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Abstract

We study the global stability analysis of pathogen infection models with immune impairment. Both pathogen-to-susceptible
and infected-to-susceptible transmissions have been considered. We drive the basic reproduction parameter Ry, which deter-
mines the global dynamics of models. Using the method of Lyapunov function, we established the global stability of the steady
states of the models. Numerical simulations are used to confirm the theoretical results.
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1. Introduction

Mathematical models and their analysis can be used for better understanding the dynamical behavior
of human pathogens and for providing helpful suggestions for clinical treatment. Great efforts have been
done to construct and analyze models which describe the pathogen dynamics (see e.g. [3, 6-16, 26, 28, 29,
31, 36, 39, 42, 46, 47]). Cytotoxic T Lymphocyte (CTL) cells play central role of adaptive immune response.
CTL cells attack and kill the infected cells [30]. The pathogen infection model with CTL immune response
can be presented as:

§=p—0s—msp,

Y =nsp — ey — qyx,
p =y —cp,

X = d)(ylx) — mx.

The variables s, y, p, and x denote the concentrations of susceptible cells, infected cells, pathogens, and

*Corresponding author
Email addresses: a_m_elaiw@yahoo.com (A. M. Elaiw), aalraezh@kku.edu.sa (A. A. Raezah)

doi: 10.22436/jnsa.011.04.02
Received: 2017-10-13 Revised: 2017-10-30  Accepted: 2017-12-26


http://dx.doi.org/10.22436/jnsa.011.04.02
http://crossmark.crossref.org/dialog/?doi=10.22436/jnsa.011.04.02&domain=pdf

A. M. Elaiw, A. A. Raezah, B. S. Alofi, J. Nonlinear Sci. Appl., 11 (2018), 456468 457

CTL cells, respectively. The susceptible cells are generated at a constant rate (3, die at rate ds and become
infected at rate nsp, where & and 1 are the natural death and infection rate constants, respectively. The
infected cells are attacked by CTL cells at rate qyx and die at rate ey , where ¢ and q are the natural death
and killer rate constants, respectively. Parameters 7t and ¢ represent, respectively, the generation and death
rate constants of pathogens. The CTL cells are proliferated at ¢(y,x) and die at rate mx. In the literature,
CTL immune response has been incorporated into mathematical models of different pathogen infections
(see e.g. [18, 24, 25, 27, 32, 33, 37, 38, 48]). The function ¢(y,x) has been chosen in different forms such
as: (i) constant, ¢(y,x) = cq [31]; (ii) linear, d(y,x) = py [1, 23, 44]; (iii) nonlinear ¢ (y, x) = coyx (see e.g
[27, 30]). In these works, most pathogen infection models assume that the presence of the antigen can
stimulate immunity and neglect the CTL immune impairment. However, when the concentration of some
pathogens is high, the pathogens can suppress CTL immune response. In this case, the function ¢ can be
given as ¢(y,x) = py — hyx [35]. Pathogen infection models with immune impairment have been studied
in several works (see e.g. [2, 17, 19, 20, 35, 43]).

The works presented in [2, 17, 19, 20, 35, 43] assume that the susceptible cells become infected due
to pathogen contacts. However, pathogen can also spread by direct infected-to-susceptible transmission.
It has been reported in several papers that there are two ways of pathogen transmissions, pathogen-to-
susceptible, and infected-to-susceptible (see [4, 5, 21, 22, 34, 40, 41, 45]). However, all of these papers
neglected the effect of the immune impairment.

The aim of this paper is study the qualitative behavior of two pathogen dynamics model with immune
impairment and with both cellular and viral infections. We consider bilinear incidence rate in the first
model and saturated incidence rate in the second one. For each model we derive the basic reproduc-
tion number which determines the global dynamics of the pathogen infection model. Some numerical
simulations is performed to confirm the theoretical results.

