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Abstract

In this paper, we consider the split monotone variational inclusion problem in Hilbert spaces. By assuming the existence
of solutions, we introduce an iterative algorithm, in which the stepsizes does not need any prior information about the operator
norm, and show its convergence theorem. Some applications and numerical experiments of the considered problem are also
discussed.
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1. Introduction

Variational inclusion problems (VIP) are being used as mathematical programming models to study

a large number of optimization problems arising in finance, economics, network, transportation, and

engineering science. For a Hilbert space H, the formal form of VIP is a problem of finding x* € H such
that

0 € Bx", (1.1)

where B : H — 2" is a set-valued operator. If B is a maximal monotone operator, the elements in the
solution set of the problem (1.1) are called the zeros of maximal monotone operator. This problem was
introduced by Martinet [24], and later it has been studied by many authors. It is well-known that the
popular iteration method that was used for solving the problem (1.1) is the following proximal point
algorithm: for a given x; € H,

Xnil = ]Enxn, vn € N,

where {An} C (0, 00) and ]Eﬂ = (I4+A,B) ! is the resolvent of the considered maximal monotone operator
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B corresponding to A, see also [5, 17, 22, 37, 39] for more details.

On the other hand, split feasibility problem (SFP), which was first introduced by Censor and Elfving
[10], have been appeared in various fields of science and technology, such as in signal processing, medical
image reconstruction, and intensity-modulated radiation therapy, for more information, see [6, 9] and the
references therein. The SFP is the problem of finding a point

x* € C suchthat Ix"€Q,

where C and Q are nonempty closed convex subsets of R™ and R™, respectively, and L is an m xn
matrix. Later on, Byrne [6] suggested a following CQ algorithm: for arbitrary x; € R™,

Xn+1 = Pc (Xn —H/Lt(PQ — I)an), vn e N, (1.2)

where y € (0,2/||L||?), L* is the transpose of the considered matrix L, and Pc and P are the metric
projections onto C and Q, respectively. Subsequently, by considering the CQ algorithm (1.2), Lépez et al.
[21] suggested to use the stepsizes vy, without the norm of operator L,

Yn = an(I*PQ)LXn”Z
2L (I—Pg)Lxnl?

(1.3)

where 0 < p, < 4 and L*(I - Pg)Lx, # 0, and proved weakly convergence theorem. Lépez et al. [21]
pointed out that, the higher dimensions of L may be hard to compute the operator norm and it may effect
to the computing in the iteration process, for example the CPU time, and the algorithm with stepsizes
(1.3) gives a faster results.

In 2012, by combining the concepts of VIP and SFP, Byrne et al. [7] introduced and studied the
following split null point problem (SNPP): find x* € Hy such that

0€By(x*) and 0 € By(Lx*), (1.4)

where B; : H; — 2Hi, i = 1,2 are maximal monotone operators. Byrne et al. [7] considered the following
iterative algorithm: for A > 0 and an arbitrary x; € Hy,

Xng1 = I3 (xn =YL (1= J3?)Ixy), VYneN,

where y € (0,2/||L||?), and proved that {x } converges weakly to a point x* in the solution set of problem
(1.4).
Now, let us go back to the VIP problem (1.1). A type of generalization of problem (1.1) is a problem
to find a point x* € H such that
0 € Ax* + Bx™, (1.5)

where A : H — H is a single-valued operator and B : H — 2" is a set-valued operator. It is well
known that, there are many kinds of real world problems those rise in the form of problem (1.5), see
[4, 28, 29, 36] for example and the references therein. In the case that A : H — H is a single-valued
monotone operator and B : H — 2H is a set-valued monotone operator, the elements in the solution set
of the problem (1.5) are called the zeros of the sum of monotone operators. Note that 0 € Ax* 4 Bx* is
equivalent to ]E(I —AA)X* = x*, when A > 0, see [3]. It is worth to note that, there are many authors
considered the methods for finding zeros of the operators which are also a solution to another problems,
see [12-15, 30, 32] for example.

In 2011, Moudafi [27] introduced the following split monotone variational inclusion (SMVI): let H;
and H; be two real Hilbert spaces, A; : Hi — H;i, i = 1,2 be single-valued operators, B; : H; — 2Hy
i=1,2 be set-valued operators, and L : H; — H, be a bounded linear operator. The SMVI is the following
problem:

find x* € H; such that 0 < (A;+By)x%,
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and such that
[x* € Hy solves 0 € (A;+ By)Lx™. (1.6)

We will denote the solution set of the problem (1.6) by I Moudafi [27] proposed the following iterative
algorithm: let A; : Hi — Hi, i = 1,2 be aj-ism and o = min{«;}, 1 = 1,2, U = ]El(l—)\Aﬂ and
T:= ]EZ(I — AA2) with A € (0,2«). For arbitrary x; € Hy,

Xn41 = U(xn +YL*(T—DLxn), neN, (1.7)

where v € (0,1/||L||?), and proved that any sequence {xn} generated by the algorithm (1.7) converges
weakly to x* € T.

