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Abstract

In this article, we investigate some new reverse Holder-type inequalities on an arbitrary time scale via the diamond-«
dynamic integral, which is defined as a linear combination of the delta and nabla integrals. These inequalities extend some
known dynamic inequalities on time scales, unify and extend some continuous inequalities and their corresponding discrete
analogues.
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1. Introduction
We start from the famous Young inequality [5, 10, 15, 16]:
(1—v)a+vb > al™VbvY (1.1)

for positive numbers a, b and v € [0, 1]. The inequality (1.1) is also called v-weighted arithmetic-geometric
mean inequality and its reverse inequality with Specht’s ratio was given in [1] by

a
b
for positive numbers a, b and v € [0, 1], where the Specht’s ratio [9, 20] is defined by

S(=)a™vb¥ = (1—v)a+vb (1.2)

1
hnr—T

S(h) = ————
eloghn-1

(h>0h#1).
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Inequality (1.2) can be written as:
(1.3)

for positive numbers a, b and 141 -1 with p>1
We review some properties of the Specht’s ratio. See [9, 20, 22] for the proof and details:

e S(1)=1and S(h) =S(1/h) > 1 for h > 0.
e S(h) is a monotone increasing function on (1, co).
e S(h) is a monotone decreasing function on (0, 1).
The well-known classical Holder’s inequality [5, 10, 15, 16] states that
n n 1 n 1
P q
Y aibi < <Z a{’) > bf‘) ,
i=1 i=1 i=1

where {a;}I* ; and {b;}]* ; are nonnegative real sequences and p, q € R with p > 1 and % + % =1.
The integral version of Holder’s inequality is

b b % b %
j #(x)gx)ldx < (j |f(x)|vdx) (J g(x)mdx) ,

where f and g are continuous functions on [a, b] and p, g € R with p > 1 and % +1=1.
Using delta integral, Agarwal et al. [2] have given the time scale version of Holder’s inequality, namely,

b b & /(b H
J f(x)g(lAx < (j |f(x)|mx) (J |g(x)|qAx) ,

where a, b € T* and f, g € C4([a, bl,R) and p, g € R with p > 1 and %—F % =1.
Recently Zhao and Cheung [27] proved a reverse Holder’s inequality with Specht’s ratio. They showed
that, for any positive continuous functions f and g on [a, b], if % + % =1withp>1,

b P b 5 /(b 1
L S <I;q((>;))>f(x)g(x)dx > (L fp(x)dx> (L gq(x)dx) , (1.4)

b b
X:J fP(x)dx and Y:J g9(x)dx.

a a

where

By replacing fP and g9 by f and g, respectively, inequality (1.4) can be rewritten as:

b o b B/
Ja S (;;ig)fv(x)gq(x)dx > (L f(x)dx> <Ja g(x)dx) , (1.5)

b b
X= J f(x)dx and Y = J g(x)dx.

a a

where

Holder’s inequality is an important tool in different branches of modern mathematics such as classical
real and complex analysis, numerical analysis, probability and differential equations. Since its discovery,
it has been studied widely and has been generalized on many ways, see [1, 4, 13, 14, 17, 18, 24, 25]. Some
reverse versions of Holder’s inequality were established in [8, 21, 23, 26].



A. A. El-Deeb, H. A. Elsennary, W.-S. Cheung, J. Nonlinear Sci. Appl., 11 (2018), 444-455 446

The theory of time scales, which has recently received a lot of attention, was initiated by Hilger in his
PhD thesis in order to unify discrete and continuous analysis [11]. The general idea is to prove a result
for a dynamic equation or a dynamic inequality where the domain of the unknown function is a so called
time scale T, which may be an arbitrary closed subset of the real numbers R see [6, 7]. The three most
popular examples of calculus on time scales are differential calculus, difference calculus, and quantum
calculus (see [12]), i.e., when T = R,T =N and T = q™° = {q* : t € Ngo} where q > 1. The book on the
subject of time scales by Bohner and Peterson [6] summarizes and organizes much of time scale calculus.
During the past decade a number of dynamic inequalities has been established by some authors which
are motivated by practical problems, for example, when studying the behavior of solutions of certain class
of dynamic equations on a time scale T, see [2, 3, 6], and the references cited therein.