2. The model

We propose a pathogen dynamics model with pathogen-to-susceptible and infected-to-susceptible
transmissions and immune impairment as:

$ =R —ds—misp —ma2sy,

Y =Msp +M2sy — &y — qyx,
p=my—cp,

X = py — mx — hyx,

2.1)

where 17 and 1, are the pathogen-susceptible and infected-susceptible incidence rate constants. All the
parameters are positive.

2.1. Basic properties
In this subsection we investigate the nonnegativity and boundedness of the solutions of system (2.1).

Lemma 2.1. For system (2.1) there exists a positively invariant compact set
Q= {(s,y,p,x) € IR4>O 0<s,ys<n, 0<p<n,0<x< Tl3}‘ (2.2)
Proof. We have
$lis—0) =B >0,
g|(y:0) =msp >0 foralls,p >0,

Plip—gy =7y =0 forally >0,
X|(x:o) =py >0 forally > 0.
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%ﬁis shows the positively invariant property of ]R4>o with respect to system (2.1). Let F = s +y+ 5-p+ 5.
en

F=B—08s—m1Sp —M2sy +M1sp +M2SY — ey — qyx
3 £
+ 5= (my —cp) + — (py — mx — hyx)

21 4p

[3—65—7 +11 x—Sp— My
- 297 \97 g P 4
5—53—* £c em

29 0P T gt

£
<PB— L v -
< B 0<s+y+2ﬂp+4px> B —oF,

where o = min{5, 7,c, m}. Then

Fo<et (Fo-£)+ B

o o
This yields, 0 < F(t) < ny for all t > 0 if F(0) < ny, where n; = % It follows that 0 < s(t),y(t) < ny,0 <
p(t) < mpand 0 < x(t) < ng for all t > 0 if s(0) +y(0) + 55p(0) + 55 x(0) < nq, where n; = 2?(? and
ng = 45—(?. This guarantees the boundedness of s(t),y(t), p(t), and x(t). O

The existence of the steady state of the model (2.1) will be shown in the next lemma.

Lemma 2.2. For system (2.1), there exists a threshold parameter Ry > 0 such that (i) if Ro < 1, then there exists
only one steady state Tly; and (ii) if Rg > 1, then there exist two steady states Tly and TTy.

Proof. Let (s,y,p,x) be any steady state satisfying

0=B—0s—misp—msy,

0 =m1sp +mn2sy — ey — qyx,
0=my—cp,

0 = py — mx — hyx.

(2.3)

Solving Egs. (2.3), we find that the system has two steady states, disease-free steady state Ty = (s0,0,0,0),

where sy = 5 and unique endemic steady state T;(s1,y1, p1,%1), where
_ pe py = YL
M7y +mn2cys + ¢’ c’
= PYL _ —B+4++VB2—4AC
'y +m v 2A ’
and

A = (mm+mn2c) (eh+pq),
B = (mm+m2c) (me — Bh) + (eh + pq) dc,
C=

s
dec (1 -2 (mﬂ+n26)) .
ec
The equilibrium TT; exists when 2 (M1t +mn2c) > 1. Let us define

N
Ro =~ (mm+mae), (24)

where, Ry represents the basic infection reproduction number. O
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2.2. Global properties

The following theorems investigate the global stability of the steady states of system (2.1). Let us
define the function g : (0,00) — [0,00) as g({) =¢—1—In¢.

Theorem 2.3. For system (2.1), if Ry < 1, then Tly is globally asymptotically stable (GAS) and it is unstable if
330 > 1.

Proof. Let Rp < 1 and construct a function Ly(s,y,p,x) as

1-R
Lo(s,y,p,x )—sog< 0> +y+ﬂ1CSop+E( . O)X‘

L
Clearly, Lo(s,y,p,x) > 0 for all s,y,p,x > 0 and Ly(so,0,0,0) = 0. Calculating % along the system (2.1),

we get
dI_() . So
at (1 s ) (B — s —n1sp —masy)
S e(1—R
+115p +nzsy—€y—qy><+m(ny—0p)+(p())(py—mx—hyw
B 80 M1S07C | M28o e(1—Ro) e(1—Ro)m
—6(1 S)(so s)—i—s( " + . 3%0> (q—i—h 5 yx 5 X
—sn)2 —R 1—R
_ s SSO) —<q+h€(1 _ 0)>yx_€( : oJm_