In this paper, motivated and inspired by above literatures, we are going to consider a problem (1.6)
and suggest the following algorithm: for an arbitrary initial x; € Hy,

Un = Xn — Ynl” (I - }]?Z(I - AAZ))I—XTU
Xn+1 = (XTLVh(u'Tl) + (1 - o‘n) )l?l (I - )\Al)un/ vn e NN,

where h: H; — R is a continuous differentiable function, {x} C (0,1) and choose the stepsizes sequence
{vn} which does not need any prior information about the operator norm. In our main results, we show
that the constructed sequence {x,,} converges strongly to a point X € I', where X = PrVh(x), which is the
optimality condition for the minimization problem

1 2
min - —h(x).
min 5 {[x][ —h(x)

2. Preliminaries

Throughout this paper, we denote by IN for the set of positive integers, and R for the set of real
numbers. Let H be a real Hilbert space with the inner product (;, -) and the norm || - ||, respectively. When
{xn} is a sequence in H, we denote the strong convergence and weak convergence of {x,} to x in H by
Xn — X and xn, — X, respectively.

Let T: H — H be a mapping. We say that T is a Lipschitz mapping if there exists L > 0 such that

IMx=Tyl <Llx—yll, vxyeH

The number L, associated with T, is called a Lipschitz constant. If L € [0,1), we say that T is a contraction
mapping, and T is a nonexpansive mapping if L = 1.

We say that T is strongly nonexpansive if T is nonexpansive and for all bounded sequences {xn }, {yn}in
H, the condition limy o0 (||Xn — Yn | — | Txn — Tyn||) = 0 implies limn o0 || (Xn —Yn) — (Txn —Tyn)|| =0,
see [8].

We will say that T is firmly nonexpansive if

(Tx =Ty, x—y) > ||Tx—Ty||2, Vx,y € H.

The set of fixed points of a self mapping T will be denoted by F(T), thatis F(T) ={x € H: Tx = x}. It
is well known that if T is nonexpansive, then F(T) is closed and convex.

A mapping T : H — H is said to be an averaged mapping if it can be written as the average of the
identity I and a nonexpansive mapping, that is,

T=(1-a)l+aS, 2.1)

where o € (0,1) and S : H — H is a nonexpansive mapping, see [1]. More precisely, when (2.1) holds,

we say that T is a-averaged. It should be observed that firmly nonexpansive mappings are ;-averaged

mappings. We also note that, averaged mappings are strongly nonexpansive, see [8].
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Let A : H — H be a single-valued mapping. For a positive real number 3, we will say that A is
-inverse strongly monotone (B-ism) if

(Ax —Ay,x —y) > [3||Ax—Ay||2, Vx,y € H.

The classes of inverse strongly monotone mappings have been studied by many authors, see [4, 38].
We now collect some important properties, that are needed in this work.
Lemma 2.1 ([4, 38]). We have
(i) the composite of finitely many averaged mappings is averaged. In particular, if Ty is oy-averaged, where
ai € (0,1) for i = 1,2, then the composite Ty T, is o-averaged, where o« = &1 + g — X1 X,
(ii) if A is B-ism and A € (0, B], then T := I — AA is firmly nonexpansive;
(iii) a mapping T : H — H is nonexpansive if and only if I —T is %-ism;
(iv) T is averaged if and only if the complement 1 —T is B-ism for some p > 1. Indeed, for o € (0,1), T is
o-averaged if and only if 1 —T is 5--ism.
Let B : H — 2H be a set-valued mapping. The effective domain of B is denoted by D(B), that is,
D(B) = {x € H: Bx # 0}. Recall that B is said to be monotone if

(x—y,u—v) >0, Vx,yeD(B),ucBx,veBuy.

A monotone mapping B is said to be maximal if its graph is not properly contained in the graph of any
other monotone operator. To a maximal monotone operator B : H — 2H and A > 0, its resolvent J¥ is
defined by

J8:=(I+AB)"':H— D(B).

It is well known that if B is a maximal monotone operator and A is a positive number, then the resolvent
]E is a single-valued and firmly nonexpansive, and F(]E) =B l0={xeH:0eBx}, VA>0,see[33,35].
The following fundamental results and inequalities are needed in our proof.
Let C be a nonempty closed convex subset of H. For every point x € H, there exists a unique nearest
point in C, denoted by Pcx, such that
[x—=Pex| < llx—yll, vyeC

Pc is called a metric projection of H onto C, see [34]. The following property of Pc is well known and
useful:
(x —Pcx,y—Pcx) <0, ¥YxeH,yeC.

For each x,y € Hand A € (0,1), we know that
e+ ylI* < [1xll* +2¢y, x +y)

and
A%+ (1= Ayl = Allx|? + (1 =) ly[> = A1 =) ||x —y]?,

see [4].
We also use the following lemma for proving the main results.

Lemma 2.2 ([20, 37]). Let {an} be a sequence of nonnegative real numbers satisfying the following relation:
ani1 < (I—op)an + anon+06n, VneN,

where {otn }, {on}, and {0} are sequences of real numbers satisfying

(ii) limsup, , on <0;
(i) on =0, Y 24 0n < 0.

Then, a, — 0asn — oco.
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3. Main results

We start by introducing assumptions and an iterative algorithm in which the stepsizes does not depend
on the norm of operator L. We will use the following assumptions in order to provide the convergence
theorems.

(Al) Ai:H; — Hj, i=1,2 are inverse strongly monotone operators;

(A2) Bi:H; — 2MHi, i =1,2 are maximal monotone operators, such that (A; + B;) 10 # (;

(A3) ]E’l and ]EZ, for A > 0, are resolvents of By and By, respectively;

(A4) L:H; — Hp is a bounded linear operator, such that L # 0;

(A5) h:H; — Ris a differentiable function, such that Vh is a contraction with coefficient k € (0,1).

