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Abstract
In this paper, we consider the following nonlinear Schrédinger-Poisson system
—Au+V(x)u+Kx)pu =f(x,u), x€R3,
—Ad = K(x)uZ, x € R3,

where V,K € L®(R%) and f: R? x R — R is continuous. We prove that the problem has a nontrivial solution under asymptoti-
cally periodic case of V, K, and f at infinity. Moreover, the nonlinear term f does not satisfy any monotone condition.
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1. Introduction and main result

For past decades, much attention has been paid to the nonlinear Schrodinger-Poisson system

(1.1)

haY = AW 4 ()W — W9 1Y, xRS, teR,
_A(b = |\y|2/ X € R3,

where h is the Planck constant. System (1.1) derived from quantum mechanics. For this system, the
existence of stationary wave solutions is often sought, that is, the following form of solutions

Y(x,t) =etu(x),x € R3, t e R.
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Therefore, the existence of the standing wave solutions of the system (1.1) is equivalent to finding the
solutions of the following system

—%Au—k hu+pu=[u9 1y, xeR3 12)
—Ap = u?, x € R3. '
Let m = % and h =1, system (1.2) becomes the following system
—Au+u+ou=d7lu, xeRS, ,
—Ap = u?, x € R3. 13)

There was a series of work to discuss the existence, non existence, radially symmetric solutions,
non-radially symmetry solutions, ground states, semiclassical states and sign-changing solutions to
Schrodinger-Poisson system (1.3) by using the variational method [1, 2, 5-7, 9-13, 17-19, 21-24, 28, 29, 32,
34, 37, 38, 4042, 44-46].

In case 3 < q < 5, Coclite [10] considered the nontrivial radially symmetric solutions for system (1.3).
In [11], when 3 < q < 5, D’Aprile and Mugnai obtained similar results. By using Pohozaev’s identity,
in [12], D’Aprile and Mugnai considered the non existence of nontrivial solution to system (1.3) in case
g<lorqz=5.

In [32], Ruiz studied the following Schrodinger-Poisson system

{ —Au+u+Apu=uP, xeR5 (1.4)

—Ad =12, x € R?,

where A > 0 is parameter and 1 < p < 5. Using the mountain pass theorem and Ekeland variational
principle, Ruiz proved that system (1.4) has at least two (one) positive radial solutions when 1 < p < 2
(p = 2) and A > 0 sufficiently small and system (1.4) has no nontrival solution when 1 < p < 2 and
A %. Moreover, by applying the method of finding the minimal sequence on a manifold associated with
the Nehari manifold and the Pohozaev’s identity, Ruiz proved that the system (1.4) has a positive radial
solution in case 2 < p < 5.

In [5], Ambrosetti and Ruiz obtained the existence of infinitely many radially symmetric solutions to
system (1.4) when 2 < p <5.

Using Lyapunov-Schmidt reduction method, D’ Aprile and Wei [13] obtained the bound state solution
for system (1.3), and the concentration of the solution is also studied. With regard to other relevant results,
please see [23, 24, 40].

In [2], Alves et al. studied Schrodinger-Poisson system

(1.5)

—Au+V(x)u+ dpu = f(u), x € RS,
—A(b = uz, X € R3/

where V is bounded, local Holder continuous, and satisfies:
(1) V(x) > a>0,x € R3;
(2) V(x) =V(x+y), Vx € R3, vy € Z3;
3) hm\xl—)oo IV(x) = Vo(x)| =0;
(4) V(x) < Vo(x), Vx € R3, and there exists Q C R? such that
V(x) < Wp(x),¥x € Q
where V) satisfies (2).

Alves studied the ground sates solutions to system (1.5) in case the periodic condition under (1)-(2) and
in case the asymptotically periodic condition under (1), (3), and (4), respectively.
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In case p € (3,5), Cerami and Vaira [9] studied the existence of positive solutions for the following
non-autonomous Schrodinger-Poisson system

(1.6)

—Au+u+Kx)dp(x)u=a(x)uPu, xecR3
—Ad = K(x)u?, x € R3,

where @, K are nonnegative functions such that limy|_,o, a(x) = ae > 0, limjy|_, K(x) = 0.
In [45], Zhang et al. studied existence of positive ground state solutions for the following Schrodinger-
Poisson system
—Au+V(x)u+K(x)opu = f(x,u), x € RS, (1.7)
—Ad = K(x)u?, x € R, '
where V, K, and f are asymptotically periodic at infinity. Moreover, the nonlinear term f satisfies the
monotone condition: Vt #£ 0, s — w is nondecreasing on (0, co).
On the other hand, when K = 0, the Schrédinger-Poisson equation (1.7) becomes the standard

Schrodinger equation (replace R® with R™)
—Au+V(x)u="f(x,u), xeRN. (1.8)

The Schrodinger equation (1.8) has been widely investigated by many authors in the last decades, see [3,
8, 14-16, 20, 26, 30, 31] and reference thein.

