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Abstract

Minimal surfaces are well known as a class of surfaces with vanishing mean curvature which minimize area within a given
boundary configuration since 19th century. This fact was implicitly proved by Lagrange for nonparametric surfaces in 1760,
and then by Meusnier in 1776 who used the analytic expression for the mean curvature. Mathematically, a minimal surface
corresponds to the solution of a nonlinear partial differential equation. By solving some differential equations, in this paper we
give a complete and explicit classification of minimal translation surfaces in an n-dimensional Minkowski space.
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1. Introduction

Minimal surfaces are among the most natural objects in differential geometry, and have been studied
during the last two and half centuries since J. L. Lagrange. In particular, minimal surfaces have en-
countered striking applications in other fields, like mathematical physics, conformal geometry, computer
aided design, among others. Even though it has been the subject of intense activity, many basic problems
remain open, for instance, the complete classification of minimal surfaces in 3-dimensional space. In
general, to consider the solutions of some differential equations is essential and important, for instance,
[5, 7-10, 12]. In order to search for more minimal surfaces, some natural geometric assumptions arise.
In the 3-dimensional Euclidean space E®, a surface is called a translation surface if it is given by an
immersion

TUCE2 - E®: (x,uy) = (x,y,2),

where z = f(x) + g(y), f(x) and g(y) are differentiable functions. The first study of translation surfaces
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is due to Scherk, in 1835 who proved that, besides the plane, the only minimal translation surface is the
so-called Scherk surface given by

1 cos(ax)
= — ln‘ ’,

a lcos(ay)
where a is a nonzero constant. In 1991, the minimal translation surfaces were generalized to minimal
translation hypersurfaces by F. Dillen, L. Verstraelen and G. Zafindratafa [4]. Since then, translation
surfaces (hypersurfaces) have been investigated intensively by geometers (see [1, 6, 7, 10, 11]).

In 1994, L. Verstraelen, J. Walrave and S. Yaprak studied minimal translation surfaces in Euclidean
space E™ for arbitrary codimension by proving that, besides the plane, the only minimal translation
surface in E™ is given by

B c3 ., |cos(y/ms) Cn ., |cos(y/ms)
ris,t) = (S't'aln‘cos(\/ﬁt)‘ 7ln‘cos(\/n71t)

“m
wherem =3 [ , ci and cy are constant, see details in [13].
In n-dimensional Minkowski space [EJ', there are two types of translation surfaces as follows (c.f.

[5, 7]):
I r(s,t) = (s,t,x3(s,t),xa(s,t), -+ ,xn(s,t)),

),

IL v(s,t) = (x3(s,t),x4(s,t), -+ ,xn(s,t),s,t),

where xi(s,t) = fi(s) + gi(t), 3 < i < n. The problem to classify minimal translation surfaces in an
n-dimensional Minkowski space becomes interesting and important. Generally, the classification prob-
lems for submanifolds in Minkowski space are more complicated than the Euclidean case because of the
indefiniteness of the metric. In this paper, we will deal with the similar problem for translation surfaces
as L. Verstraelen et al.’s work [13] in Minkowski space [E]'. We obtain a complete classification of mini-
mal translation surfaces with type I and type II, respectively, in the n-dimensional Minkowski space Ef'.
Specifically, we get the following classification theorems.

Theorem 1.1. Let M be a translation surface with type I in Minkowski space IET*. Then M is minimal if and only
if M is a part of the following:

1. a plane;

2. 1(s,t) =p(s) + q(t), where p(s) and q(t) are lightlike vectors in Minkowski space ET';

3. a flat B-scroll over a null curve;

4. 1(s,t) = (s,t, F(2 —s%),- -+, F(t2—s?));
. cos(+/ms) n cos(yv/ms)

5. T(S,t) = <S,t,%iln m ’ ,Cﬁ cos \/—t )f07m>0
o c sinh(y/—ms) Cn sinh(y/—ms)

6. r(s,t)-(s,t,ﬁln snh(V—mo |7 In Smh(mt) )form<0
o c sinh(y/—ms) Cn sinh(y/—ms)

7. T(S,t)—(S,t,ﬁln m, ,Hln COSh(m) )form<0
_ [¢ cosh(y/—ms) Cn cosh(y/—ms)

8. T(S,t) = <s,t,—31n m ’ ,Hln COSh(mt) )f07m<0,

where m = ¢+ -+ c2_, — ¢ is constant.

Theorem 1.2. Let M be a translation surface with type 1I in Minkowski space IET". Then M is minimal if and only
if M is a part of the following:

1. a plane;
2. a flat B-scroll over a null curve;

_(c cosh(/mt) n cosh(y/mt) .
3. r(s,t) = ( mn “cos(v/ms) |7 ’inl “cos(y/ms) ’S’t)’
_(c sinh(y/mt) Cn sinh(y/mt)
4. r(s,t) —< =1In cos(\ﬁs) ,oo, 2 n cos(V/mrs) ,s,t),

where m = ¢+ - - -+ 2 is a positive constant.
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Remark 1.3. For n = 3, M is a minimal translation surface (spacelike or timelike) in Minkowski space E3.
In this case, Theorem 1.1 and Theorem 1.2 are generalizations of the 3-dimensional case (see [5, 7] for
details).