Algorithm 3.1. Let {x,} C (0,1) and an initial x; € H; be arbitrary, define
* B>
Un = Xn —¥Ynl (I =3 (11— ?\Az))an,
Xn41 = o‘th(un) + (1 - (xn)]El (I - AAl)unr vn e N/
where the stepsizes sequence {yn} depends on pr, € [a,b] C (0,1) by
2
(1= JR2(1—AA2) L |

L (T J32(I— AA2)) Lxn
Y, if otherwise,

5, if LF(I— Y (I—AA2))Lxn #0,
Yn =

|

where v is any nonnegative value.

Remark 3.2. It is worth to point out that the Algorithm 3.1 is a type of viscosity algorithm, see [23, 25] for
more information.

Remark 3.3. The stepsizes {yn} is bounded. Indeed, for each n € IN,

7

L (1= TR2(1 = AA2)) L || < I (T—TR2 (1= AA2)) Lxny

which implies
[(I=TR =M Lxn[” 1
L% (1= 132 (1 — AAY) ) L[~ I

R M) L |

Let w, = 5
L (1= JR2(I— AA2)) Lxa |
the definition of {yn}, we can see that sup yn < infwy, < co. This means {yn} is bounded.

and L*(I— ]EZ(I —AAz))Lxn # 0 for each n € IN. It follows from

Lemma 3.4. Let Hy and Hy be two real Hilbert spaces. Let {xn} be generated by Algorithm 3.1. Suppose that the
assumptions (A1)-(A5) hold and T # (). Then, the sequences {xn} and {u } are bounded.

Proof. Let z € T. It follows that z = ]El (I—AAq)zand Lz = ]EZ (I—AA3)Lz. We note that ]Ez is %—averaged.
Since A; is inverse strongly operator, say -ism, so by Lemma 2.1 (ii), for each A € (0, 3), we know that
(I—AA,) is 3-averaged. Thus, by Lemma 2.1 (i), we have ]Ez(l —AA,) is 3-averaged. Subsequently, by
Lemma 2.1 (iv), we have I — ]EZ(I —AAy) is %-ism. It follows that, for each n € IN,

((I=J32(1—AA2)) Lxn — (I—J52(1—AA2)) Lz, Lxn — Lz) > §||(1 IR (1—AAY)) Lxn — (1= J22(1—AAY)) Lz~

Since Lz = ]Ez (I—AAz)Lz, the above inequality is reduced to

(1= T2 M), Lt — L) 3 21— 131 Ag) x| 61
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for each n € IN. By using (3.1), we see that

lun —2l2 = [xn —ynl* (1= J22(1 = AA2)) Lxn — 2|
— | (xn = 2) =y L* (1= B2 (1= AA) ) L ||
— |xn — 2|2 = 2yn{xn — 2, L (1= JB2 (1= AA2)) Lxn ) + V2 || L% (1= B2 (1 = AAL) ) L
— |xn — 2| = 2yn(Ixn — Lz, (1= JB2(1 = AA2)) Ixn ) + V2|15 (1= JB2 (1 = AAQ) ) L ||

32
%H 42
3

< Jxn =2l = [ (L= TR =AA)) L [* v L7 (T TR (1= AA)) Lo [
< hen — 2l = ya[ (1= 782 (1= M) Lxn ||+ 2|17 (1 - T2 (1= AAL) ) L

= [en — 2l = vn [ (1= TR2(1 = M) L[| = v [ L5 (1= T2 (1= AA2) ) Lk |

for each n € IN. By the definition of y,,, we have
lun —z|* < [xn —2]?

for each n € IN. Thus
[un —z[| < [lxn — 2]

for each n € IN. Furthermore, we get

IXnt1—z|| = Hochh(un) +(1— ocn)lfl (I—AA7)un —ZH
|otn (VR(un) —2) + (1 — o) (JRH (I = AAJun — 2) ||

< ot [ Vh(un) = 2| + (1= )[R (T = A1 un — 2
< o ||[VR(in) — VR(2)|| + an||[Vh(z) — z|| + (1 — o) [un — 2|
< onkfun — z| + an ||Vh(z) — z|| + (1 — o) [[un — 2]
= (1 —on(1— K)) [un —z|| + ‘XnHVh(Z) _ZH
< (T=an(l=K))|[xn —z|]| + an (1 —«) (W)
< maX{HXn—ZH,HVh(Z)_ZH}
1—«
< max{Hxl—ZH,HVh(Z)_ZH}
1—«

for each n € N. Therefore, {|[xn —z|/} is a bounded sequence and consequently, {|lun —z|/} is also
bounded. These imply that {x } and {u,,} are bounded. O

Theorem 3.5. Let Hy and H; be two real Hilbert spaces. Let {xr} be generated by Algorithm 3.1. Suppose that the
assumptions (A1)-(A5) hold, T' # () and the following control conditions are satisfied:

(1) limp oo xn =0;

Then, {un} and {xn} both converge strongly to x € I, where x = PrVh(x), which is the optimality condition for
the minimization problem

