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Abstract

In this paper, we obtain solutions to difference equations of the form
Xn—5
an +bnXn_2Xn_5’

Xn41 =

where (an) and (bn) are sequences of real numbers. Consequently, a result of Elsayed is generalized. To achieve this, we use
Lie symmetry analysis.
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1. Introduction

The method of Lie symmetries for differential equations has been applied to difference equations in
recent times and tremendous progress has been made (see [8, 10, 11]). The idea behind the method is to
find the group of transformations that map the set of solutions to the difference equation under study
onto itself. For lower order difference equations, the method is applicable with less computation, but for
higher order equations, the computations are quite complex, however rewarding.

Elsayed [3] obtained the solution of

Xn—5
—14Xn—2Xn_5

Xn+1 = (1.1)

Similar work on related difference equations has been done (see [1, 2, 4-7, 9, 12]). In this paper we derive

solutions of the following difference equations via the invariant of their group of transformations:
Xn—5

an + bnXn—2Xn—5

Xn+1 = (1.2)

for some arbitrary sequences of real numbers (a,) and (bn).
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The solution to our difference equation provides a generalization of the solution of Elsayed [3] to
equation (1.1) in a more general setting.
Without loss of generality, we instead study the difference equation

Un

. 1.3
An + Bnun+3un ( )

Unt6 =

1.1. Preliminaries

Definition 1.1 ([8]). A parameterized set of point transformations,
I ix = R(x;¢€),

where x = x4, 1=1,...,p are continuous variables, is a one-parameter local Lie group of transformations
if the following conditions are satisfied:

1. Tp is the identity map if X = x when ¢ =0;

2. Tal'b =Ta+b for every a and b sufficiently close to 0;

3. each Xj can be represented as a Taylor series (in a neighborhood of ¢ = 0 that is determined by x),
and therefore

Xi(x:e) =xi+e&i(x) +0(e?),i=1,...,p.

Given a sixth order ordinary difference equation

Unt6 = W(M, Un, Un 41, ..., Unt5) (1.4)

such that the derivative of w with respect to u,, is nonzero, we consider the point transformations of the
form
FE : (n/un) — (n/uﬂ. + EQ(n/u‘ﬂ.))l

where ¢ is the parameter and Q the characteristic. We refer to

0 0 0 0
X = 7 ~__ 1/ 2/ et 5/
Qm,un) oun +QM+1,uny1) I +QM+2,uny2) I + + QM +5,unys) On s

as the corresponding symmetry generator. The linearized symmetry condition is given by
$OIQ (M, un) —Xw =0 (1.5)

whenever (1.4) holds. The map S : n — n+1 is called the shift operator. In this paper, we follow the

notation given in [8].

2. Symmetries

Consider the equation (1.3), i.e.,

Un
7
An + Bnun—i—Bun

Uni6 =

Imposing the symmetry condition (1.5) to the equation above, we obtain

Bnunz An
(n+3,uni3) —
(Bnunun4s + An)z Q s (BrnunUn43 +An)

QM +6,uny6) + 5Q(n,un) =0. (2.1)
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The characteristic Q takes different arguments, and solving for it becomes difficult. So we first eliminate
Un+6 by implicit differentiability with respect to w,. This yields
An
(Bnuninis + An)

An
(Bnunun—i—?; +An)

2An
Un (Bnunun+3 + An

le(n+3/un+3)_ le(n/un)+ )ZQ(TI,UTL)

and after simplification, we get
2
Q'(n+3,unt3) = Q'(M,un) + —Q(n,un) =0,
™

where ' denotes the derivative with respect to the continuous variable. We now eliminate u,3 by
differentiating the above equation with respect to u,, and get the following equation:

2 2
Q"(m,un) — —Q'(n,un) + —5Q(n,un) = 0. (2.2)
un un
Thus, the solution of (2.2) is
Q =oanun + Bnunzr (2.3)

where o, and (3, are functions of n. We substitute (2.3) in (2.1) and with simplification, we are led to

2 2 2 2 2
BrBn+sUni3 Un” + Brnoniaunzun” + Brnotntenizun” — AnPnun

2
— An@nlUn + An&nieln + Brnisn” = 0.