In this paper, we prove some reverse Holder inequalities with Specht’s ratio using the diamond-«
derivative on time scales and give their continuous and discrete analogues. The diamond-o« derivative
reduces to the standard A derivative for o = 1, or the standard V derivative for o« = 0. We refer the reader
to [19] for an account of the calculus corresponding to the diamond-« dynamic derivative. The paper is
organized as follows. In Section 2, some basic concepts of the calculus on time scales and useful lemmas
are introduced. In Section 3, we state and prove the main results.

2. Preliminaries and lemmas on time scales

First, we will present some preliminaries on calculus of time scales and some universal symbols used
in this article. Throughout the paper R denotes the set of real numbers, IRar = [0,00), and Z denotes the
set of integers. A time scale T is an arbitrary nonempty closed subset of the real numbers. We assume
throughout that T has the topology that it inherits from the standard topology on the real numbers RR.
For t € T, first we define the forward jump operator o : T — T by:

o(t):=inf[s € T:s > t},
and second, the backward jump operator p : T :— T by:
p(t):=sup{s e T:s < t},

where sup) = infT. A point t € T with infT < t < supT is said to be left-dense if p(t) = t and is
right-dense if o(t) = t, points that are simultaneously right-dense and left-dense are said to be dense, t
is left-scattered if p(t) < t and right-scattered if o(t) > t, points that are simultaneously right-scattered
and left-scattered are said to be isolated. A function g : T — R is said to be right-dense continuous
(rd-continuous) provided g is continuous at right-dense points and at left-dense points in T, left hand
limits exist and are finite. The set of all such rd-continuous functions is denoted by C;4(T). A function
f: T — R is said to be left-dense continuous (ld-continuous) provided f is continuous at left-dense points
and at right-dense points in T, right-hand limits exist and are finite. The set of all such 1d-continuous
functions is denoted by Cy4(T).

The forward and backward graininess functions p and v for a time scale T are defined by p(t) :=
o(t) —tand v(t) :=t — p(t), respectively.

Given a time scale T, we introduce the sets T*, Ty, and T as follows. If T has a left-scattered
maximum t;, then T* = T — {t;}, otherwise T* = T. If T has a right-scattered minimum t,, then
T« =T —{t2}, otherwise T« = T. Finally TK = T*NT.

Let f : T — R be a real valued function on a time scale T. Then V t € T*, we define f2(t) to be the
number (if it exists) with the property that for any given ¢ > 0 there is a neighborhood U of t such that V
sel,

[f(a(t)) —f(s)] — A (t)[o(t) —s]| < elo(t) —s|,  Vsel

In this case we say that f is delta differentiable on T* provided fA(t) exists for all t € Ty. Similarly, V
t € Ty, we define fV (t) to be the number (if it exists) with the property that for any given & > 0 there is a
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neighborhood U of t such that Vs € U,
[f(p(t) — f(s)] — Y (Dp(t) —sl| < elp(t) —sl,  VselL

In this case we say that f is nabla differentiable on T« provided fV(t) exists forall t € Ty. For f: T — R,
we define the function f° : T — R by f® = f(0), Vt € T, that is f°(t) = (f o 0)(t). Similarly, we define
the function f° : T — R by f? = f(p), Vt € T, that is f°(t) = (fop)(t). A time scale T is said to be
regular if the following two conditions are satisfied simultaneously: (1) o(p(t)) =t, and (2) p(o(t)) =t,V
t € T. The product and the quotient rules for the derivative of the product fg and the quotient f/g (where
g(t)g(t) #0, here g° = g o o) of two differentiable functions f and g, are given as the following:

(fg)2(t) = fA(t)g(t) + flo(t)) g™ (1) = f(t)g* (1) + A (1) g(o(t),

and

<f>Am _ A(Dg(t) — f(gA(1)
g g(t)g(o(t)) '