Especially, in [14], Marchi studied the nontrivial solutions and ground state solutions for problem
(1.8) in which V, f satisfies the asymptotic periodic condition. In the context about asymptotic periodic,
we refer the reader to [25, 27, 35, 36].

Motivated by above results, especially by [2, 14, 45], in this paper we study nontrivial solutions and
ground state solutions to system (1.7) under asymptotically periodic case of V, K, and f at infinity.

Let J be the functions h € L®(IR%, R) such that, for every & > 0, the set {x € R?: |h(x)| > ¢} has finite
Lebesgue measure. To state our main result, we assume that:

(Hy) V,K € L®(RR®),inf,cgs V(x) > 0,inf, cgs K(x) > 0;

(Hy) f€ C(R®xR,R), |f(x,u)| < C(1+uP),3<p<5;

(Hz) f(x,u) =o(u) u— 0 uniformly in x € R3;

(Hy) f(x,u)u—4F(x,u) > 0 for all (x,u) € (R3,R);

(Hs) im0 % = +o0 uniformly in x € R3;

(Hg) there exist V, Ky € L®(R3), fy € C(R3 x R, R) satisfies:

(i) Vo, Ko, and fy are 1—periodic in x;,1 <1 < 3;

(i) V—Vy, K—=Kg €T, If(x,u) —folx,u)| < [h(x)|(Jul + uP),x € R}, h € J;
(iif) V < Vo, K < Ko, F(x,t) = Fo(x, t) = [, fo(x,s)ds for all (x,t) € (R? R);
(iv) Vu#0,s — w is nondecreasing on (—oo, 0) and (0, c0).

Our main results of this paper is as follows.
Theorem 1.1. Assume (Hy)-(Hg) are satisfied, then system (1.7) has at least one solution.

Theorem 1.2. Suppose that V(x), K(x), and f(x,t) are 1-periodic in x{,1 < 1 < 3, and V(x) > ag > 0 for all
x € R3. If f satisfies (Hy), (H3), (Hs), and

(Ha)* f(x,u)u—4F(x,u) >0 for all u #0,
then system (1.7) has a ground-state solution.
Remark 1.3.

(1) In this paper, the condition (Hs) means asymptotically periodic case of V,K, and f at infinity. This
condition was introduced by Lins and Silva [27] in the study of a Schrodinger equation.
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(2) In our paper, f does not satisfy any monotone condition, that is (ot)

t
method of Nehari manifold [39] used in [45] is not applicable.
(3) In Theorem 1.1, in case of (Hy) being replaced by

is oscillatory, and therefore the

f(x,u)u—4F(x,u) > — u? uniformly in x € R3,

where 0 < 0 < infgs V, then the result will still hold.

2. Notation and preliminaries

The scalar product and norm in Sobolev space H!(IR3) is defined by
(u,v) = J (Vu- Vv + Vix)uw)dx, |ul?® = (u,uw).
R3
Set
Il = |09+ Vobxnia,

[ullo is an equivalent norm in H!(IR®) since condition (Hj).
D'2(RR3) is the Sobolev space endowed with the scalar product and norm

(W, v)p12 :J Vu- Vvdx, ||u||]231,2 :J |Vu>dx.
RR3 R3

Since K € L®(IR3),infgs K > 0, Vu € H!(IR3), by Lax-Milgram theorem, there exists unique ¢ = ¢, €
D'2(IR3) such that
—Ad = K(x)u?.

