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Abstract

In this paper, we investigate a new iterative implicit algorithm for fixed points of asymptotically nonexpansive mapping in
Hilbert spaces. We also prove its strong convergence theorem under certain assumptions imposed on the parameters and extend
some well-known results. As an application, we apply our main result to p-inverse strongly monotone mapping.
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1. Introduction

In the theories of this paper, we suppose that H is a Hilbert space with the inner product (- ,-) and
norm | - ||. Let C be a nonempty convex closed subset of H, and “—” and “ — ” denote the weak
convergence and strong convergence, respectively. For a mapping T : C — C, we use F(T) and N(T) to
denote its fixed point set and zero point set, respectively.

Recall that the mapping T is said to be nonexpansive if

Mx=Ty[ < [x—yll, ¥ yeC
We call T is said to be attracting nonexpansive if it is nonexpansive and satisfies:
IMx =yl < Ix—yll, vx & F(T),y e FT).

The mapping T is said to be asymptotically nonexpansive if there exists a sequence {kn} C [1,+00)
with k,, — 1, such that
T =Tyl < knlx—yll, ¥y eC

The mapping U : C — H is said to be monotone if

(Ux —Uy,x—y) >0, ¥x,yeC.
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The mapping U : C — H is said to be p-inverse strongly monotone if
(Ux — Uy, x —y) > p/Ux—Uy|? VYx,yeC,

where p > 0 is a positive real number.

Lately, in order to find a common element of the fixed points of nonexpansive mappings or asymp-
totically nonexpansive mappings, many authors established many viscosity iterative algorithms, and they
solved many practical problems, such as the equilibrium problems, variational inequality problems, and
split feasibility problems and so on. See [1, 2, 4, 9-14, 21-24] and the references therein.

Recently, Moudafi [8] in Hilbert space introduced the viscosity iterative algorithm of nonexpansive.
Xu [18] extended the Moudafi’s results to more general uniformly smooth spaces. That is, he introduced
the following explicit viscosity algorithm:

Xn41 = anf(xn) + (1 - ‘Xn)Tan (11)

where T is a nonexpansive mapping, f is a strict contraction mapping, and {x,, } is a real number sequence
in (0,1). Then the sequence {x,} generated by (1.1) converges strongly to a fixed point of T.
In 2008, Lou et al. [7] showed the existence of the sequence {x,} defined by

Xn41 = (xnf(xn) + (1 - (Xn)Tan/

converges strongly to the fixed point set of an asymptotically nonexpansive mapping T, which solves
some variational inequality problems under suitable conditions. As an application, they proved that the
iterative process defined by

xo € C, Xn4+1 = (xnf(xn) + Bnxn +‘YnTan/

converges strongly to the same fixed point of T.
In 2015, Xu et al. [19] studied the following viscosity implicit midpoint rule:

Xn +Xnt1

5> ) n=0 (1.2)

Xn41 = &nf(xn) + (1 — o) T(
They proved that the {x,,} generated by (1.2) converges in norm to a fixed point of T.
Recently, Fan et al. [3] studied the following iterative algorithm:

(1.3)
Yn = (1 —otn)xn + on Txn.

{xnﬂ = (1= Bn) (Anxn) + Bryn,
They proved that the {x,,} generated by (1.3) converges strongly to a fixed point & of nonexpansive map-
ping T, where % is the minimum-norm element of F(T).

In this paper, motivated and inspired by the above authors’ results, we give a new implicit iterative
algorithm, to approximate fixed points of asymptotically nonexpansive mapping and prove its strong
convergence theorem. As applications, we can use our main results to a family of p-inverse strongly
monotone mappings for the common zeros.