A function F: T — R, is called a delta antiderivative of f : T — R provided that F2(t) = f(t) holds V
t € T*, then the delta integral of f is defined by

Jb f(t)At = F(b) — F(a).

a

A function G : T — R is called a nabla antiderivative of g : T — R provided that GV (t) = g(t) holds
vVt € Ty, then the nabla integral of g is defined by

We will frequently use the following useful relations between calculus on time scales T and differential
calculus on RR, difference calculus on Z, and quantum calculus on q](l)\l. Note that if

(i) T =R, then

b b
o(t) =t,u(t) =0,f2(t) = f/(t),J f(t)At = J f(t)dt; (2.1)
(ii) if T = Z, then
b b—1
o(t)=t+1,ut)=1,f2(t) = Af(t),J fl)At= ) f(t); (2.2)
a t=a
(iii) if T =hZ, h > 0, then
b—a—h
b h
o(t)=t+h,u(t)=h, and J f(t)At = Z fla+kh)h;
a k=0
(v) if T=qNo ={t:t=q" k €Ny, q> 1}, then
b logq(b)—l
oft) = qtu(t) = (—1Jt, | f0A=(g-1) I  q"f(q")¥abe g™,
a k:logq(a)

It can be shown (see [6]) that if g € C,4(T), then the Cauchy integral G(t) := ﬁo g(s)As exists, tg € T,
and satisfies G2(t) = g(t), t € T. An infinite integral is defined as

JOO f(t)At = lim Jb f(t)At.

a b—oo Jq
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Lemma 2.1 ([6, Theorem 1.76 on page 28]). If f2(t) > 0, then f(t) is nondecreasing.

Lemma 2.2 ([6, Theorem 1.90. Chain Rule on page 32]). Let f : R — R be continuously differentiable and
suppose g : T — R is delta differentiable. Then fo g: T — R is delta differentiable and the formula

1
(fog)A(t)z{J [f(g()Jrhu(J ())]dh} v,

0
holds.

Lemma 2.3 ([6, Exercise 1.23 on page 9]). Assume that f : T — R is delta differentiable at t € T*. Then

n—1
—{ X e e,
k=0
Lemma 2.4 ([6, Theorem 1.16 on page 5]). Assume that f: T — R is delta differentiable at t € T*. Then

O (x) = f(x) + p(x) 2 (x).

Now, we briefly introduce the diamond-« dynamic derivative and the diamond-o dynamic integral,
and we refer the reader to [19] for a comprehensive development of the calculus of the diamond-« dy-
namic derivative and the diamond-« dynamic integration.

Let T be a time scale and f(t) be differentiable on T in the A and V senses. For t € T, we define the
diamond-a dynamic derivative f¢«(t) by

fOx(t) = af () + (1—)fYV(t), O0<a<l,

Thus f is diamond-« differentiable if and only if f is A and V differentiable. The diamond-« derivative

reduces to the standard A derivative for « = 1, or the standard V derivative for « = 0. On the other

hand, it represents a weighted dynamic derivative for o« € (0,1). Furthermore, the combined dynamic

derivative offers a centralized derivative formula on any uniformly discrete time scale T when « =1/2.
Let f, g: T — R be diamond-« differentiable at t € T. Then

(i) f+g: T — R is diamond-« differentiable at t € T with
(f+9) %= (t) = (1) + g%=(t);
(ii) for any constant ¢, cf : T — R is diamond-« differentiable at t € T with
(cf)Ox(t) = cf O (1);
(ii) fg: T — R is diamond-« differentiable at t € T with
(fg) V= (t) = fo=(t)g(t) + af (t) g™ (t) + (1 — )P (t) gV ().

Leta,t € T,and h: T — R. Then the diamond-« integral from a to t of h is defined by

t t t
J h(T)$ut = ocJ h(t)At+ (1— oc)J h(t)VT, 0<a<l.

a a a

We may notice that the ¢« integral is a combined A and V integral. In general, we do not have

t o
(J h(TK}“T) =h(t), teT.

a

Leta,b,te T, ceR. Then

() [o (D) +g(D0at = ¢ f(T)Oat+ [ 9(TOaT
(ii) ffl cf(T)OuT = cft f(1)OaT;
(i) [L (D00t = [2H0)Oat+ [§ F(T)0aT;
(iv) [ (DOt =—[{ f(1)0uT
)

(v) if f(t) < g(t) for all T € [a, blx, then [° (1) 0ot < [0 g(T)Our.