I
min 5 f[x]|” —h(x).
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Proof. Firstly, we note that PrVh(-) is a contraction mapping. Let X be the unique fixed point of PrVh(.),
that is X = PrVh(x). Then, we obtain
[xn+1— %[ = (on VR(un) + (1 — o) 3 (1= AA1)Up — X, X1 —X)
= o‘n<Vh(un) — X, Xn+1 _7_(> +(1— “n)<])]?1(1 —AAUn — X, X1 — 7_(>
= o‘n<Vh un) — Vh(x), Xn+41 _7_<> + “n<Vh(7z) — X, Xn+1 _7_‘>
+ (1= o) (TR (T =M1 Jun — X, X1 — %)
< ot || Vh(un) = VR(R)|[[[xns1 — || + (1= o) T3 (1= AA D un — %[ |01 — %]
+ ocn<Vh(x) — X, Xni1 —x>

<°‘;(Hmn = R(E) P + e -5

1—
(HIBI T—AA ) un —x||* + [[xn 1 _7—(“2) + ot (Vh(%) =X, Xp 11 — %)
< °‘“2K 82+ 2 1 = 7P T — R T g — %P

+ otn (Vh(X) — X, Xn 11 — %)
o 1—an(1—k?)

1
< 5 Hxn—>'<||2+§||xn+1—>‘<H2+ocn<Vh(>z)—>z,xn+1—>‘<>

for each n € IN. This gives,

X1 —%)? < (1= o (1= K3)|[xn — %||* + atn (1 — k) (

Xn+41— X>> (3.3)

for each n € IN.
Now, we consider the following possible two cases.

Case 1: Suppose that there exists ng € IN such that {|xn — x|} is monotonically non-increasing. Then, by
Lemma 3.4, it follows that {||x, — ||} is a convergent sequence. Consider
Pens1 = %% = loen Vh(un) + (1= o) T3 (T = A Jun — X2
— [Jotn (VR(un) = %) + (1 — o) (J1 (1= AA un — ) ||
= ot [ Vh(un) = %[% + (1 — o) [T (1= AA ), — |2
—on(1—on H(Vh Un) —x) — ( Bl(I—?\Al)un —X)H2
< o [[Vh(un) = %] + (1 — o) [ — %||* — ot (1 — o) [ VR(un ) = JRHI = AA7Jun |2
< ot ||[Vh(un) — %)% + (1 — otn)|Jun — %2

for each n € IN. Then
[un = %|* = [Ixni1 — X)1* — o ([ Vh(un) = %|* — [Jun — %[|?)

for each n € IN. Next, from (3.2), we have

o 1= T8 Ma)) L Py ([ (= 2200 M) )

< pen = %7 = fun — x|
< pen = %2 = [xns1 = %[+ o ([ VR(un) = %[ = lun — %)

— 0,
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as n — oo. By the definition of y;,,, we see that

o 10T M) Py (0 T30 )

(1= 1B2(1—AA)) L ||
[ (1= B2 (1= AAQ) ) L ||

= pn(l—pn)

for each n € IN. This implies

(1= IR (L= AA) ) L |

— 0,
L (1= B2 (1= AA2)) L ||

Pn(l—pn)

as n — oo. Thus, since p,, € [a,b] C (0,1), we must have

(1= T (1A Lxn|[[F

li 3.4
nse L (1= T8 (1= AAL)) L || G4
Next, we observe that the fact ||L* (I — ]E’z(l —AAL) ) Lxn || < [IL*| H (I—- ]BZ(I —MAz))Lxy || implies
—AAL) )L
=220 A x| < e L 2L [
L% ( — M) L |
for each n € IN. Thus, in view of (3.4), we get
lim ||(I—J%2(I—AAz))Lxn | = 0. (3.5)
n—oo
This forces
lim [|L*(I—J52(1—AA;))Lxn|| = 0. (3.6)
n—,oo
At this point, from the definition of u,, we see that
ln = xnll = [Jxn = ynL* (T= TR (1= AM2)) Lxn = xn || < Yal[L* (1= TR (T = M) Lxa |
for each n € IN. By (3.6), we obtain that
lim |un —xn|| =0. (3.7)
n—o0
Furthermore, it follows from the definition of x,, 1 that
X1 —tnll = [Jon VR(tn) + (1 — o) 31 (1= A Up — Un ||
= [Jotn (VR(tn) —tn) + (1 — o) (JX (T = AADUR — 1) ||
0t || Vh(un) = tn || 4 (1 — o) [[un — TR = AAun | (3.8)

<
< o[ VR(n) — VR(R)|| 4 ot || VR(R) = tn || + (1 — o) |[ttn — T3 (T —AA Jun ||
< onk|un — X[ + an [ VR(X) —un | + (1 — an Hun — ]7\ (I—AA4 unH
for each n € IN. By usmg H]Bl I—AA ) un —)2“ IXn+1 —X|| — oanVh Un) — ]Bl(I — ?\Al)unH and the
nonexpansiveness of ] HI—AA1), we see that
< Jhun = x| = [[TR (I = AA ) un — J3 (= AAR||
= [lun =% = TR (I = AA Jun — x|

< P — %[ + o || VR(un) = TR (I = AADun || = Ixnet — ||
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for each n € IN. Subsequently, since {|xn — x|} is a convergent sequence, by the conditions (i) and the
boundedness of {u,}, we obtain that