2. Preliminaries

Definition 2.1. Let C C H be a nonempty convex closed set of a Hilbert space H, we define Pc : C —+ H
be the nearest point projection if

I —=Pex|| < [x—yl, vy eC.
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Lemma 2.2 ([6]). In a real Banach space E, for ¢ > 1,Vx,y € E, the following inequality holds

eyl < X +aly,ja(x +y)), Viqlx+y) € Jqx+y). (2.1)
When E is a Hilbert space and q = 2, (2.1) can be reduced to the following inequality

I +yl* < [IxI* + 20y, x +y), ¥xyeH.
Lemma 2.3 ([15]). Let C C H be a nonempty bounded convex closed set of a Hilbert space H. Let T: C — C be a
asymptotically nonexpansive mapping with F(T) # (. Suppose xnn — x and (I1—T)xn =y, then (I1-T)x =y.
Lemma 2.4 ([16, 17]). Let {an}X_, be a nonnegative real number sequence satisfying the property:
n+1 < (1=0n)an +0nyYn, n 20,
where {015 C (0,1) and {yn}X_, satisfy:
(i) nlgr;o dn = 0and néo dn = +o0;

o0
(ii) either limsupyn <0o0r ) [dnynl < +oo.
n=0

n—oo

Then lim a, =0.
n—,oo

3. Main results

Theorem 3.1. Let C C H be a nonempty bounded convex closed set of a Hilbert space Hand 6 € C. Let T: C — C
be a asymptotically nonexpansive mapping with a sequence {kn} such that F(T) # 0. Suppose {on}, {Pnt, {An}, {&n}
are real number sequences in (0,1). Let {xn} be generated by

x1 € C,
Yn = (1 - “n)xn + (XnTn(E»an + (1 - En)xn+1)/ (31)
Xnt1 = (1= Bn)(Anxn) + Bnyn.

Suppose the following conditions are satisfied:
(1) im B =1, im A, =1;
n—oo n—oo
. o0 [e°] [e°]
(i) 2 an <400, 3 Ang1—Anl <400, 3 [Bny1— Bnl < +oo;
n=1 n=1 n=1

() 3 (1= A)(1 = B) = 00, At — Brdal Bt <1

o
(iv) X sup | T Ix —Tx| < +oo.
n=1xeC

Then the sequence {xn} converges strongly to a fixed point x* € F(T).

Proof. We divide the proof into four steps.

Step 1. We show the sequence {x, } is bounded.
In fact, for p € F(T), we can easily know that

lyn =PIl = [[(1 = on)xn + xn T (Enxn + (1 = En)xni1) — P

=[[(1 = o) (xn = P) 4+ otn (T (Enxn + (1 — En)xng1) — P
(1 —atn)[xn =Pl + o [T (Enxn + (1 = En)xni1) — )|
(1—om)[xn — Pl + atnkn[[Enxn + (1 — En)xni1 —p)|
(1= o) |[xn =PIl + ankn&n|xn =Pl + ankn (1 —&n)l[xn1 — Pl
= (1—an + ankn&n)|xn —pll + onkn (1 — &n)l[xn+1 — Pl

(3.2)

INCIN N
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And then from (3.2),

[Xn41 =Pl = [[(1 = Bn)(Anxn) + Bnyn — P
= [[(1 = Bn)(Anxn —Anp + Anp —p) + Bnlyn — )|l
< (I=Bn)Anfxn =Pl + (1= Bn) (1 —=An)|pll + Bnlyn —Pll
S (I=Bn)Anfxn —pl + (1 —=Bn) (1 —An)[p|
+ (Bn— anPn + anPrkné&n)|xn —pll + ocnBrkn(l = &n)l[xn+1 —pll
= (A = BnAn +Bn —anBn + xnPrkn&n)lxn — Pl
+ (1= Bn) (1 =A)pll + on Brkn (1 = En)llxn+1 —pll,

which implies

Iens1 =l < 1= ot Bk (1 — &)
< _(1_Bn)(1_}\n)_(Xnﬁn(kn_l))ux 7|
1— ot Brkn(l—&n) noP
4 (1_Bn)(1_}\n)_“nﬁn(kn_1)"“Xnﬁn(kn_l)n H
1~ otnBrkn (1 — &n) P
_ <1_ (1—=Bn)(1—=An) _(Xnﬁn(kn_l))
+

( —Bn)(
nﬁn H H

Pen =Pl + 5

H Xn — P/l

1 —anPnkn(l—E&n)
(1—=Bn)(1—=An) — anPnlkn
1 —oanPnkn(l—2E&n)

o B (kn ||”

1)
1Pl o Bken u—an

Let M; = sup{kn — 1}, then by conditions (i) and (ii), there exists N € IN such that for alln > N
neN

(1=Bn)(1—=An) —anPnlkn —1)
1—onPrkn(l—En)