Remark 1.4. Noting that n > 3 in the cases (4) and (5) in Theorem 1.1, there is no corresponding minimal
translation surface in Minkowski 3-space ]E? (I5D).
2. Preliminaries
Let ET* be n-dimensional Minkowski space with the metric
< >=dG+dxG 4+ dxd ) — dx.

We denote M by a surface immersed in Minkowski space [E{* parameterized by

T UCE? 5 E?: (s,t) = (xa(s,t),xa(s, ), -+, xnl(s,1)).
Then the components of the first fundamental form for surface M are given by

g11 =<Ts,Tg >=T5:Ts, g2 =<Tg, Tt >=Tg Ty, 0 =<Ti, Tt >=T¢ Tt

A surface M is spacelike if the induced metric on surface M is positive, that is g11g22 — g3, > 0; a surface
M is timelike if the induced metric on surface M is indefinite, that is, g11g>» — g%z < 0, respectively.

Let {n3,--- ,Mn} be normal frame field of the surface M immersed in Minkowski space [E]*. Then the
components of the second fundamental form concerning the normal vector 1y are given by

bll(nk) =< Tgs,Mk >= Tgs "Nk,
bio(Mk) =< Tse, Mk >=Tst "Mk,
b (M) =< T, Mk >= Tt - Nk

Recall that the component of the mean curvature vector H,,, is given by (c.f. [2, 3])

~ g22b11 + g11b22 —2g12b12

H, = 2.1)
e 2(g11922 — 63,

Hence a surface M is minimal (or maximal for a spacelike surface) if and only if H,,, = 0 for all k =
3,...,n.
3. A proof of Theorem 1.1

In this section, by considering some differential equations we will give the concrete parameterizations
of translation surfaces with type (I).
First of all, it is easy to check that

Ts = (1/ O/ fé(S),fi(S), T ,f:l(S)),
Tt = (0/ ]-r gfl,(t)/ gzi(t)l o 19;1(1:))

We could build the normal frame fields in the normal space as follows

T13 - (—fé(S), _g?l,(t)/ 1101 T 1010)/

NMn—-1 = (_fg—l(s)/ _91/171“)/0/ 0/' o /1/0)/
Mn = (f:'L(S)/ 91/1(t)/0/0/ o /011)‘
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It is easy to check that the components of the first fundamental form are in the following forms

g11 :TS'TS:1+fé2+"‘+fgfl_f—:12/
szzrt-rt:1+g§2+'-'+9§1271—91/12/ 3.1)
g2 =Ts e =f495+ - +f 1901 —frgn,

and the components of the second fundamental form are given by

bii(k) =Tss Mk =T, b)) =Tst M =0, bauMmk) =T Mk = gy,
bll (nn) =Tss ' NMn = _fg/ blZ(nn) =Tst " Mn = 0/ b22(nn) =Tttt Mn = _gg

fork=3,--- ,n—1.
Let H(ni) be the mean curvature with respect to the normal vector n;. Then the surface M is minimal
if and only if H(ni) =0 (i =3,4,--- ,n), that is,

I+ g+ gl —gAf + 0+ 2+ 2 — gy =0. (3.2)
We first consider the case 1+ g2 +---+g/2 | —gP2 =1+ +---+f2 | —f2=0.If we let

p(s) = (Slolf?)/' o /fﬂ)/ q(t) = (Olt/ 93/' o /gn)/

then both p(s) and q(t) are two lightlike vectors in Minkowski space ET'. So the case (2) in Theorem 1.1
is obtained.
fl+gf+--+9g2 ,—gf=0and 1+f{+ - +f2 , — 72 +# 0, by (3.2) we have that g/ = 0, so

gk = cxt for k =3,--- ,n. Then the surface M takes the form
T(Srt) = (S/ 0/ f3/ o rfn) +t(0/ 1/ C3, - /Cn)/

which implies that M is a flat B-scroll over a null curve. Hence, we obtain the case (3) in Theorem 1.1.
Ifl+gP2+--+92 ,—gP#0and 142+ -+ > | —f2 =0, similarly we obtain the case (3) in
Theorem 1.1.
We now consider the case 1+ g2 +---+g/2 | — g2 #0and 1+ f{ +---+f2 | — > # 0. From (3.2),
there exist constants ¢y such that

7/ i
_1+f§2+--~+f1’12_1—f;12 - 14+ g +--+92  — g2 - 33)
fork=3,---,n. Hence
il = —ci 1+ 24+ 12, — £, (34)
g = ckll+g5+--+ 97 1 — gl (3.5)

If cx = 0, then from (3.4) and (3.5) we conclude that fi(s) = axs + by, and gx(t) = cxt+ dk for k =
3,---,n. Thus, M is a plane in the Minkowski space ET*, which gives the case (1) in Theorem 1.1.