[un — %[ = TR (T = AADun — T3 (I = AADR]| = 0,

as n — oo. Thus, by the strong nonexpansiveness of ]El (I—AA1), we get

Hm [Jun —J5 (I—AA ) un|| = 0. (3.9)

n—oo
From (3.8), by using the condition (i) and (3.9), we obtain that

i1 —un] =0,
and this together with (3.7) imply that
X1 = xnll < [Xnp1 —tnll 4+ [un =xn ]l =0, (3.10)

as n — oo.
Consider, for each n € IN,

[ = TR (L= AADxn || < [xn = Xnall + [ Xns — TR (= AA ug |
+ IR I = AADun — TR (1= AAD) x| (3.11)

B

< xn =X || + HXnJrl =\ = }\Al)unH + [[un —xn -

In the second term of (3.11), by the definition of x,, 1, it follows that

[Pxnn =TI = AR || = [Jan Vh(un) + (1= an)JX (1= A1) un — 3 (1= M un|
= ot | VR(un) = JF (I = AADun|

< || Vh(un) — VR(R)|| + atn |[[VR(Z) = T3 (T —AA x| (3.12)
< onkfun — X[ + on || Vh(R) = T3 (1T — A Jun |
— 0,

as n — oo. Substituting (3.7), (3.10), and (3.12) into (3.11), we get

Hm [Jxn —J3 (1= AA1)xn|| = 0. (3.13)

n—oo

Next, since {x,} is bounded on H;, there exists a subsequence {xn,} of {x} that converges weakly to
x* € Hy. We will show that x* € (A; 4+ B1)~10. Consider, for each i € N,

(=R = AAD* < (1= TR =AY x" —xn)
+ ((T=JRHI = AAD))X", Xn, — TR (T = AAL)xn, ) (3.14)
F (T T =AAD )X, TR = A xn, — T (1= AA)X5).

Since {xn,} is a subsequence of {xn}, so consequence from (3.13) we have
Hm |xn, — 3 (1= AA)xn, || = 0. (3.15)
1—00

From (3.14), by using (3.15) and together with x,,, — x*, we obtain

Lim [[(T= T3 (T=AAp)x*|| = 0.
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Therefore, x* = ]El (I—AA;)x* and hence x* € (A1 + B1)~10.
Next, we will show that Lx* € (A, + B,)~10, that is x* € T". Similarly, we consider, for each i € N,
(1= B2 (1= AA)) ¥ ||? < (I — B2 (1= AAL) I, L — Ly,
+ (I — 2 (1= AA2)Lx*, Lug, — JR2(I—AAp) Ly, (3.16)
(I — 2 (1= AA)Lx", T2 (1= AAg) Ly, — JR2(I—AAR)Lx*).

To estimate the second term in (3.16), we first consider the following inequality,

[(T—TR2(1=AAL)) Lun || < [|(T= T3 (1—=AA2)) Lun — (I—J32(1—AA2)) Lxn ||
+ [ (1= TR2(1 = AA2)) Lxa |
< | Ln — Lxn ||+ [[JR2(1 = AA2) Lupn — J32(I— AA2) Ly |
+ [ (T=TR2(1 = AA2)) Lxa |
< 2L fun = x|+ [ (1= TR (1= AA2)) L |

for each n € IN. Then, by (3.5) and (3.7), we have

lim [|(I—J3(I—AA2))Lun || =0.

n—oo

Thus, for any subsequence {u,,} of {un}, we also have

li I—J52(I—AAy))Lun. || = 0.

im [ (T=T52 (1 =A%) Lun, |

Moreover, by the linearity and continuity of L, Lx,,, — Lx*, as i — oo and ||un —xn| — 0, as n — oo,
which imply that Lu,, — [x*, as i — oo. Hence, from (3.16) we obtain that

lim [[(I—J82(1—AAL))Lx*|| = 0.
Jim || (1 13201 - M) L |
Therefore, Lx* = ]E 2(I—AAy)Lx*, that is Lx* € (A, + B,)~10. Consequently, we have x* € T.
Next, we will show that {x,,} converges strongly to X = PrVh(x). From (3.10) we know that ||x+1 —
Xn| — 0, as n — oco. Thus, we can choose a subsequence {xn+1} of {Xxn1}, such that

lim sup (Vh(x) =X, Xni1 — %) = lim 2 (Vh(X) =X, Xn+1— X). (3.17)

nosoo 1—K2 isyoo 1 — K2

Since ||xn4+1 —Xn|| = 0, as n — oo and xn, — x*, it follows that x, 1 — x*. Subsequently, from (3.17) we
obtain

lim sup ﬁWh(x) — X, Xn41— %) = ﬁWh(x) —%,x" —x) <0.

n—oo

By using Lemma 2.2 in (3.3), we can conclude that |[x, —X|| = 0, as n — oco. Thus x, — X, as n — 0.
Since |[un —xn| — 0, as n — oo, so we conclude u,, — X, as n — oo.

Case 2: If {|[xn — ||} is not monotonically decreasing sequence. Let us put I'y = ||xn — ||, ¥n € N and
let T:IN — IN be a mapping for all n > ng (for some ng large enough) by

tn):=max{k e N:k<n, T <N}
Obviously, T is a non decreasing sequence, such that T(n) — co as n — co and

0< I"T(n) < FT(n)H, vn > ng.