<1,

and

1—onPrkn(l—Er) >

N +—

So we have

(1=Bn)(1—=An) — anPnlkn —1)
P =pll < (1= ey ) vl
(1—Bn)(1—An) —onBnlkn
1—otnPBrkn(l—En)
< max{[[xn = p|, [P} + 20cn M [[p

1)
+ Ipll + 20 M p||

< max{[xi —pll, [pl} +2M[pl ) otn < +oo.

n=1

Therefore, by condition (ii), we obtain that {x,} is bounded. So are {yn} and {T™(&Enxn + (1 — &n)xnt1) )

Step 2. We prove that ||xn4+1 —Xn|| = 0, as n — oo.
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Indeed, we observe that

Ynt+l —Yn = (1 - o‘n+1)xn+1 + o‘n+1Tn+1(En+lxn+l + (1 - E,n+1)xn+2) - (1 - “n)xn

Then from (3.3)

And also

— o T (Enxn + (1 —En)xny1)

(1—ont1)xns1 — (T—an)xni1 + (T —an)xni1 — (1 —an)xn

+ o 1 T (Enixnit + (1= Eng)xms2) — &n T (Engaxngr + (1 — Eng1)xnq2)
+on T (Enaxngt + (1= Ens1)xna2) — o T (Enxn + (1 — En)xns1)

(1—otn)(Xn41 —%Xn) — (tn41 — Xn)Xny1

(T (Ep 101+ (1= B ne2) = T (Emkn + (1= Endns1)) &)
+ (o1 — o) T (En1xng1 + (1= Engt )Xm2)
(1—on)(xnt1 —xn) — (@41 — on)Xn 41
+ o (T (Enr1xns1 + (1= E&ny1)xni2) = TH(Enxn + (1 — &n)xn 1))
+ (o1 — o) T (Enpaxngr + (1= Engr )Xn2)
+ o (T (En1xngt + (1= Eng)xne2) = T (Ens1xnga + (1= Eng)xn2)).
[ynt1 —Ynll < (1= on)[[Xns1 —xn |+l — onllXn 1l
+lotn 1 — o[ T (Engaxnst + (1= Ens1)xni2) |
+ on [T (Enpixnsr + (1= Eng1)xns2) = T (Enxn + (1= En)xnp1) ||
+ o [T (En1xngt + (1= Eng)xne2) = T (Ens1xnga + (1= Eni)xn2) ||
< (= om)[[xns1 = xnll + lon1 — on [ xnqa |
+lotn1 — onl [T (Enaxntt + (1= Ens1)Xn2)]|
+ ok [[(Ens1Xnt1 + (1= Eng1)xni2) = (Enxn + (1= En)xni1) ||
+ o [ T (Ens1xng1 + (1= Ens1)xnr2) — T (Engaxngt + (1 — Ens1)xno)|| (3.4)
< (1= an)[xns1 —xnll 4+ lotn 1 — ol xn 1]
+lotn 1 — o[ T (Engaxnst + (1= Ens1)xni2) |
+ o T (Ensaxngt + (1= Eng)xns2) = T (Ens1xnst + (1= Eng1)xn2)||
+ otnkn (1= &n1)|Xnt2 — X1l + ankn&nllxn 1 —xnll
= (T—otn + otnkn&n)lxni1 —xnll +long1 — anll[xn gl
+loms1 — onl[| T (En1xngn + (1= Enit)xn2) |
+ onkn (1= &nt1)[[Xn+2 —Xn 11l
+ o [T (En1xnst + (1= Eng)xna2) = T (Ensaxngr + (1= Eng)xn2) |l
Xn+2 = Xn+1 = (1= Bni1) Anrixns1) + Brnr1ynst — (1= Bn)(Anxn) — Bnyn
= M4+1X%n+1 = Pn+1An+1Xn+1 + Bn+1Yn+1 — AnXn + PnAnxn — Pnyn
= An+1%n+1 — Ant1Xn + Anp1%n — AnXn — Brr1Ans1Xn41 + BrnAnXn 41
— BrAnXni1 + BnAnxn + BrriYnt1 — BnriYn + Pnt1Yn — Pnyn (3.5)