To solve for a, and (,,, we use the method of separation by powers of shifts of u, and we obtain the
following reduced system:

On + &ni3 =0, (2.4)
Bn=0. (2.5)

The solutions of (2.4) are (—1)™, exp(inn/3), and exp(—inn/3). The implication is that we have three non
trivial generators

Xl :(—l)nunaun — (—1)nun+1aun+1 + (—1)nun+zaun+2

- (_1)nun+36un+3 + (_1)nun+4aun+4 - (_1)nun+56un+5z

n n+1 n+2

Xo =0 UnOUn + ¢ U 10y, + & U 20Un 42
n+4 n+5

Un440Un g + " U500, 5,

- 2
Un+1 aunﬂ + (XTH_

3
+ o U430y, T

X3 =&™un 0wy + ™t Un420Un 42

n+4

—n+3 = 7 +5
+ & un+38un+3 + & Un40Up g+ & un+Saun+5/

where o« = exp(irt/3).

3. Reduction

We use the known choice of canonical coordinate [8]

Using X, (we could have chosen X; or X3), we have
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Using (2.5), it can be shown that
Xo (™ 353+ asn) =0

and so

Tho= a5 g+ atsy

is an invariant of X;. We introduce
[Vn| = exp{—rn},
ie., Vn = £1/unun 3. For the rest of the work, we use V;; = 1/unun 3. One can show that
Vni3 =AnVn +Bn (3.1)
and it can be verified that the closed form solution of (3.1) is

n—1 n—1 n—1
Vanti = Vi (H A3k1+i) +> (B3l+i 11 A3kz+i) A=0,1,2 (3.2)
1=0

k1=0 ko=1+1

4. Exact solutions

Working backward to express the result in terms of the original variable u,, we get

n—1 n—1
1 1
lun| =exp <(—1)“c1 +a™cy+atez + (=17 E (=1 In[Vy, |+ &™ E — ke In [Vi, |
k1=0 3 k=0 3

n—1

1 -
+ o™ E 30¢k3ln|Vk3|>
Ka—1

1 i
=exp <(—1)“01 +ac, + otz + 3 ((—1)“*k + oo+ oc“éck) In IVk|>
k=0
1 n—1
=exp <(—1)“c1 + &+ ates + 3 [(—1)™ % 4+ 2Re(a™&*)] In |Vk|>
k=0
1! (n— k)7
=exp | (—1)"c1+&Mea+ ez + 3 Z [(1)“_k + 2 cos <3>} In|Vyl | .
k=0
Setting n := 6n +j and H; = (—1)l¢y + & c2 + odc3, we obtain
on+j—1 .
1 : —k
[tgn 5] = exp (Hj 3 [(—1)’k+2cos <(J . m)] lnIVk|> : 4.1)
k=0

For j =0, (4.1) becomes
lugn| = exp(Ho) exp(In [Vo| — In [V3] +1In [Ve| —In [Vo| + - - - + In[Ven_6| — In [Ven—_3l).

However, using (4.1) with j = 0,n =0, [ug| = exp(Hp). It can be shown that we do not need the absolute
values, thus
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Using (3.2), where n :=2s and i = 0 for Vs, and n:=2s +1 and i = 0 for Vgs3, we have

2s—1 2s—1 2s—1

Vs =Vo [ | As, + Z Ba [ As

k1=0 ko=1+1
2s—1 2s—1 2s—1

o TT As + Yo ZBSI IT As

k1=0 ko=1+1
2s—1 2s—1 2s—1

— L H A3k1 + Uupus Z B3y H A3k2

ko=1+1

and

Ves+3 = Vo H Az, + Z B3 H Ask,

ko=1+1

HA3k1 Vo ZB31 H Ask,

k1=0 kp=1+1
2s—1

R H Ask, +uou3 Z Bu [[ As

u
Hous \ ¢ 2o Ko=1+1

Thus
2s—1 2s—1 2s—1

ne1 LI Az, +uous 3 Bar [] Az,
;=0 =0 kp=l41
Uen = Wo H 2s 2s ’

s=0 1_[ Ask, +uouz ) Bar [[ Ask,
k1=0 1=0 ko=1+1

which implies that
2s—1 2s—1 2s—1
no1 11 asiy +x—ex—3 2 bz [[ asx,
k1=0 1=0 ko=1+1
Xen—6 = X_6 | | o o : (4.2)

s=0 H asi, +x—6x—3 ) bz [[ azy
k=0 =0 ko=i41

For j =1, (4.1) becomes
[uen+1] = exp(Hi) exp(In [Vi| = In V4| + In[V7| —In[Vig[ + - - - 4+ In [Ven 5] — In [Ven2]).