M. Suwannaprapa, N. Petrot, J. Nonlinear Sci. Appl., 11 (2018), 683-700 693

By the similar argument as above in Case 1, we can conclude that
Jm [ (1= T2 (1= AA2) Lxe ) | =0,
lim [|L*(I—J32(I—AA2)) Lxe(ny || = O,

n—oo
nlgn HXT )+1 _XT(n)H = O/
and
lim sup 5 <Vh(>‘<) — X, Xr(n)+1 —)2) <0
n— o0 -

Since {xr(n)} is bounded, we can find a subsequence of {x(,)}, still denoted by {x. ()}, which con-
verges weakly to x* € (A; +B1) 710 and Lx* € (A, + By) 0. Thus, it follows from (3.3) that

%e(n)+1 — %P < (1= ae(n) (1= K2)) [Ixp(n) = %)* + &gy (1= 2)<1_ 5 (Vh(x) 7_<X(n)+1—7_<>) (3.18)

for each t(n) € N. Since Tr(n) < Tr(n)41, We obtain that |[x¢(n) — %[> — [[Xc(n)+1 — X||* < 0 for each
T(n) € N. Thus, from (3.18), we have

() (1= K3 Xe(n) = %I < [[Xe(n) = %)* = [Xe(n) 41 — %I

+ () (1=« )(

1— 2 <Vh(>_() —X, Xt(n)+1 7_(>> (319)
2

< oy (11— K?) (1_K2<Vh(7_<) — X, X(n)+1 _7_‘>>
for each t(n) € IN. Now, we note that otr(n)(1—« 2) > 0, then from (3.19), we get

limsup [[x¢(n) — %[> <0
n—o0
This implies that
Hm |Jx(n) — %[> =0,
n—oo

and hence
Lim |x¢m)—%| =0. (3.20)
n—o0o
By using above limy o0 [|Xt(n)4+1 — Xc(n)|| = 0 and (3.20), we have that
[Xzn)+1 =X < [Xemy+1 =X | 4 [Xe(n) — %[ =0, (3.21)
as n — oo. Furthermore, for n > ny, it is easy to see that I';(;) < Ty(ny)41 if 1 # T(n) (that is, T(n) < n),

because I > I for T(n) +1 < j < n. As a consequence, we obtain for alln > ny
0 < T < max {r'r(n)r FT(TL)+1} = r"c(n)Jrl

By using (3.21), we can conclude that limy,_, I'n = 0, that is, {x } converges strongly to x. This completes
the proof. O

4. Applications

In this section, we will show some applications of the problem (1.6) via Theorem 3.5.

4.1. Split variational inequality problem
Recall that the normal cone to C at u € C is defined as

Nc(u)={zeH:{(z,y—u) <0, Vye(C},

where C is a nonempty closed convex subset of H. It is well known that N¢ is a maximal monotone
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operator. So, in the case B := N¢ : H — 2" we can verify that the problem (1.5) is reduced to the problem
of finding x* € C such that
(Ax*,x —x*) >0, VxeC.

Thus, in the case that B; := N¢, and B; := N¢,, we get ]El =: Pc, and ]EZ =: Pc, (Pc,, Pc, are the metric
projections onto C; and C, respectively). Subsequently, the problem (1.6) is reduced to the following
form of split variational inequality problem:

find x* € C; such that <A1x*,x—x*> >0, WwWwe(y

and such that
Lx* € C; solves (ArLx*,y—Lx*) >0, Wye Ca 4.1)

This problem was studied by many authors, see [11, 18, 19] for example. Now, we will denote by 142
for the solution set of problem (4.1) and introduce the following algorithm.

Algorithm 4.1. Let {x,} C (0,1) and an initial x; € H; be arbitrary, define

Un = Xn _YnL* (I - PCz(I - AAZ))LXTL/

Xnt+1 = nVh(un) + (1 — an)Pc, (I-AA U,  YneN,
where the stepsizes sequence {yn} is depend on p,, € [a,b] C (0,1) by

(1= Pe, (1= AAL)) Lxn ||

Pn
Yn = L% (1= Pc, (I—AA2))Lxn
Y, if otherwise,

5, if L*(I—Pc,(I—AA2))Lxn #0,

where v is any nonnegative value.
Subsequently, by applying Theorem 3.5, we obtain the following theorem.

Theorem 4.2. Let Hy and Hy be two real Hilbert spaces and let C1 and Cy be a nonempty closed convex subset of
Hy and Hy, respectively. Let {xn} be generated by Algorithm 4.1. Suppose that the assumptions (Al), (A4), and
(A5) hold, TA1A2 £ (), and the following control conditions are satisfied:

(i) limp 0 0n =0;

(i) Y5 q an = oo.
Then, {un} and {xn} both converge strongly to X € FA1A2 where X = Praya, VR(R), which is the optimality
condition for the minimization problem

1
min o |x|* = h(x).