= An1(Xnt1 = Xn) + (Ang1 —An)xn — (Brt1Ant1 — BnAn)Xni1
— BnAn(xn+1 —xn) + Bn+1(Ynt+1 —Yn) + (Bn+1— Pnlyn
= (Ans1 = BnAn)(Xnt1 —xn) + (Ant1 —An)xn
- (Bn+1)\n+1 - BnAn)Xn—i—l + Bn—!—l(yn—b—l *yn) + (Bn—!—l - Bn)yn-
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Hence, it follows from (3.4) and (3.5),

[Xn+2 = Xnt1ll < Ant1 — BrAnllxns1 —Xnll + A1 — Anllxn |
+1Bnt+1An+1 = BrAnl[Xnt1ll + Brtillynt1 —Ynll + Brns1 — Bulllynll
< Ant1 = BrAnlxns1 —xnll + A — Anllxn |
+ |Bn+l - BnmyﬂH + (Bn+l - fxnf’nJrl + anf’nJrlknE,n)HXnnLl _Xn”
+ Brrtlonit — anllxniall + Brtlomet — &nl[| T (Ens1xnga + (1= Eng)xn2) |
+ otnBrnt1 ”Tn+1(‘;—yn+lxn+l + (1= &ny1)xns2) = T (Enr1xns1 + (1= Eng1)xni2) ||
+ onPBrtikn(l = Ent1)xnt2 = Xnt1ll + [Brr1An1 — BnAnllxni1]
= (Ang1 = BnAnl+Brst —anBrit + xnPryikn&n)[Xni1 —xnll
+ Ans1 = AnlllXnll + (IBrr1iAns1 — BrAnl + Brrtlanit — onl)[[Xni1|
+ |Bn+1 - BnmynH + Bn+1|‘xn+1 - ‘Xn|”Tn+l(£n+lxn+l + (1 - £n+l)xn+2)H
+ ot Brat [T (Engrxmst + (1= Ens1)xns2) = T (Ensixnst + (1 — Eng1)xna2) |
+ otnBrgikn (1= Eng1)[[xXni2 —Xni1ll,
which implies
Ani1—BnAnl+Bni1— otnBri1 + xnPriiknén
Xnt2 —Xn1l| < T—onp n(l—¢ )
npPn+1kn n+1
Ant1—Anl

1-— (xnﬁn+1kn(1 - ETIJrl
|ﬁn+17\n+1 — Bn?\n| + Bn+1|(xn+1 - (xn|

[Xn 1 —xnl

|Bn+1 — Bn|

1— “n6n+1kn(1 - £n+1

+ ) Xl + ] [y

+ X
1—(an5n+1kn(1_£n+1) H n+l||
K1 — Cn
po Prmlemi menl e e )l
1-— (Xnﬁn+1kn(]- - E»TLJrl) (36)
(0.
i TIBTL+1 ) ||Tn+1(an+1xn+1 + (]— — an+1)xn+2)

1—onPriikn(l—&nta
=T (En+1xns1 + (1= Ens1)xnt2)
< (1 - o-n)HXnJrl —XnH + M2(|7\n+1 - )\n| + |Bn+1)\n+1 - ann|
+2Bnt1lont1 — anl + Bnt1 — Bnl + anPri1)
< (1= on)[xn+1 —xn|l + M2(2An 11 — Al + 2|latn 41 — anl
+2|Bnt1 — Bnl+ anPni1),
where
o = 1=t = BnAnl = Brs1 tonPni1 —anPBniikn(l —Enyr +En)
1—oanPrnsikn(l—Ent)

and M; > 0 is a constant such that for all n > 1,

Mz > {Iall lynll 1T Enaxna + (1= Enga)xns2)]l,

||Tn+1((in+1xn+1 + (1 — an+1)xn+2) — Tn(gn+1xn+1 + (1 - E»n+1)xn+2)”}.