However, using (4.1) with j =1,n =0, | = exp(H;). Thus

F Ves 1
Usn+1 = W H Veod'
6s+4

Using (3.2) with i =1 and n := 2s, we have

2s—1 2s—1 2s—1
Ves+1 =V H Asky+1+ Z Bai41 H A3k, +1
kp=1+1
2s—1 2s—1 2s—1

=Vi H Aski+1 3 Z Basr || Askata

ko=1+1
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2s—1 2s—1 2s—1

1
=i H Az +1 + Uiy Z Bayr || Askots
154 ko=1+1

and similarly,

Ves+4 = s H A3k, +1 +u1usz B3i41 H A3k, +1
5 ko=1+1

Now
2s—1 2s—1 2s—1

ne1 11 Az +uiug Z Bair1 [ Azt
Ki=0 Ko=141
Uen+1 = 1 H 2s 2s 2s ¢

s=0 T Asige1+wius 3 Baigr [I Azt
kq1=0 1=0 ko=1+1

which implies that

2s—1 2s—1 2s—1
l_[ agk,+1+X—5X—2 2 baiyr [] asip41

ot k 1=0 ko=1+1
1= = 2=+
Xen—5 = X—5 H 2s 2s 2s ' (4.3)

s=0 T[] agiy+1+x-5x—2 ) by [ asi,41
K1=0 1=0 Ko=1+1

For j = 2, we find that (4.1) becomes
[ugn+2| = exp(Ha) exp(In|Va| — In|Vs| + In|Vg| — - - - + In [Vgn—a| — In [V —1).

We set n =0 and j =2 in (4.1) so that [up| = exp(H2). So we have

V6s+2
Uen+2 = U2 H
V65+5

The expressions for Vgs» and Vi 5 are obtained from (3.2), by settingn =2s,i=2andn =2s+1,i =0,
respectively. They are as follows:

2s—1 2s—1 2s—1

Vesi2=Va [ [ Asir2+ D Baz [ Asipez
K1 =0 1=0 ko=1+1

2s—1 2s—1 2s—1

H Asiq+2+ Z B3i42 H Azky+2

kq1=0 ko=1+1
2s—1 2s—1 2s—1

1
= | | A3k, +2 T Uous E B3ii2 I | Az, 42
Uzus
K1 =0 ko=1+1

and

2s—1

Ves+5 = V2 H Azig+2 + Z B3i42 H Azky+2
K1=0 ko=1+1

2s
HA31<1+2+ ZB31+2 H A3k, 42
K1=0

kp=1+1
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1
= s H Ask,+2 + UgUs Z B3i42 H Azky+2

ko=1+1
Hence
2s—1 2s—1 2s—1
no1 11 Asige2a+uous 3 Baieo [ Azt
k1=0 1=0 ko=1+1
Uen+2 = U2 H 2s 2s 2s 4
s=0 ] Asyq2+wus ) Baiyo [ Ask,s2
K1 =0 1=0 Ko=141
which gives
2s—1 2s—1 2s—1
no1 kHO a3k, 42 + X_4X_1 IZO b3 . 1_1[ ) a3k,+2
1= =l 2=+
Xen—4 = X—4 H 2s 2s 2s ’ (4.4)
s=0 T[] agig42+x—4x—1 ) baigo [[ azk,42
K1=0 1=0 Ko=141

For j =3, (4.1) becomes
[ugn+3l = exp(Hz) exp(—In[Vp| + In V3| = In [Vg| 4 - - - 4+ In [V 3| — In [Vin ).

Setting n = 0 and j = 3 in (4.1), we find that |uz| = exp(Hg) , hence

V6s +3

Usn 13 = U3 H o
1 Ves+o

Following a similar approach as was done in the earlier cases (j =0, 1,2), the reader can verify that

2s 2s

n—1 l_[ Az, +uguz ) Bs [ Az
. H k1=0 1=0 ko=1+1
Uen+3 = U3 2s+1 2s+1 2s+1 '
s=0 [T Asx, +uwouz > Bz [] Az
k1=0 1=0 Ko=141
Thus
2s 2s 2s
no1 kHO azk, +X_6X_3 120 bay 1_1[ ) asx,
1= — ky=1+
X6n—3 = X3 H 2541 2s+1 2s+1 ’ (4.5)
s=0 [T asi, +x-6x—3 ) bz [] ask,
=0 =0 k=141

For j =4, (4.1) becomes
[Ugn 44l = exp(Hy) exp(—In[Vi|+In[Vy| = In V7| + - - - + In[Vn 2| — In [V 1)
Setting j =4 and n = 0 in (4.1) yields [uy| = exp(Hy) exp(—1In[V;|) so that exp(Hs) = [u4l[V1]. Thus
V65+4
u, =u
on+4 — W4 H V6s+7