Now we are ready to state and prove our main results.
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3. Main results

Throughout this section, T is an arbitrary time scale, neither f = 0, g = 0 nor h = 0 and we assume
that all integrals converge.

Theorem 3.1. Let a, b € T and f, g, h € C([a, blr, ]R+) such that P and g9 are {-integrable on [a,blr. If
5+——1wzthp>1 then

boYP b 1 b 1
L S (ng((?)>h(t)f(t)9(t)<>at > (L h(t)fP(t)Q(xt> (L h(t)g® (t)%t> ,

where

and S(.) is the Specht’s ratio.

Proof. Letting

in (1.3), we get

S < YP(t) > h{t)f(t)g(t) _ Th{t)fP(t) n 1 h(t)g9(t)
Xgi(t)) xsys P X qg Y

By integrating both sides over t from a to b, we obtain

b Y£P(t)
f“S<X9””)h(t)ﬂt)g(t)<>“t | LJah®fFP (0t 1 [qh(t)g?(t)0at _ 1 1
XPYd “p X q Y P q
which is the desired inequality. This completes the proof. O

Corollary 3.2. When h(t) =1 in Theorem 3.1, we get

(o () ()
LS<X9‘4(t) ft)g(t)0at > Lf () 0at Lg (t)0at) - (3.1)

As a special case of Theorem 3.1, if T = IR and using the relations (2.1), we get the following continuous
result.

Corollary 3.3. Let f, g, h € C([a,b], R]). If +——1wzthp>1 then

J: S < ;;((tt)) ) h(t)f(t)g(t)dt > <J: h(t)fP (t)dt) ' <ﬁ h(t)g9 (t)dt) ‘

b b
X:J h(t)fP(t)dt and Y:J h(t)g9(t)dt.

a a

where

Remark 3.4. If we take h(t) =1 in Corollary 3.3 we obtain Theorem 1.4 due to Zhao and Cheung [27].

As a special case of Theorem 3.1, if T = Z and using the relations (2.2), we get the following discrete
result.
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Corollary 3.5. Let f(n), g(n), and h(n) be nonnegative real sequences. If % + % =1 withp > 1, then

1

_ Yfp n b—1 % b—1 1
Z (ng o ) h(n)f(n)g(n) > (Z h(n)fp(n)) ( Y h(n)gq(n)> ,

where
b—1 b—1
X=) h(n)fPn) and Y=) h(n)gn)

Theorem 3.6. Let a,b € TS and f, g, h € C([a,b]qp,lR+ If + l =1withp <0or q <0, then

(S Jroow)” ([ wen)”» ([ romoon
(| s (M)t @oat) " (| mwont)” = (] rwgivon),

b

b
X = J fP(t)Out and Y= J f(t)g(t)Out.

a a

where

Proof. Assume that p < 0 (the proof when q < 0 is similar). Set P = p and Q = =. Then % + % =1 with
P>1and Q > 1. Let F,G € C([a, b],RT) such that F¥ and G® are Qa-lntegrable on [a,b]y. Then from

(3.1) we have
P o(F 1a 6 10at “roow) ([ eemon)
L S(GQIz FP(t)Q“t>F(t)G(t)<>“t > (L F (t)<>“t> (L G (t)<>“t> _

Setting F(t) = f~9 and G(t) = f9g9 in the last inequality, we get

—-q

LS< o ;afp G oot ([} ww0a) " ([ rstwont)”

or yie ‘ . .
< )9" <>cxt< (t)<>at> > (J f(x)g(t)%t) :
Therefore .
YfP— 1 b 7 b
< < )9“ <>o¢t> <J fp(t)<>cxt> > (J f(t)g(t)%t)
This completes the proof. O

As a special case of Theorem 3.6, if T = R and using the relations (2.1), we get the following continuous
result.