By the assumptions (i)-(iv), we have

(o]
lim o, =0, E On = 00,
n—oo
n=1
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and

o0

> (2Mng1 = Anl+ 2ot — on |+ 20Bns1 — Brl + %nBrs1)

n=1

0 0 00 00
<2Z |7\n+1*)\n|+4z OCnJFzZ”Sn—!—l*BTJJFZ n < +00.
n=1 n=1 n=1 n=1

Therefore, using Lemma 2.4 and (3.6), we obtain
[Xn41—=xn] = 0, — oo (3.7)

Step 3. We prove that ||xn, — Txn| = 0,n — oo.
From (3.1), we can easily have

||Xn+1 _ynH = ”(1 - Bn)(}\nxn) + Bnyn _UnH =(1- Bn)”}\nxn _ynH/

then by the condition (i),
[Xn+1—ynl =0, asn — oo. (3.8)
And

”yn - Tn(‘inxn +(1— Evn)anrl)H
= H (1 - o‘n)xn + O‘nTn(aan + (1 - Em)xn+l) - T“(E,nxn + (1 - E,n)xn+l)H

(3.9)
=(1- o‘n)HXn — T (Enxn + (1 — Evn)xn+1)H
< (1- o‘n)HXn —Xnt1ll + (1= o) |[xne1 — TH(Enxn + (1 — E»n)xn+l)H-
So from (3.9),
”Xn—H — Tn(anxn + (1 - E»n)xn—i—l)H = HXTL—H —Yn +Yn — Tn(anxn + (1 - Em)"n—!—l)”
< xnrt = Ynll + [yn = TH(Enxn + (1= En)xn 1) ||
< xn1 —yYnll + (1= o) fxn —xn 41|
+(1— O‘n)HXn—O—l - Tn(anxn + (1 - an)xn—l—l)H/
which implies
n 1 1— xXn
Penr =T (Enxn + (1= &n) x| < - = lxnsn —ynll + [xn —Xn41]|-
n
Then from (3.7) and (3.8),
||Xn+1 — T (Enxn+(1— 5n)Xn+1)H — 0, asn — oo. (3.10)
Moreover, we have
HXTL - TanH = HXH —Xn+1l tXng1— Tn(anxn +(1— an)XnJrl) + Tn(Ean +(1— an)XnJrl) - TanH

< [Pn = Xnpal| + [Xna1 = THEnxn + (1= En)xna1) |
T (Enxn + (1 — En)xnt1) — Txq ||
< Hxn _XnJrlH + HXnJrl - T“(Enxn + (1 - E,n)Xn+1)H + kn(l — En)||xn+l _an~

Then from (3.7) and (3.10), we have

IXn — T"xn|| — 0, asn — oo. (3.11)
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Since T is asymptotically nonexpansive, we derive that

1 — Txnt |l = g — T g + T g — Txna |
< X1 = T x|+ T 1 — Tl
< It = T ol + K T 1 = xn 1
= [%ns1 =T Ml + KT X1 — T + T — X + %0 — X1
= |lxns1 — T x|+ Kl T %41 — Tl + K [T %0 — xn || + k1 X0 — Xn1l|

= Xn41— Tn+1xn+1 [ +KkiknlxXnt1 —xnll + K [T %0 — xn |l + K1 X0 — X 1]]-
So from (3.7) and (3.11), we obtain that

Ixn — Txn|| = 0, asn — oo. (3.12)

Step 4. We show that x, — x* € F(T). Since {x,,} is bounded, there exists a subsequence of {x,,} which

converges weakly to x*, we assume that
Xn, — X" €H, (3.13)

1

from (3.12) and the demiclosedness principle in Lemma 2.3, we have q € F(T).
Forn >1,let z, = (1 —Bn)Xn + Bnyn, then from (3.1),

Xn4+1 =2Zn — (1 = Bn)(1 —An)xn.
By the boundedness of {x,}, and the condition (i), we have
Xnt1—2znll = (1= Bn) (1 —An)Jxn. (3.14)
By the (3.13) and (3.14), we can conclude that z,,, — q. It follows that
Xn41 =2Zn — (1= Bn)(1—An)xn

= (1 - (1 - Bn)(l _}\n))zn - (1 - Bn)(l _}\n)(xn _Zn) (315)
= (1 - (1 - Bn)(l _)\n))zn - (1 - Bn)(l _An)ﬁn(xn _yn)-

Also from Lemma 2.2, we have

lzn = x| = [[(1 = Br)n + Bryn — x| (3.16)
= [[(xn =X*) = B (xn = Yn) |2 < ot = X[ = 2B (Xn Yo, 20 = X°).