As before, similar steps can be carried out and one obtains

2s 2s 2s
n—1 H Asi+1+wug ) Baipr [ Az
1=0 Ko=141

Uen+4 = U4 H 25+1 2511 2511 ’

s=0 [T Agzi,41+uiuy Z Baipr1 I Asktt
K1=0 =141
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which yields
2s 2s 2s

n—1 H a3k, +1 +X-5%X_2 lzobmﬂk 1_1[ 1(13k2+1

= =1+
— . 4.
Xon—2 = X— 2H 2511 2541 2511 (4.6)

s=0 [T asiy+1+x5x—2 > bay1 [[ asi,41

=0 1=0 Ko=1+1

For j =5, (4.1) becomes
[ugn 15| = exp(Hs) exp(—In[Va| +1n V5| —In[Vg| + - - - + In[Vn 1] — In[Vin o).

But setting n = 0 and j = 5 in the same equation (4.1), we get |us| = exp(Hs) exp(—In|V;|) so that
exp(Hs) = |us||V2|. Thus

V6s+5
Ugn 15 = Us H :
V6s+8

After performing similar substitutions as before, we get

2s
n—1 H Az, 42 + Uus Z Bairo [ Azt

H 1=0 ko=1+1
Uen+5 = Us 2541 2511 2541 ’
s=0 T Azk,42+upus Z Baty2 [I Askie2
k1=0 = ko=1+1
which leads to ) 5
2s s s
n—1 1_[ agi,+2 +X4X1 ) b3y [] as,42
H 1=0 ko=1+1 (4 7)
Xen—1 = X1 2s+1 2s+1 2s+1 : :
s=0 TT agiy42+x—ax—1 2 baigo [[ ask,42
k1=0 1=0 Ko=1+1

Thus, our solution to the difference equation is given by the equations (4.2)-(4.7) as long as the denomi-
nators are non-zero.
5. The case when a; and bj are 3-periodic sequences

In this case, we assume that {aj};>0 = {ao, a1, a2, ap, a1, az,...} and {b;}j>0 = {bo, b1, b2, bg, by, b, .. .}.

5.1. The case when ap #1,a1 #1,a; # 1
By substitution, one obtains the solution given by equations

_ bo(l—a _ bi(l—a
n—1 +X6X3M n—1 S+X5X2171)
X x 1 Qap X X 1 aq
6m—6 — X—6 2s+1y 7/ 6n—5 — X—5 2s+1y 7/
2s+1 bo(l—ap®") 2s+1 by(1—af™")
s=0 Qg7 +X—6X3— 15, s=0 417 +X5Xp g
_ b (1—a?s bo(1—aZst!)
n—1 23 +X_4X_q 2(7 5%) n—1 25+1 +X_gX_3 0 — 0
X x 1 ap x X 1 ap
6m—4 — X4 2s+1y 7/ 6m—3 — X-3 2542 7/
2s+1 by(1—a3*") 2542 bo(1—ap®™)
s=0 Q" "+ XX 1T, s=0 Ay T+ X—6X—3— 714,
by (1—a?*h) by (1— a2+
n—1 25+1+X sx_p 2L 17a1 n—1 2s+1JFX X 22 1_a2 )
XGTL*Z = X*Z 215+2 7 X6Tl—1 = X—l ( 22s+2) Vi
2s+2 b1(1—a1 ) 2s+2 by (1—a3
s=0 " " X—5X—2 =g s=0 @y T XX,

where the initial conditions satisfy

2 1 2s+1 2s+1 2541
—a; ) 1—a? . 1—a? .
| | X,6X,3b]~ 173 _ a]25+1 X,5X72b517). _ a)zs+1 X,4X,1bj1_7)' . a]gs+1 £0
-9 - aj

i=1
forallj=0,1,2and s =1,2,...,n—1.
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6. The case when a; and b; are 1-periodic

The solution equations are obtained by replacing a; and ap, and b; and b, by ag and by, respectively
in the previous section.

6.1. The case when ag # 1
In this case, we have the solution defined by the following equations

_ a? _ a?
n-l S—i—X 6X— 3b01 0 n-l S+ X_5X_ 2b01 O
Xén—6 = X—6 2 , Xen—5 = X5 p
1— s+1 1— a25+1
s=0 a25+1 +Xx_gX_3bg 1= ao s=0 a 2S+1 +x_5%x_2bp T—ap
Zs+l
1 1—aZ 25+1 1-
n S +XxX_4x_1bg+—L T—ag +x_gx_3bg = 00
Xen—4 — X—4 23+1 s X6n—3 = X3 a2st27
2s+1 1— 2542
s=0 Qg +x_4x_1bg 71 a s=0 A +X_6X— 3b0 1— 210
25+] 25+1
1 25 11 1— -1 2s+1 1-
+x_5X_2bg 71 a 4+ x_4X_1bg - ao
Xen—2 = X_2 rein 2527 Xen—1 = X—1 . Q2527
s=0 Q] 4+ X_5X_ zbo T (:10 s=0 ag” T+ X_4X_ 1b0 = ‘310

where the initial conditions satisfy
2

1 a25+1 ) 1 a25+1 ) 1 a25+1 )
H X,6X,3b070 a%S“ X,5X,2b070 aéS“ X_4X_1b070 aésJﬂ 75 0
1— ap 1-— Qap 1