Now suppose that at least one of the cy # 0. By re-arranging the indices (if necessary) we can assume
that c3 # 0. Then taking the ratio of the equation given in (3.5), we have

£ 1"
f3 g3 C3

Hence

c C
f/(s) = <5 (s), gl(t) = Xg¥(t), k=3, ,n
C3 C3
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After a translation of the variable s, we get
flls) = X6(s),  ghlt) = Egit), k=3, ,m. (37)
c3 C3
Putting k = 3 in (3.5), we have
) = —call + 2+ -+ 2 — 17, (3.8)
93 =csll+957 + - +97 — gl (3.9)
Substituting (3.7) into (3.8) and (3.9), we have
£ =) -3, g = (g3 +cs, (3.10)
C3 C3
where m:cg—l—---—l—cﬁ_l—cﬁ.
We now distinguish the following three cases:
Case 1. m = 0. In this case, by (3.10) we have
i = —cs, g5 = cs, (3.11)
and hence
fé = —c3s+dq, 93/, =c3t+ do. (3.12)
It follows from (3.7) that
fl=—cis+ Sdi, gl =citt S,
C3 C3
By integration, and after an affine transformation, we have
) )
fx = > S5, gk 5 t°. (3.13)
So the case (4) in Theorem 1.1 is obtained.
Case 2. m > 0. In this case, from (3.10) we have
m m m m
—ff =—[(—=f)*+ml,  —gf =(—gs?+m (3.14)
c3 c3 C3 c3
By solving the equation (3.14), we have
f5 = &8 tan(y/ms), g5 = & tan(y/mt).
vm NAD
From (3.7), we have
i, = _% tan(y/ms), gr = \j—% tan(y/mt), (3.15)
and hence
fr = CIn|cos(vms)|, gk =——In|cos(vmt) ],
m m
which gives the case (5) in Theorem 1.1.
Case 3. m < 0. In this case from (3.10) we have
m m m m
o =B - (V=mPl e = ()~ (V-m)* (3.16)

C3 C3 C3
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By solving the first equation of (3.16), we have

] = —% coth(v/—ms) or f}= —% tanh(v/—ms), (3.17)
which together with (3.7) gives
i = — Gk coth(y/—ms) or fj =— Ck tanh(v/—ms),
v—m v=m
and hence
fi = % In | sinh(v/—ms)| or fx= % In | cosh(v—ms) | . (3.18)

Similarly, by the second equation of (3.16), we have
g = —% In|sinh(v—mt)| or gx= —% In | cosh(v/—mt) | . (3.19)

Combining (3.18) and (3.19), the cases (6), (7) and (8) in Theorem 1.1 are obtained. This completes the
proof of Theorem 1.1.
4. A proof of Theorem 1.2

In this section, we consider the translation surfaces with type (II). Similar to the discussion on the
proof of Theorem 1.1, we give the normal vector field

ns = (11 O/‘ e I_f?l)(s)r gé(t))/

nﬂ. - (0/0/‘ t I]'I_f]/"l_(s)/ g;(t))

The components of the first fundamental form and the second fundamental form are written respectively
as

gn =1+ +f+1l gn=97+ - +gi—1 gu="Fg+ - +fign,
and
b)) =1, bmk) =0, bnMk) =gy

fork=3,---,mn.
Hence, it is easy to check that the surface M is minimal if and only if

(g2 4+ g2 U+ [+ + 2 +1]g) =0. (4.1)

If g2+~ +g?—1=0,by (4.1) we have that g;/ = 0. So g(k) = cxt for k =3,---,n. Then the surface
M is given by
T(S, t) = (f3/ Tt /fn/ S,O) +t(c3/ o, Cny 0/ 1)/

which implies that M is a flat B-scroll over a null curve. So the case (2) in Theorem 1.2 is given.
If géz 4492 —1#0, from (4.1), there exist constants ¢} such that

fic 9
f24 4 f2+1 gl+--4g2—1

= Cx (4.2)
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fork=3,---,n. Hence
fl =alff +- +f2+1, g =—calgd +--+g7 — 1. (4.3)

If cx =0, then from (4.3) we conclude that fi (s) = axs + by, gk (t) = ckt+dx fork =3,--- ,n. Thus M is
a plane in the Minkowski space E]* and the case (1) in Theorem 1.2 is obtained.

Now suppose that at least one of the cy # 0, we also assume that c3 # 0. Similar to the discussion of
the surfaces of type (I), we have

f(s) = 26(s),  gL(t) = Kgi(t), k=3, (4.4)
C3 C3

Substituting (4.4) into (4.3) for k = 3, we have

m m
= —=(f})?+c3, 9§ =——(g5)?+cs, (4.5)
c3 cs

where m = ¢ + - -+ + ¢ > 0. By solving the first equation of (4.5), we have

5 = —\;371 tan(y/ms),

which together with (4.4) gives
i, = Lk tan(yv/ms),
and hence
fr = —%1n | cos(v/ms) | .
m

Similarly, by the second equation of (4.5), we have

gk = %ln | cosh(vmt) |, or gi= % In | sinh(y/mt) | .

So the cases (3) and (4) in Theorem 1.2 are obtained. This completes the proof of Theorem 1.2.
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