By Lemma 2.2, (3.15), and (3.16), we have

X1 — X2 = |(1— (1= Bn)(1—An))(zn —x*)
— (1= Bn) (1 —=An)Bn(xn —yYn) — (1 — Br) (1 — An)x"|?
<(1—(1-Bn)1=2n )2||zn—x [
—2(1—Bn) (1= An) (B (Xn —Yn) + X", Xnp1 — X*)
< (1= (1=PBn)A=A))flzn —x7|
—2(1=Bn)(1=An)Bn(Xn —Yn, Xns1 —x*) —2(1 = Bn) (1 = An) (X", xns1 —x*)  (3.17)
<=1 =Bn)1=2An))(||xn _X*Hz —2Bn{Xn —Yn,zn —x"))
—2(1=Bn) (1= An)Bn(¥n — Yn, Xns1 —X) —2(1 = Br) (1 — A ) (X", Xn 41 — X)
<(1- 611)”Xn _X*Hz + 5n(_2f5n<xn —Yn,Zn _X*>
- 26n<xn —Yn, Xn41 — X*> - 2<X*/Xn+l _X*>)

=(1- 611)”Xn _X*Hz +0nYn,
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2(x*, xn4+1 —Xx)

where
on = (1_Bn)(1_}\n) Yn:_26n< Yn,Zn —X >_2ﬁn<xn Yn,Xn+1 —X >
By the conditions (i) and (iii), we can easily have that
lim 8, =0, D 8y =+o0.
n=1
Because
limsup —2Bn (Xn —Yn,zn —x") =0, limsup —2f,( Yn, Xn+1—Xx") =0,
n—oo n—oo
and also
limsup —2(x*, xn4+1 —x*) = lim —2(x*, xn, —x*) = —2(x*, q —x™) < 0.
n—oo 1—00
So
limSUP'Yn <0
n—oo
Therefore, applying Lemma 2.4 to (3.17), we conclude that
lim ||xn —x*|| =0
—00
which completes this proof O
Remark 3.2. In algorithm (3.1), the iterative Coeff1c1ents On, Pn,An are available
For example, take &, = %, Pn=An=1-— \f’ then
OOO( Ooiz < 00, (1—A 1—[371):001:00.
] n
n= n=1 n=1
From
1 1 1 1 1 1
A=Al =l1-—=)-01-—F)=—F4%— <=5,
il VTR Vnrl amD(/a et vngd) ool
we have
o0 o 1
Z Ant1—Anl < Z — < 09,
n=1 n=1 n:
and also -
D IBns1—Bnl <o
n=1
Because 1 1
— > (1-—=)%
n+1 ( \/ﬁ)
then , . , 1
1- —1——2‘:1— C(1— )2
( n+1 )= \/ﬁ) ( n+1 )=l \/ﬁ)
1 1 1
—(1-—=)?+1-—= <1,
)=l \/ﬁ) n+1

We want to know that
A1 = Brdnl + Brsr = (1
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which is equivalent to

1 1 n 2 l+ 1 <0 2 1 2 <0
n+1 NG n+1 vnonooyn+l
2 2 1 2n
—- <=, < L.
vniooy/n+1 n Vnm+1)(vVn+1+yn)
Therefore
2n 2n 1

v+ 1) (Vn+1+/n) s nyn -V st

Corollary 3.3. Let C C H be a nonempty bounded convex closed set of a Hilbert space Hand © € C. Let T: C — C
be a asymptotically nonexpansive mapping with a sequence {kn} such that F(T) # 0. Suppose {on}, {Bnt, {An}, {En}
are real number sequences in (0,1). Let {xn} be generated by

x1 € C,
Yn = (1 — otn )xp + oy TH(X2msL ), (3.18)
Xn+1 = (1= Bn)(Anxn) + Pnyn.
Suppose the following conditions are satisfied:
® Jim B =1, Jim Ay =1;

00 00 00
(11) Z on < 400, Z |}\n+1 _)\n| < 400, Z |Bn+l - Bn| < 4o00;
n=1

() 5 (1= M) (1~ B) = 00, At = Brdal+ B <1

o0
(iv) 3 sup| T lx—T™x| < +oo.
n=1xeC

Then the sequence {xn} converges strongly to a fixed point x* € F(T).