Since Ry < 1, then ‘g:[“ < Oforall s,y,p,x > 0. One can easily show that dL“ = 0 at ITyp. Applying LaSalle’s

invariance principle (LIP), we get that Ty is GAS.
On the other hand, the characteristic equation at Ty is given by

(A+8)(A+m) [5A% + (8¢ + &5 —m2P) A+ (e8¢ — 7P —MacP)] =
Define a function 1»; on [0, c0) by
WP1(A) = A% + (8¢ + €5 —1maP) A + (edc — M7t —12cP) = 0.

We have 11 (0) = edc —mi7tfp —m2cP = €dc(1 —Rp) < 0 when Rp> 1 and limp 0011 (A) = oo, which implies
that \; has a positive real root. Consequently, ITy is unstable for Ro> 1. O

Theorem 2.4. For system (2.1), if Ry > 1, then Ty is GAS.

Proof. Let a function L;(s,y,p,x) be defined as:

S
() v (Gr) +tme () -t 0o

Clearly, Li(s,y,p,x) > 0forall s,y,p,x > 0,and L;(s1,y1,p1,x1) =0. Calculatmg -1 along the trajectories
of (2.1), we get

Lh:<1_81

s1 se_ _ _ W% ey
Tt s)(ﬁ ds —misp nzsy)+<1 y)(mspﬂzsy £y — qyx)

— < a 1:) (mty —cp) + p—qhx1 (x=x) (py —mx —hyx) (2.5)

N1S1 181 P1
Ty + = =Y = py+ﬂ1$1pl+ 0 hxs

(x —x1) (py — mx — hyx).
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Simplifying Eq. (2.5) and applying the following conditions for T1;:
B —0s1 =misip1+M2s1y1 = €Y1 +qyixa, Y1 =cp1, Py = mx1 +hyixg,

we get
dL s—s1)? s
t S s y
S S
—ely—y)—aly—y)x+aly—y)x—qly—y)x + Ttmy — 1%

+n181p1 + (x —x1) (py — mx — hyx — py1 + mx; + hyix; + hyx; —hyx;)

q
p—hxp

(s—s )2 S
= —6% + (1 — g) (M1s1p1 +M2s51Y1) + 1281y (2.6)

*Tllsp%] —M2sy1 — (ey1 + qyix1) <51 - 1> —q(y—y1) (x—x1)
Mms1__ - MiS1P1

qp _ _
to W p7T1J+T11$1P1+p_hX1(X x1) (y —y1)
__gqm o2 gh 2, qh _ _
p—hxl(x x1) p—hxl(x x1)7y p—hxlxl(x x1) (y—y1).

Eq. (2.6) can be simplified as:

b (s—s1)®

+(1—S—1)( $1P1 +M2s1Y1) + 128
at S S N18$1P1 +MN251Y1) +"M281Y

—nlsp% —M28Y1 — (M1s1p1 +M281Y1) (; — 1) —qy—y1) (x—x1)

S S m+h
]% _nlClT]);ﬂy‘Fnlslpl‘Fq(X_Xl)(U_Ul)_q< U)(X_Xl)z

p —hxq
(s —s1)° S1_ SPY1 _ P1y m+ hy 2
=—(5 = 32 P91 Fl9) —x1)2.
(& +m2yn) = +msip1 s sy pu) oo (x —x1)

We have if Ry > 1, then s1,y1,p1,x1 > 0. The geometrical and arithmetical means relationship implies
that

_|_

3 2Ly SPUL PIY
S $1P1Yy  PY1

Thus, % < 0 forall s,y,p,x > 0and % =0 when s =51,y =y, p = p1, and x = x;. Using LIP we

obtain that Ty is GAS when Ry > 1. O

3. Model with saturated incidence rate

Model (2.1) has considered bilinear form for pathogen-susceptible and infected-susceptible incidence.
However, when the concentration of the pathogens and infected cells are high, then this bilinear form may
not describe the pathogen dynamics accurately [13]. In this section, we propose a pathogen dynamics
model with saturated pathogen-susceptible and infected-susceptible incidence as follows:

. n1sp 28y

= —_ 6 — — P
$=p—0s 1+xp 140y

_ _Tsp sy

T lvoup  dtayy U (3.1)
p =my—cp,

X = py — mx — hyx,

where «; > 0 and oy > 0 are saturation constants.
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3.1. Basic properties

We note that the compact set QO defined in (2.2) is also positively invariant for system (3.1). The
existence of the steady state of the model (3.1) will be shown in the next lemma.

Lemma 3.1. For system (3.1), there exists a threshold parameter Ro > 0 such that

(i) if Ro < 1, then there exists only one steady state Tly, and
(i) if Ro > 1, then there exist two steady states Tl and T1y.

Proof. Let
nisp M28Y
0=p—0s— — ,
p—os 1+op 1+ xy
__msp n2sy
1+ ap 1+ oy Y~ qyx, (3.2)
0=my—cp,

0 = py — mx — hyx.
Solving Egs. (3.2) we find that the system has a disease-free steady state Ty = (so,0,0,0), where sy = %

Moreover, the system has another steady state given as:

By +c)(ooy +1)

(0 0287t + M1 07 + N2 )Y2 + (0 87t + aped + M7t +nac)y +¢d” (3.3)
c’ hy +m’

and y satisfying the following equation:
Ay’ +By*+Cy+D =0,
where

A = ((qp + eh) (o10d + ooy + aqm2)) 7,

B = —(m2oq +mioe) hmP + ((gp + eaom + eh) (18 +11) + enpogm) 7+ (qp + €h) (xcd + cna2) ,
C=—(((h+ o)y +max1) mm—mpch) B+ (g +n1) emm+ (gp + eocpm + eh) ¢d + enpem,

D = (edc —m7P —nacP) m = edem(1l — Rp),

and Ry is defined by Eq. (2.4). Define a function \{; on [0, c0) by
Pa(y) = Ay +By? + Cy+D =0.

We have »(0) = edcm(1 —Rg) < 0 when Ro> 1 and limy_,2(y) = oo, which implies that there exists
Y1 € (0, 00) such that P,(y1) = 0. Therefore, from Eqs. (3.3) we get that s1, p1, and x; are all positive. It
follows that, an endemic steady state 1 (s1, Y1, p1,%1) exists when Ry > 1. O

3.2. Global properties

In the following we prove the global stability of TTp and TI; of system (3.1) by constructing suitable
Lyapunov functions.

Theorem 3.2. For system (3.1), if Ry < 1, then Ty is GAS and it is unstable if Ry > 1.
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Proof. Define Uy(s,y,p,x) as:

S S e(1—R
uO:SOQ<S())+y+n1COp+ ( 0 O)X.

Then

duO:(l_Sj> <f5—6s— nisp  Masy > n1sp 28y
s 1+o0p 14y 1+o0p 14y

at
s e(1—2R
—sy—qywrmco(ﬂy—wwr( 5 0)

S0 n1Sop N2S0Y
=6(1—— — — ey —
( S)(so S)+1+oc1p+1+oc2y fY—qyx

(py — mx —hyx)

1-R
+m?so (“U—CP)"FW (py — mx —hyx)
—s0)? 2 2 h(l1—®R 1-R
_ _s(s—s0" oumisop®  eomasoy” ( L el 0)) yx— e(1—Ro)m_
s 1+ oup 1+ oy Y p
2 2 2 _ _
_ (87807 ocamisop”  comasey” < 4 enl jQo)) yx— em(l—Ro)
S 14+ oup 14+ oy p

Clearly if Rg < 1, then d—uo < 0 for all s,y,p,x > 0, moreover dd—LiO =0ifand only if s =s9,y =0,p =0,

and x = 0. LIP implies that TTp is GAS when Ry < 1.
On the other hand, the characteristic equation at Ty is given by

(A+8)(A+m) [SA% + (8¢ + €8 —maP) A+ (e5c — My 7P —m2cB)] = 0.
Define a function {3 on [0, c0) by
WPa(A) = A% + (8¢ + €5 —1maP) A + (edc — M7t —1pcP) = 0.