Functional ¢, satisfies the following properties.
Lemma 2.1 ([9, 11, 32, 45, 46]). Vu € H!(R?),

(i) there exists C > 0 such that ||dv||p12 < Cllul? and
J VulPdx < J K(x)dpuuldx < Clluf?, vu e HY(R?);
IR3 R3

(ii) $u = 0,Vu € H(R?);
(iii) dru = 2Py, V1t >0,Vu e HI(R3);
(iv) Ifu, — win HY(R3), then ¢, — ¢y in DV2(R3).

Lemma 2.2. Suppose that f satisfies (Hy) and (Hz). Then, for any given ¢ > O there exist C. such that
[(x, t)] < eltl + CeltlP, [F(x, t)| < eltP + Ce[tP™ for all (x,t) € (R, R).

The energy functional I : H! (R3) - R corresponding to system (1.7) is defined by

I(u) = % LRS(IVLLI2 +V(x)u?)dx + i J1R3 K(x)dppu?dx — LR3 F(x,u)dx.

In fact,
1

1
I(u) = =|ju® + J K(x)uu?dx —J F(x, w)dx.
2 4 R3 R3
In view Lemma of 2.2, the functional I is well defined. Furthermore, under our condition, I € C!(H!(R?))
and (u, ¢) € H(R?) x D¥?(IR3) is a solution of system (1.7) if and only if u € H!'(IR3) is a critical point of

Iand ¢ = by
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vu € HY(R®), let ¢, € DV?(IR%) is unique solution of the following equation
—Ad = Ko(x)u?.

Then Ip(u) = %HuH(Z) + %fw Ko(x)pu?dx — Jgs Fo(x,u)dx is the energy functional corresponding to
the following system
—Au+ Vo(x)u+Ko(x)pu = fo(x,u), x € R3,
—Ad = Ko(x)u?, x € R3.

Lemma 2.3 ([45]). If (i) of (He) holds, then
G(u(-+y)) = G(u), vy € Z%,u € H(R?),
where G(u) = [ps Ko(x)buu?dx.
Let up C H!(IR®), we said u,, is a Cerami sequence for the functional I at level ¢ € R if
I(un) = ¢, (1+ lun DT (un) — 0,1 — co.

The following result is a version of the classical mountain pass theorem [4, 43]. For the proof, please
see [33].

Theorem 2.4. Let E be a real Banach space. Assume 1 € C'(E,R) satisfies 1(0) = 0 and

(Iy) there exist p, o« > 0 such that I(u) > o« > 0 for all ||u|| = p;
(Io) there exist e € E with ||e|| > p such that I(e) < 0.

Then 1 possesses a Cerami sequence at level

— inf max I(y(t)),
¢ =gty o)

where
®@=+v € C([0,1,E) : y(0) =0, [[y(1)]| > o, I(v(1)) < O.

Theorem 2.5 (local mountain pass theorem [27]). Let E be a real Banach space. Assume I € C’(E,R) satisfies
I(0) =0, (I1) and (Io). If there exists yo € ©, © defined as in Theorem 2.4, such that

¢ = max I(yp(t)) >0,
t€l0,1]

then 1 possesses a non-trivial critical point w € yo([0, 1]) at the level c.
Lemma 2.6. Suppose that f satisfies (H1), (H2), (Hz), and (Hs). Then 1 satisfies (I1) and (I).
Proof. By Lemma 2.2 and Sobolev’s inequality, we have
J F(x, u)dx < eluf3 + C5|U‘Eﬂ < eCqflulf? + CllulPHt
RN
for some Cy > 0. By [z K(x)pyu?dx > 0, we have

1 1
1) > 3luf? ~ Cuelull = ClhaP*1 = (5~ Cae ) Il — Clul .

Since p > 2, we have

1
1) > (5~ Cae ) JulP + ol Il >
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for ||u|| = p small enough. This proves ().
Next we prove Je € H!(IR3) such that I(e) < 0. By (H3) and (Hs), for any 0 # v € H!(IR3) that satisfies

1
MJ vidx > = J K(x)pyv2dx,
R3 4 R3

there exists C > 0 such that
F(x,u) > Mu*— Cu?, V(x,u) € R®xR.

Hence
2 5t )
I[(tv) = = v+ — | Kx)pyvdx—| F(x,tv)dx
2 4 Jrs R3
2o, 2 4 4 2 2
< =vIF+ | Kx)dyvdx —Mt vidx + Ct vadx
2 4 g3 R3 R3
1 1
= (C+ 2)2|v|* - <MJ v4dx—J K(x)cl)vvzdx> t*
2 R3 4 R3
— —00
as t — co. So, for t sufficient large, choose e = tv. O

Lemma 2.7. Suppose that f satisfies (H1)-(Hs). Then any Cerami sequence for 1 is bounded.
Proof. Let u,, C H!(IR3) be such that
I(un) = ¢, (T4 [un|)T (un) = 0,n — oo.