Proof. Let &, = 3, then by the proof of Theorem 3.1, we can easily prove the sequence {x,} generated by
(3.18) converges strongly to a point x* € F(T). O

Corollary 3.4. Let C C H be a nonempty bounded convex closed set of a Hilbert space Hand ® € C. Let T: C — C
be a asymptotically nonexpansive mapping with a sequence {kn} such that ¥(T) # 0. Suppose {on},{pn}, {En} are
real number sequences in (0,1). Let {xy} be generated by

X1 € C,
Yn = (1 - (Xn)xn + (XnTn(‘Ean + (1 - E»n)xn+1)r (319)
Xnt+1 = (1= Pn)u+ Bnyn.
Suppose the following conditions are satisfied:
(i) lim B, =1, lim & =1,
n—oo n—oo
(i) 2 an <+o00, 3 IBni1—Pnl < +oo;
n=1 n=1

o
(iii) Y sup [[Tx — T™x|| < +o0.
n=1xeC

Then the sequence {xn} converges strongly to a fixed point x* € F(T).

Proof. By the proof of Theorem 3.1, we can easily prove the sequence {x} generated by the (3.19) con-
verges strongly to a point x* € F(T). O



Y. H. Wang, J. L. Feng, J. Nonlinear Sci. Appl., 11 (2018), 529-540 539

Remark 3.5. From our theorem and corollaries we know the algorithm (3.1) is implicit iterative algorithm.
When &, = 3, and T is a nonexpansive mapping, Theorem 3.1 can be reduced to the main result of Xu
(see [19]). When &, =1, and T is a nonexpansive mapping, Theorem 3.1 can be reduced to the main
result of Fan et al. (see [3]).

4. Applications

Lemma 4.1 ([20]). Let C C H be a nonempty convex closed set of a Hilbert space Hand 6 € C. Let U; : C — H
be wi-inverse strongly monotone mapping. Let Pc denote the orthogonal projection onto the set C. Let 0 < y; <
wi,i=1,2,...,t, where t is a positive integer. Let

S= Pc(I—viU¢)Pc(I—vi—1Ui—1)---Pc(I—vy1ly).

t
Then S is a attracting mapping and F(S) = [ N(Uy).

i=1

Theorem 4.2. Let C C H be a nonempty bounded convex closed set of a Hilbert space Hand © € C. Let U; : C — H
be wi-inverse strongly monotone. Suppose {otn}, {Pn}, {An}, {En} are real number sequences in (0,1). Let {xn} be
generated by

x1 € C,
Yn = (1 —on)xn + oanS(Enxn + (1 — &n)xni1),
Xn+1 = (1= Bn)Anxn) + Bnyn.

Suppose the following conditions are satisfied:

(i) lim B =1, lim Ay, =1, lim &, =1;
n—oo n—oo n—oo

(o0] (o] o
(ii) Z X < 400, Z Ant1 —Anl < +oo, Z IBns1— Bnl < 4o0;

n=1 n=1 n=1
(i) Y (1—An)(1—Bn) = +00, Ant1— BrAnl + Brs1 < 1.
n=1

t
Then the sequence {xr,} converges strongly to a common element & € () N(Uy).
i=1

Proof. From Lemma 4.1 and Theorem 3.1, we can easily prove the sequence {x,,} converges strongly to a

t
point X € () N(U;). O
A

1

Theorem 4.3. Let C C H be a nonempty bounded convex closed set of a Hilbert space Hand © € C. Let U; : C — H
be wi-inverse strongly monotone. Suppose {otn}, {Pn}, {An}, {En} are real number sequences in (0,1). Let {xn} be
generated by

x1 € C,
Yn = (1 - an)xn + OénS(Ean + (1 - an)XnJrl)/
Xnt1 = (1= Br)u+ Bnyn.

Suppose the following conditions are satisfied:

(i) lim B =1, lim Ay, =1, lim &, =1;
n—oo n—oo n—oo

00 00 00
(11) Z xXn < +00, Z |}\n+1 _7\n| < 400, Z |Bn+1 - Bn| < 4o00;
n=1 n=1 1

= = n=

() 5 (1= M)~ Br) = 00, At — Brdal+ B <1
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t
Then the sequence {xr,} converges strongly to a common element & € () N(Uy).
i=1

Proof. From Theorem 3.1, Lemma 4.1, and the Theorem 1 of [5], we can easily prove the sequence {xn}
t
converges strongly to a point X € () N(Uj). O

i=1
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