Corollary 3.7. Let f, g, h € C([a,b],]RaL). If% + % =1withp <0or q <0, then

(o) ([ o) ([ somo
<LS< ot )9t (Dat pr(t)dt > L f(t)g(t)dt |,

b b
X = J fP(t)dt  and Y= J f(t)g(t)dt.

a a

where

As a special case of Theorem 3.6, if T = Z and using the relations (2.2), we get the following discrete
result.
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Corollary 3.8. Let f(n) and g(n) be nonnegative real sequences. If % + % =1 withp > 1, then

b1 1 1 b1 1 b1
(Z s(Y;pg(;;‘))gw) <Z f%)) > (Z f(n)g(n)>,

where
b—1 b—1
X=5> f'(n) and Y=) f(n)g(n).

Theorem 3.9. Let a, b € T and f, g € C(l[q, b]qr,IRJr) such that 0 < m <
5+a—1wzthp>1,then

o Yf(t) 1 P]iz by 1
Ls(xgt))f (054 (10at > Ty (qu() 5t )<>at> (32)

‘

<M < oo forall t € [a,bly. If

where

Proof. From (1.5), we have

b Yf(t)) 1 L
[, s(xetw ) s

=

<>

R

‘_‘.

WV
7 N\
;ﬁ

o
<>

R

'—.-
~__

b1l
N\
o8

(]

=

<>

R

r#
~_
al=

that is,

and so )
b 2 b
["s(zs ) gt tuoat > ™ (| fughmoat).
a Xg(t) qu a
Hence, the inequality (3.2) is proved. O

As a special case of Theorem 3.9, if T = R and using the relations (2.1), we get the following continuous
result.

Corollary 3.10. Let f, g € C([a,b],R]) such that 0 < m < ((— M < oo forall t € [a,b]. If +f =1 with
p > 1, then

b 2 /b

J s(w(t)>f%(t)gé(t)dt> o (J £3(t)gr (t )dt>

a Xg t) M 2 a
where

b b
X= J f(t)dt and Y= J g(t)dt.
a a
As a special case of Theorem 3.9, if T = Z and using the relations (2.2), we get the following discrete
result.
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Corollary 3.11. Let f(n) and g(n) be nonnegative real sequences such that 0 < m < % <M< oo If

9
11 1o
5+ g = 1withp >1, then

b1 Yf(n) 1 1 Truvli2 bl 1
T

M? n=a
where
b—1 b—1
X= Z f(n) and Y= Z g(n).
n=a n=a

Theorem 3.12. Let a, b € T and f, g € C(la, bly, Ry) such that fP and g9 are integrable on [a, b]. If% +% =1

£P
gq—((tt)) <M< oo, Vte la,blr, then

b YfP(t) m. 1 /[°
L s(ng(t)>f(t)9(t)<>at > (M)Pq (J f(t)g(t)%t)

withp >1and 0 <m <

where .
X = J POt and Y = J g9(t)Ont.

Proof. From (1.4), we have

Jb s(Yfp(t) )f(t) ()0t > <Jb £ (1) t) d (Jb a1 ¢ t)cl' 33
o \Xgagy ) 11910t 2 (| THOt )] o7 00at) )
Since m < %, then we have g(t) < m% fa (t), and so
f(t)g(t) < ma fatl(t) =ma e (t) = m3 P (1)
Therefore
b % ) b %
(J fp(ﬂ%t) > mee ( | f(t)g(t)oat) . (3.4)
a a
Also since ;Z((i)) < M, then we have f(t) < M%g%(t), and so
f(t)g(t) < Mrgri(t) = Mrg™" (1) = My g9 (1),
Therefore

b T /(b T
<J g%)%t) > M (J f(t)g(t)%t) . (35)

a a

Combining (3.3), (3.4), and (3.5), we get

1

° 1 b v /(b %
L s <;;Z((tt))>f(t)g(t)<>at > (M5 <L f(t)g(t)o“t> (J f(t)g(t)v) ,

<

that is,

3

b YP(Y) /(P
L s(xgq(t)>f(t)9(t)<>at > (—)va (L f(t)g(t)%t)

