and .
Resm(z) (p+m— )(Xp+m—1 (zeU). 4.7)
f(z) ~ p+(prm—Daprm
The bounds in (4.6) and (4.7) are sharp for the function
.pzp+m—1
f(z) =2z"P+ € Ry k(A A, B). (4.8)

(p+m-— 1)0(p+m—1

Proof. According to the assumptions of the theorem, it follows from (4.3) and (4.4) that

PRI (pm—Da e ©
- —1
D> lanl+ PIR— ) Janl < ) —amlan <1 (meN\{1}) (4.9)
n=p p n=p+m-—1 n=p p
and N .
n
ap Y lanl< ) —anlan| < 1. (4.10)
n=p n=p p
If we put
-1 _
pi(z) =14 PHM = Uprm [ flz) —1]
P sm(z)
and
palz) = |14 (P+m—1)ocp+m—1] sm(z)  (pP+m—1)opim1
P f(z) P '

then (4.9) and (4.10) lead to Re p;j(z) > 0 (z € U;m € IN;j = 1,2). The proof of the theorem is completed.

O
Theorem 4.3. Let p > 2and 1 <A < ;5. Suppose that f € Ry (A, A, B). Then for m € N, we have
/
1
Re f, @ 1 Lew (4.11)
s (z) Xp+m—1
and ()
s (z o 1
Re ™ pm uw). 4.12
€ f/(Z) > 1+‘Xp+mfl (Z € ) ( )
The bounds in (4.11) and (4.12) are sharp.
Proof. By virtue of the assumptions of the theorem, it follows from (4.3) and (4.4) that
1 p+m—2 « . (%) 0 n
= ) mlanl+ = ) nfanl < ) —amlan <1 (meN\{1}) (4.13)
P n=p P n=p+m-—1 n=p P

and

Z nlan| < Z Eo‘n|an| (4.14)

=p
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By considering the functions

f (Z)) — 1) and p2(z) = (14 aprm-1) Sfr?(il)) — ®pi+m-1,

p1(z) =1+ pim—1 <s§n(z

we deduce from (4.13) and (4.14) that Re p;(z) > 0 (z € U;m € IN;j = 1,2). Thus (4.11) and (4.12) hold
true.

Furthermore, the bounds in (4.11) and (4.12) are best possible for the function defined by (4.8). The
proof of the theorem is completed. O
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