Since
c+on(l) =4I(un) — I'(un)un = [[un|? +J 3(f(x, Un JUn —4F(x, Uun))dx > [lun|/?
R

From above inequality, u,, is bounded. O

Lemma 2.8. Suppose that f satisfies (Hy)-(Hs). Let un C H!(IR®) be Cerami sequence for 1 at level ¢ > 0. If
un — 0 in HY(IR®), then there exist a sequence {yn} C R® and R > 0, B > 0 such that yn — oo and

lim supJ lunl? = p > 0.
Br(yn)

n—oo

Proof. Suppose by contradiction, that the Lemma fails. Then, for any R > 0, we have that
lim supJ lunl> =0
n—oo Br y

for all R > 0. By Lions Lemma [43], we have that [un[rs — 0 for any s € (2,2%).
By Lemma 2.2, we have LR3 f(x, un)un — 0.
Since I’(un)un — 0 as n — oo, we get

unlP < un P+ | KO0 1idx = | 1 undy + on (1)
R R

So, un — 0 in H'(R?). Therefore, [s K(x) P, u? dx — 0.
From above facts, we get I(u,) — 0 as n — oo, which contradicts with I(u,) — ¢ > 0. O
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Lemma 2.9 ([45]). Suppose that (ii) of (Hg) holds. If {un} € HY(IR®) such that u,, — 0in H(R3), {@n} € H}(R3)
is bounded, then

[V(x) = Vo(x)Jun@ndx — 0,
JR3

. [K(X)(bununq)n - KO(X)J)unU-n(Pn] dx — 0,

[f(x, un) — fo(x, un)]@ndx — 0.

JR3

3. Proof of main result

In this section we are ready to prove our main theorems.

Proof of Theorem 1.1. In view of Lemma 2.6 and Theorem 2.4, there exists a sequence (i) C H'(R3) such
that
'(un) wc>a>0 and (1+ |[lun|)l'(un) — 0 as n — co. (3.1)

From Lemma 2.7, {u,,} is bounded. So, without loss of generality, one assumes that u,, — u weakly in
H'(R3).

Now we prove I’(u) = 0. Indeed, since CSO(IR3) is dense in H!(IR3), it suffices to show that I’(u)p =0
for all ¢ € CP(R?). V ¢ € CP(RR?), we have

Ulun)o =)o = | (Vun o+ Vixlung) dx + |

K(x)q)ununcpdx—j Flsx1n) @dx
R3 R3

—J (Vchp—i—V(x)u(p)dx—J K(x)d)uu(pdx—i—J f(x,u)pdx
R3 R3 R3

= <un —u, (P> - J]R3 K(x) (d)unun - d)uu) @dx

—J (f(x, un) — f(x,u)) @dx.
R3

Since un, — u, by Lemmas 2.1 and 2.2, we obtain

I'(we = lim I'(un)e =0,

n—oo
which implies that I’(u) = 0.
If u # 0, the theorem is proved.
If u =0, from Lemma 2.8, there exists a sequence (yn) C R3, R > 0, B > 0 such that [yn| — oo as
n — oo and

lim supJ lun> > B > 0. (3.2)
n—oo BR(yn)
Let (yn) C Z% and {in (x) = un(x +yn), and observing that |[ttn|| = |[in]lo, up to a subsequence we

have that i, — i in H'(R?), i,, — i in leo C(]R3’) and for almost every x € R3. From (3.2), we have 1 # 0.
Next we prove I)(tl) = 0. Vo € C8°(]R3), for eachn € N, let @ (x) = @(x —yn), we get that
Ié(ﬁ)(P = I(l)(ﬁn)(P +on(l) = I(/)(un)(Pn +on(1).
On the other hand, by Lemma 2.9, we get that
[un)n = latn)pn + | Vo(x) = V(x)unondx
R

- LRS [folx, 1n) — 0, W)l dx — LRS [K() e, tn @1 — Ko () Bue, n onldx

=I"(un)@n + on(1).
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So, by (3.1), we get I)(1i) = 0.
By Lemma 2.9, similar to above, we have

I(un) —Ip(un) =0, I/(un)un - I(/)(un)un — 0.