This completes the proof. O

<

As a special case of Theorem 3.12, if T = R and using the relations (2.1), we get the following
continuous result.
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Corollary 3.13. Let f, g € C(la,bl, Rf). If 5+ 4 = 1withp > 1and 0 < m < ;2((?) < M < oo for all
€ la, bl, then
° b
YFP (1) m
>
Ja S<ng(t)>f(t)g(t)dt > (M)pq (L f(t)g(t)dt>,

b b
X:J fP(t)dt and Y:J g9(t)dt.

a a

where

As a special case of Theorem 3.12, if T = Z and using the relations (2.2), we get the following discrete
result.

Corollary 3.14. Let f(n) and g(n) be nonnegative real sequences such that 0 < m < ;Z((?L)) <M< oo If
%—i—%:lwithp > 1, then

— Y{P(n m L —
5 (o rvam = G (5 i),
where
b—1
X = Z fP(n) and Y = gd(m).

Now we give a two-dimensional reverse Holder’s inequality with Specht’s ratio.

Theorem 3.15. Let a, b € T§ and f, g, h € C([a, bl X [q, b]jr,]Ra_). If% —I—% =1 withp > 1, then

b b b b 1
L L S(;gjl((tt"j)h(t,s)f(t,s)g(t,s)o‘xsoat > (J J h(t,s)fP(t,s <>o(s<>cxt)
b

X <L L h(t,s)g9(t, s)<>o(s<>o(t) ,

1

where

X= Jb Jb h(t,s)fP(t,8) asOut and Y = Jb Jb h(t,s)g9(t, s)OasOut.

adJa

Proof. Letting
_ h(t,s)fP(t,s) b— h(t,s)g9(t,s)
T2 [P h(t, )P (1, 5)OasOat o Jan(t,s)ga(t, s)Oasdut

in (1.3) we get

S<;;Z((tt';))>h(t,s)f(t,s)g(t,S) _ 1 h(t, s)fP(t, ) 1 h(t,s)g9(t, s)
X7Yd TP P PRt s)fP (L $)0asOat [0 [ON(t,5)ga(t, ) OasOat

By integrating over s from a to b first and then integrating the resulting inequality over t from a to b, we
obtain

[ala S<§§; )h(t,s)f(t,s)g(t,s)oasoat

N 1 [ Joh(t, s)P (L, $)0asOut
XrYa P L P Rt )P (L, )0 asOat
100 [P hit,s)gd(t, s)0asdat 1 1
+ - =—+-=1

and the desired inequality follows. This completes the proof. O



A. A. El-Deeb, H. A. Elsennary, W.-S. Cheung, J. Nonlinear Sci. Appl., 11 (2018), 444-455 454

As a special case of Theorem 3.15, if T = R and using the relations (2.1), we get the following
continuous result.

Corollary 3.16. Let f, g, h € C([a, b] x [a, b], IRJr If —|— < =1withp > 1, then

b b sy b b 5 /b (b &
L L S(X;(&"SS))>h(t,s)f(t,s)g(t,s)dsdt > (L L h(t,s)fp(t,s)dsdt> <L L h(t,s)gq(t,s)dsdt> ,

where
b b b b
X:J J h(t,s)fP(t,s)dsdt and Y:J J h(t,s)g9(t, s)dsdt.

aJa aJa

As another special case of Theorem 3.15, if T = Z and using the relations (2.2), we get the following
discrete result.

Corollary 3.17. Let f(n, m), g(n, m), and h(n, m) be nonnegative real sequences. If % + % =1 withp > 1, then

b—1 b—-1

YfP(n, m) b—1 b1 1
Z Z <x9q )>h(n,m)f(n,m)9(n,m) > (Z Z h(n,m)fp(n/m)>

n=am=a

where
b—1 b—1 b—1 b-1
X=) > hnm)}fP(n,m) and Y= > hnmlg%nm)
n=am=a n=am=a
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