XE FAlfAZ

Proof. It follows immediately from Theorem 3.5 and above setting. O

4.2. Split minimization problem

We will consider a convex Fréchet differentiable function f : H — R. Let C be a given closed convex
subset of H. By setting A := Vf and B := N, the problem of finding x* € (A +B) !0 is equivalent to find
a point x* € C such that

(VE(x*),x—x*) >0, VxeC. (4.2)

Note that, (4.2) is equivalent to the following minimization problem: find x* € C such that

x* € arg min f(x).
gxeC ( )

Thus, in the case that A; := Vf, A, := Vg, B; := N¢,, and By := N¢,, the problem (1.6) is reduced to the
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following split minimization problem:

find x* € C; such that x* € arg min f(x),
x€eCq

and such that

Lx* € Co solves Lx* € arg min g(y). (4.3)
yeC

We will denote by I'""9 for the solution set of problem (4.3) and introduce the following algorithm.
Algorithm 4.3. Let {x,} C (0,1) and an initial x; € H; be arbitrary, define
Up = Xn —YnlL* (I —Pc,(I— ?\Vg))an,
Xnt+1 = anVh(un) + (1 — &n)Pc,(I=AVflu,, VneN,
where the stepsizes sequence {yn} depends on p;,, € [a,b] C (0,1) by
(1= Pes(1-AVg)) L

|L*(I—Pc,(I—AVg))Lxn
Y, if otherwise,

o 5, if L*(I—Pc,(1-AVg))Lxn #0,
L=

N

where v is any nonnegative value.
Then, by applying Theorem 3.5, we obtain the following result.

Theorem 4.4. Let Hy and Hy be two real Hilbert spaces and let C1 and C, be nonempty closed convex subsets of Hy
and Hy, respectively. Let f : Hy — Rand g : Hy — IR be convex and Fréchet differentiable, which Vf be x-Lipschitz
and Vg be B-Lipschitz, respectively. Let {xn} be generated by Algorithm 4.3. Suppose that the assumptions (A4)
and (A5) hold, T'f9 # ), and the following control conditions are satisfied:

1. limp oo X = 0;
2. Z?’f::l O(n = Q.
Then, {un} and {xn} both converge strongly to x € T™9, where X = Pr,q Vh(X), which is the optimality condition
for the minimization problem
Lo
in — —h(x).
Jmin 5 [x[7 = hix)

Proof. Note that for a differentiable convex function, such that its gradient is «-Lipschitz continuous, then
we know that such gradient mapping will be a %-ism, (see[2]). Thus, the required result can be obtained
immediately from Theorem 3.5. O

4.3. Split common fixed point problem

Let Vi : Hi — Hy and V, : Hp — H; be nonexpansive mappings. Then, by Lemma 2.1 (iii), we know
that A; . =1—Viand Ay :=1—YV, are %—ism. Furthermore, since A;x* = 0 if and only if x* € F(V;) and
Axx* = 0 if and only if x* € F(V;), we see that the problem (1.6) can be reduced to the problem of finding

x* € F(V1) suchthat Lx* € F(V,), 4.4)

where L : H; — Hj is a bounded linear operator. This problem is called the split common fixed point
problem (SCFP), and was studied by many authors, see [16, 26, 31, 40] for example. We will denote by
rVi'V2 for the solution set of problem (4.4) and introduce the following algorithm.

Algorithm 4.5. Let {x,} C (0,1) and an initial x; € H; be arbitrary, define

{un = %Xn — YnAL* (1= Vo) Lxp,

(4.5)
Xn+1 = o Vh(un) + (1 — an)(I-=A(I=V1))un, VneN,

where the stepsizes sequence {yn} is depend on p, € [a,b] C (0,1) by
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(1= Vo) Lxa ||

|L*(I— Va)Lxn |
Y, if otherwise,

B 5, if L*(I—Va)lxn #0,
Yn =

’l

where v is any nonnegative value.
By applying Theorem 3.5, we can obtain the following result.

Theorem 4.6. Let Hy and Hy be two real Hilbert spaces. Let Vi : Hy — Hy and V, : Hy — Hp be nonexpansive
mappings. Let {xn} be generated by Algorithm 4.5. Suppose that the assumptions (A4) and (A5) hold, TV1"V2 £ (),
and the following control conditions are satisfied:

(i) limp 00 06n =0;

(i) >34 an =o0.
Then, {un} and {xn} both converge strongly to X € TViVa where & = Prviv, Vh(X), which is the optimality
condition for the minimization problem

1
min = [x|]> —h(x).
xerv1'v2 2

Proof. Consider By := 0 and By := 0 as zero operators. The required result is followed from the fact
that the zero operator is monotone and continuous, hence B; and B, are maximal monotone operators.
Moreover, in this case, we see that ]E ! is the identity operator on Hj, for each A > 0 and ]Ez is the identity
operator on Hy, for each A > 0. Thus the algorithm (4.5) is defined by setting A :=1—-V;, Ay =1V,
and B1 = 0, Bz =0. 0

5. numerical experiments

In this section, we will show some numerical examples that are related to the main Theorem 3.5 and
compare the efficiency between the Algorithm 3.1 and Algorithm (1.7).
Let n be a natural number. Firstly, we recall the some common notations and facts on R™. For
X1

X2
x:=| . | € R", we will concern with the following notations:

Xn
Ix|l1 = xal 4+ [xal + - - 4+ [xnl,

and

[x[|oo = max {[x1], Ixal, ..., Ixnl}.
Consider a function f : R™ — R, which is defined by

f(x) =||x[j;, forall x e R™. (5.1)
We know that f is a convex function and subdifferential of f is

of(x) = {z € R™: (x,z) = [|x||1, ||zlloo <1} forall x € R™

Moreover, since f is convex function, we known that 9f(-) must be a maximal monotone operator and, for
each A > 0, we have

ug

of Wz n ) )