Then
Io(un) = ¢, Ijlun)un — 0.

By (iv) of (Hs), Yu € R, we have 4Fg(x,u) < fo(x,u). So

¢+ on(1) = Ip(un) — ~T§(un)un

4
1 5 1
= 7”un”0 + [7f0(xrun)un_F0(X/un)]dX
4: ]RS 4.
[T 1 N .
= —||tn|lg+ | [Efo(x, Tin)tn — Fol(x, tin)ldx
4 1R3 4
1 1
> L)+ J Lo, ) — Folx, @]dx + on (1)
4 g 4

= To(@) — T (W -+ on (1)
= 1o() + on (1)

Therefore Ip(it) < c.
We shall verify that max¢>g [o(tti) = Ip(i). Let

t2 t4
x(t) = Ip(ti) = —HﬁH% + J KO(X)d)ﬁade_J Fo(x, tii)dx.
2 4 R3 R3
So,
x'(t):t||a||3+t3J Ko(x)d)ﬁGde—J fo(x, tii) idx

R3 R3

1 fo(x, ti)

_ ||a||3+J Ko(x)cbaﬁde—J fole LT 1 A,
12 R3 R3 3

Since Ij(tt) = 0, A(1) = 0. It follows from part (iv) of (He) that A is strictly decreasing in (0, c0), then
A(t) >0whente (0,1) and A(t) < 0 when t € (1, 00). Therefore

x'(t) >0whent € (0,1) and x’(t) < 0 when t € (1, c0).

Hence, max>o Io(tit) = Ip(it).
By the definition of ¢, (V) and part (iii) of (Hs), we have that

¢ < maxI(tit) < maxIp(ti) = Ip() < c.
>0 >0

We can now invoke Theorem 2.5 to conclude that I possesses a critical point at level ¢ > 0. This
finishes the proof. O

Proof of Theorem 1.2. 1t is easy to see that Lemmas 2.2, 2.6, 2.7, and 2.8 are all hold by using the conditions
of Theorem 1.1. From Lemma 2.6 and Theorem 2.4, there exists Cerami sequence {un} C H'(R3), i.e.,

Ip(un) = co and (1+ |lun|o)Ij(un) — 0, asn — +co.

where cg is the mountain pass level of I.
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By Lemmas 2.7, we conclude that u,, — u weakly in H!(IR3). Similar to proof of Theorem 1.1, we have

Ij(u) =0.

Following, we only need to consider the case in which u = 0. By Lemma 2.8, there is a sequence
(yn) € Z3,R >0, B > 0 such that [y,| — co as n — oo and

n—o0

lim supJ lunl? = p > 0. (3.3)
BRr(yn)

Let Tin (x) = un (X +yYn), then |[Tin|lo = ||un|lo. Up to a subsequence, we have

2 -

i, — 1t weakly in HY(R3), 1, — @in Lloc(le)/ Tin(x) — 1t almost everywhere in R3.

By (3.3),

i # 0. Similar to proof of Theorem 1.1, we get Ij(ii) = 0.

So m = inf{Ip(u) : w € HY(R3),I’(u) = 0} > 0 is well defined. Next, to prove m is achieved. Indeed, let
{un} € H(R®) be a minimizing sequence for m, i.e.,

Ip(un) - m, Ij(un) =0 and u, #0.

Obviously, {un} is a Cerami sequence for Ip. So, from Lemma 2.7, {u,} is bounded. Moreover, from
Ij(un)un = 0 and Lemma 2.2, there exists 0 > 0 such that ||un|jp > 0. Thus, arguing as in the preced-
ing paragraph, we obtain a translated subsequence {ii,}, which has a non-zero weak limit uy such that
Ij(up) =0 and Tin(x) — up(x) a.e. in RN. By Fatou’s lemma

m = lim Ip(un) = lim Iy(iin) = liminf [tinllo —i—limian Fol(x, tin ) dx
n—oo n—o0 n—o0 n—oo  JR3

> HuZ”O +J Fol(x, up)dx = Ip(up).
R3
Consequently, Ip(up) = m, and therefore uy # 0 is a ground-state solution. O
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