We have 3(0) = edc —mi7tp —n2cP = edc(1 —Rp) < 0 when Rp> 1 and limp ;s P3(A) = 0o, which implies
that 13 has a positive real root. Consequently, ITy is unstable for Ro> 1. O

Theorem 3.3. For system (3.1), if Ro > 1, then Ty is GAS.

Proof. Construct a function Uy (s, y,p,x) as:

S y 1181 P q 2
U =s1g(— )+ L) )l —T (x—x1)%
1 (81> 919 <y1> C(1+oc1p1)plg (m) Z(p—hxl)( 1)

Lulz(l_il) (B—és— nmsp sy )
dt s 1+o0p 14y
Y1 N1Sp 28y

+(1-= + — ey —

< y) (Hoqp Trogy qyx)

1181 P1 q

——1 (-2 —cp) +

c(1+ oap1) ( p ) (my = cp) p—hxq

:(1_%)(6—63)+ AP, AY oy qyx— P U

Then

(x —x1) (py — mx — hyx)

1+0p 14y 1+1py
M2SY1 7181 nisip Tmi1s1  P1
— 2 4 ey + quix + — — =
T+ogy V! 1 cUt+oap)® T+oupr cl+oap) p”
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MN181P1 q
+ X —X —mx — hyx).
T+ oupy p_hxl( 1) (py yx)
Applying the steady state conditions for T1;:
N181P1 N251Y1
—0s1 = =€y + X1, TYi = Cpq, = mxq + hyixq,
—0s1 T+oupr 1+ ooy Y1+ quyixe Y1 =Cp1, PY1 1+ hyixg
we get
du _ (s—s1) ( 51) Mmsip1 | M2S1Y1 > msip | Mes1y
it S S AR
dt 14+o0p1 1+ xy;, 1+o0p 14+ xy
ey —ur) — _ ) — _yg) — 1SP_ Y1 M2sy1
e(y—y1) —gxaly —y1) + gxaly —y1) — qx(y —y1) Throupy 1+ ooy
7181 y— msip 7Sy my MN181P1
c(I+oyp1)” 1+ogpr  c(l+oqp1) p 1+ o0ups
+ 0 _th1 (x —x1) (py — mx — hyx — py1 + mxq + hyix1 + hyx; —hyxy)
(3.4)

:—6(8_31)24—(1—31) ( MSIPL | M2siY1 ) MmSIP | Masiy
I+apr 1+opy;) 1+oap 14y

y msp Y1 N28Y1
—(ey1+quixg) ( ——1)] — - X—=X1)— o
(ey1 + qyixi) (y1 ) aly —y)lx—x) l+oupy 1+ony

Tm1S1 _ _mspo . ™St pr,, misipr o qm (x—x1)2
c(I+oyp1)” 1+oagpr  c(l+oqp1) p 1+opr p—hx
__gh 2y, qh _ _ _ _
p—hxl(x x1)7y p—hxlxl(x x1) (y y1)+p_hX1(X x1) (y—y1).

Eq. (3.4) can be simplified as:

du;  _(s—s1)? s1\ [ MS1P1 |, TSy msip | Mas1y
=-5 +(1—— + +
dt s 14+op1 14+ xyy 1+op 14y
__msp Y1 M28Yyr ( N1S1P1 i M281Y1 ) (y o 1)
1+oupy 14y 1+ap T+axy/ \n
7181 y— ms1p . ™St P1 n MN181P1
c(1+oqp1)” 14+oapr  c(l+oap1) p 1+ ocups

. gqm 2 gh o2
p—hxl(x x1) p—hxl(x x1)7y
:—5(5_51)2+ N181P1 <p(1+oc1p1)_p>
s 1+ ogpr \p1(l1+ap) P2

)