$(x) = . € R™ : uy = xy — (min{|xi|,A}) sgn(xy), for i=1,2,...,n,,
Un

where sgn(-) is denoted for the signum function. Now, we let H; = R? and H, = R? be equipped with
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3

the Euclidean norm. Let X := (_34) € Hyand X := | =2 | € H; are fixed. We consider 1-ism operators
3

Pc and Pqg, where C and Q are the following convex subset of H; and H,, respectively:

C:={ueH;:(&u <-7}, Q:={veHy:(x,v) <8}

1 0
Let us consider a 3 x 2 matrix L := | -2 —1|. We see that L is a bounded linear operator on H; into
1 0

Hy with ||L||*> = 6.701562.
Furthermore, we consider a quadratic function h : H; — R which is defined by

1
h(x) = EXTDX —x'b,
1 29
where D := {363 1 ], and b = [ 330]. We know that Vh(x) := Dx —b, and it is a contraction mapping
10 2

on Hl.

Based on above settings, we will present some numerical experiments to show the efficiency of the
constructed Algorithm 3.1. That is, we are going to show that the Algorithm 3.1 converges to a point in
solution set of the problem:

find x* € H; such that 0 ¢ (Pc + of)x%,

and such that
Lx* € Hy solves 0¢€ (Pg +0dg)Lx", (5.2)

where f and g are defined as in (5.1) on H; and H,, respectively.

Note that the solution set of the problem (5.2) is {( 47; +1> €Hp:x> %} In the experiment, we
T3

7HXTLH = Xnl < 1.0e7%.

[y
In the case that A =1, p, = 0.5. We consider «,, in the following different three cases, that are «,, =

0.1,0.5,0.9. We may suggest that, as the presented result in Figure 1, the larger stepsize of parameters o,
should provide a more faster convergence. On the other hand, we would like to inform that the changing
of A and vy, will not make the significant effect to the convergence rate of the Algorithm 3.1.

consider the stopping criterion by

09 — e =01 —
3

—— o, =05

o =09

Figure 1: Behavior of the relative error of x,, with different «y, at the initial vector (0, 0.
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Next, we consider the Algorithm (1.7) with five cases of parameters A€ (0,2) and vy € (0, ﬁ) The

results are showed in Table 1. Obviously, the choices A =1.9 and v = |2 provide the better convergence

HL\
rate than other choices.

Finally, in Table 2, we compare the results between the Algorithm 3.1 and Algorithm (1.7) by the initial

points <8> , G), (11> , (_11>, and <_1> In the Algorithm 3.1, we choose A =1, p,, = 0.5 and consider

different two cases of «y,, that are o, = 0.1,0.9. In the Algorithm (1.7), we choose A = 1.9 and vy = ﬁ.
One can see that, the Algorithm 3.1 shows the better convergence rate in almost all the considered cases.

Table 1: Influence of the stepsize parameters A and y of the Algorithm (1.7) for different initial points.

Case — A=lLy=q A=0Ly=pp ?\_Oly_% A=19,v = 7\_19y_ﬁ
#Initial point | Iters Sol Iters Sol Iters Sol Iters Sol Iters

007 766 (acoonns) 453 (owoars) 202 (Siooomna) 3152 (Biooosrr) 7 (nms)
m e (G e (S5 207 (G5ire) 3158 (Gomer) 47 (Siseoos)
e (G ) e (S5 ) s (Gssarm) 29 (coness) 48 (Soseoos)

Table 2: Numerical comparison between the Algorithm 3.1 (x, = 0.1, 0.9) and the Algorithm (1.7) for different initial vectors.

Algorithm — Algorithm 3.1 Algorithm (1.7)
an =0.1 an =09
#Initial point | Iters Time(Sec) Sol Iters Time(Sec) Sol Iters Time(Sec)
0.999989 1.000000 0.499964
-
(0,0) 119  0.032609 ( 1 666651) 10 0.020138 ( 1 666666) 476  0.068803 < 0 999959>
1.000000 1.000000 0.499964
T
(1,1) 120  0.032707 ( 1 666653) 10 0.020255 ( 1 666666> 467  0.070894 ( 0 999959>
1.000000 1.000000 0.499964
_ T
(—1,1) 120 0.031387 ( 1 666653) 10 0.020071 < 1. 666666) 477  0.069136 ( 0 999959)
1.000000 1.000000 0.681172
1T
(1,—-1) 107  0.030091 ( 1 666652) 10 0.020207 ( 1. 666666> 16  0.024981 < 1 241563>
1.000000 1.000000 0.499964
1 _1\T
(—1,-1) 118  0.031585 ( 1 666652) 10 0.019995 ( 1 666666) 458  0.067197 < 0 999959>

6. Concluding remarks

In this work, we are focusing on the split null point problem when the considered problem is arose in
the form of sum of monotone operators. We notice that the problem (1.6), which is the main considered
problem in this work, can be written in the form of problem (1.4). However, in order to find a solution of
(1.6) via the algorithms that were used for solving problem (1.4) may cause the expensive computations in
the practical applications. An another extending concept of problem (1.4) is the consideration of difference
of two maximal monotone operators, instead of sum of two maximal monotone operators. It is worth to
point out that this approach may lead to the (split) non-monotone inclusion problem types, and it should
be studied in the future research.
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