. —ap
i=1
foralls=1,2,...,n—1.

6.1.1. ap = —1 and bo =1
In this case, we have the solution defined by the following equations and appears in [3, Theorem 1]

Xen—6 = X—6(—1+x_x_3)" ", Xen—5 = X—5(—1+x_5%x2)" ",
Xen—4 = X_4(—=1+x_4x 1), Xen—3 =X 3(—1+x_ex_3)",
Xen—2 =X 2(=1+x_5x 2)", Xen—1 = Xx_1(—=1+x_4x1)",

where X_6X_3 75 1, X_5X_2 75 1, and X_4X_1 75 1.

6.1.2. Qg = —1 and b() =-1
In this case, we have the solution defined by the following equations

Xen—6 = X—6(—1—x_x_3)" T, Xen—5 = X_5(—1—x_5x_3) ",
Xen—4 = X_4(—1—x_4x_1)7 ", Xen—3 = X_3(—1—x_ex_3)",
Xen—2 =X 2(—1—%x_5x )", Xen-1 = X_1(—=1—%x_4x1)",
where x_gx_3 # —1,x_5x_ o # —1 and x_4x 1 # —1.
6.2. ap =1
By substitution, one obtains the solution given by equations
. N Ti—[l 14 2sbox_ex_3 . N Ti—[l 1+ 2sbox_5x_»
bn—6 = 6 1+ 2S—|—1b0X 6X3 on—5 = > 1+ 2S+1b0X 5X2
X ‘. ﬁ 1+28b0X 4X_1 X X H1+ 28+1b0X 6X—3
on—4 = 4 1-1— 28+1b0X 4X1 on-3 = 3 1+ 28+2b0X 6X3

< - H1+ (2s +1)box_5%_» N « Hl—l— (2s +1)bgx_g4x_1
on—2 = 2 1+ 2S—|—2b0X 5X2 on—1= ! 1+ 2S+2b0X 4X1

where jbox_4x_1 # —1, )boxfg,xfz # —1,and jbgx_gx_3 # —1 for all j = 1, 2,...,2n.
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6.2.1. Qp = 1 and b() =1
In this case, we have the solution defined by the following equations

1+2sx_ 6X—3
Xen—6 = X6H Xen—5 = X_5

n—1 n—1
1+2sx_ 5X_2

01+ (2s +1)x_5%x_5"

1+ (2s4+1)x_5x_"

n—1 n—1

N - H 14 2sx_4x_q N . H1+ (2s4+1)x_gx_3
on—4 = 4 1+ ZS+1X 5X2 on=3 = 3301+ 28+2X 5X2
N « H1—|— (2s +1)x_5x_» N e i—fl—i— (2s +1)x_g4x_1
on-2 = "2 1+ (25 4+2)x_5%x_o" 6n—1 18201—1- (2s +2)x_4x_1

where jx_4x_1 # —1, jx_s5x_» # —1, and jx_gx_3 # —1 forallj=1,2,...,2n.

6.2.2. agp=1and by =—1
We obtain the following solution equations

1—2sx_¢gx_3 - 1—2sx_5%x_»p
Xen—6 = X6H (2s +1)x_ 5X2 X6n5—X5H)1 (2s +1)x_ 5X2

— 28X _4X_1 1—25+1x 6X_3
X6n4_X4H1—28+1X 5X2 X6n3_X3H1—28+2X 5X2

—1
1—25+1x 5X_2 1—(2s+1)x 4x_
Xon— 2—X2H Xen—1 = X— 1H =

1—(2s+2)x_ 5X2 1—(2s+2)x_ 4X1

where jx_4x_1 # 1, jx_s5x_p # 1, and jx_¢x_3 # 1 forall j =1,2,...,2n.

7. Conclusion

We obtained three non trivial symmetries and exact solutions to difference equations of the form
(1.2). In particular, we generalized the result of Elsayed [3]. Our method of solution finding involved Lie
symmetry analysis.
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