L _Msipa (3_31_31991(1+0€1Pl _Upl) M281Y1 <U(1+0€291)_y>
1+ oups s sipy(l+op)  yip 1+ooyr \yi(l+axy) Y

M281Y1 S1 S(1+0€291)> <m+hy) 2
p 2P (p 21 2SRRI -
1+ xoys < s s1(1+ xy) g p —hxq (x=x)

:_6(5—51)2 N1s1P1 < o (p—p1)? >
pil

1+ oups 1+ o0qp)(1+oqp1)
Mis1P1 ( 77173P91(1+O£1P1)71&7 1+0€1P>
1+oc1p1 sipiy(l+oap)  yip 1+oups

_ Mas1y1 ( oy —y1)? >
1+ Yy (1+ xoy)(1+ xpyq)

M281Y1 (__ s(1+ xoy1) 1+0¢21J) <m+hy>(x—x1)2

1+062y1 s1(1+xy) 1+ oy p—hxq
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One can easily show that TT; is GAS. O

Remark 3.4. We mention that when «; = «» = 0, then model (3.1) leads to model (2.1) and the stability
results for both systems are the same. Since &; > 0 and « > 0, then all the results of Section 3 are still
valid for the cases o; 0 and oy =0 or o7 =0 and o # 0.

4. Numerical simulations

In this section, we will perform numerical simulations for system (3.1) with parameter values given in
Table 1 . Without loss of generality we take @ = a1 = 2. We choose three initial conditions as:

IC1: s(0) =900,y(0) =10,p(0) =50,x(0) =6,
IC2: s(0) =600,y(0) =20,p(0) =35,x(0) =4,
IC3: s(0) = 300,y(0) = 30, p(0) = 20,x(0) = 2.

Case (1): Effect of n; on stability of steady states.
We choose o« = 0.01, h = 0.1 and n; is varied as:

(i) m1 = 0.0005, then we compute Ry = 0.7583 < 1. From Lemma 3.1 we have that the system has one
equilibrium TTy. Figure 1 shows that, for IC1-IC3, the concentration of susceptible cells is increasing
and tends its healthy value sy = 1300, while the concentrations of infected cells, pathogens and CTL
cells are decaying and approaching zero. It means that, ITp is GAS and the pathogen will be cleared.
This confirms the result of Theorem 3.2.

(ii) m1 = 0.005, then Ry = 2.9033 > 1. Lemma 3.1 states that the system has two steady states TTp and TT;.
It is clear from Figure 1, the numerical results confirm theoretical results of Theorem 3.3. It is seen

that, the solutions of the system converge to the equilibrium TT; = (656.7340, 24.7780, 45.4263, 4.8060)
for all IC1-IC3.

Case (2): Effect of the saturation infection on the pathogen dynamics.

In this case, we choose 7 = 0.005,h = 0.1, and « is varied. Also we consider the initial condi-
tion IC2. Figure 2 shows the effect of saturation infection. We observe that, as « is increased, both
pathogen-susceptible and infected-susceptible infection rates are decreased and then the concentration of
the susceptible cells is increased, while the the concentration of infected cells, pathogens, and CTL cells
are decreased. We observe that Ry does not depend on «, therefore the saturation does not change the
stability properties of the equilibria.

Case(3): Effect of h on the pathogen dynamics.
In this case, we choose 11 = 0.005, « = 0.01 and h is varied. We consider the following initial condition:

IC4: s(0) =700,y(0) =20, p(0) = 35,x(0) = 20.

Figure 3 shows that as h is increased, the concentration of CTL cells is decreased, and then the
concentration of infected cells and free pathogen are increased, while the concentrations of the susceptible
cells are decreased. We note that Ry does not depend on the parameter h, therefore h does not change
the stability properties of steady states.

Table 1: The data of model (3.1).
Parameter Value Parameter Value Parameter Value

B 260 2 0.002 c 3
d 0.2 13 5 P 0.5
ull varied q 0.04 m 0.2
o, X varied T 55 h varied
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Figure 1: The simulation of trajectories of system (3.1) with IC1-IC3.
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