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Abstract

We consider a system of multicolored disordered lattice gas in a volume A of Z¢ driven by a disordered Markov generator
similar to that of Faggionato and Martinelli [A. Faggionato, F. Martinelli, Probab. Theory Related Fields, 127 (2003), 535-608].
The aim of our work is to give a new and elementary computation of the spectral gap of multicolored disordered lattice gas
which is an important step towards obtaining the hydrodynamic limit.
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1. Introduction

In this work, which is inspired on work by Faggionato and Martinelli [8], we are interested in the
movement of free electrons in a crystal in the presence of impurities. Contrary to the case of non-presence
of impurities where the crystal creates a periodic electromagnetic field which influences the transport of
electrons, here one of the modelings of impurities, consists with regards the field a randomness and the
electrons as particles evolving/moving on a network made up of sites, subjected to a principle of exclusion
where the random walks describing the jumps between the sites, locally depend on the random chemical
potential field (the disorder), and for the decomplexification of the model we neglect the interactions
between the electrons.

More precisely, this phenomenon can be described as follows: a particle sitting on a site x of the
cubic lattice Z¢ waits an exponential time and then attempts to jump to a neighbor site y. If the site y
is occupied then the jump is canceled, otherwise it is achieved with a rate c§;, depending only on the
values (o, &y ) of some external quenched disorder field {oy}, 74 that, for simplicity, is assumed to be a
collection of i.i.d. bounded random variables. Given an external chemical potential A, the Hamiltonian of
the system is defined as H(n) = — ), (ax + A)nx, where ny is the particle occupation number at site x. In
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these last years, several investigations are motivated to determine the speed of convergence to equilibrium
of conservative stochastic dynamics. To attack this question it is necessary to estimate the spectral gap of
the corresponding Markov generator or by proving a Poincaré inequality. In this direction the important
achievements are the diffusive estimates established for Kawasaki dynamics in high temperature by Lu
and Yau [9] and by Cancrini and Martinelli [3]. Also, Boudou et al. [2] developed a general technique
based on a Bochner-type identity, to estimate spectral gap of class of Markov generator. Moreover, Caputo
[4] prove Poincaré inequalities in product spaces with one or more conservation laws. In the preceding
works they relate to the monocolor case.

Previous works of Dermoune and Heinrich [5, 6] were a first step to get the hydrodynamic limit of
this colored disordered simple exclusion process similar to [8].

As observed in [1, 11, 12] their approach can be generalized for multicolored disordered lattice gas of
exclusion processes. More precisely, we propose the explicit form for the canonical measures and spectral
gap who does not depend on disorder «, although this last one plays an important role in the study of
hydrodynamic limit.

The rest of this paper is organized as follows: In Section 2 we introduce the preliminaries and the
notations whose we deal on dynamics in a volume A, Markov generator, grand canonical, canonical
measures and spectral gap. Section 3 is devoted for state the main results and its proofs. Finally, we make
a conclusion.

2. Preliminaries and notations

In the multicolored case similar to that of Dermoune and Martinez [7], the finite set of colors is
[={0,1,...,n} and in Iy = TU{0}, the value 0 expresses the absence of color (or that a site is empty). The
set of configurations is I)\. In this approach we study the projection on the monocolour system and we
derive an estimate of the closeness between grand canonical and canonical Gibbs measures.

Consider a finite subset A of the d-dimensional lattice Z4. To each site x, we assign a disorder, that is
a random variable . A configuration means an application n = {ny,x € A} € Qp ={0,1, ..,n}A , such

that
B { 0, if there is no particle at x,
X =

i, if there is a particle of color

207
1

atx, withi=1,n.

As in [8], we assume that the x,’s are i.i.d, and bounded by some constant B. The corresponding product
measure (Resp. expectation) on Qp = [—B, B] *will be denoted by IP(Resp. [E). We set for simplicity

Ny =1y —i)

where n xn) =0 fori#j.

Dynamics in the volume A. For a (particles) configuration {ny,x € A} which is simply denoted by n, if {x, y}
is a pair of sites, we denoted by n*¥ the configuration derived from n by permuting n, with n,. Namely,
Y =1y, nyY = nx and the rest is unchanged. The dynamics of the particles are given by a Markov
process {n(t),t € R} and can then be described as follows: a particle at x waits an exponential time and
attempts to jump to a neighbor site y. If this site is occupied then the jump is aborted, otherwise it is

realized with a probabilistic rate

n n
%,y (T]) = fe(“x; TX/ XKy, Ty)z

¢

where f. is a bounded function on (R x {0,1})? satisfying the following conditions:
1. fe(a,s, a’,s") = fe(d’, s/, a,s) (symmetry condition);
2. 88" #0 = fe(a,s,a’,s’) =0 ( exclusion condition);
3. 88’ =0 = fe(a,s,a’,s’) > 6 > 0 (uniform bound condition);
4. fe(a,s,ad/,s’) =fe(a,s’,a’,s)exp(—(s’ —s)(a’ — a) ( balance condition) (see [8]).
Markov generator. These conditions allow us to define a disordered Markov generator L. Disordered
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means depending on the random collection & = {x, x € A}, which is also called disorder. The mentioned
generator L := L% is given for a bounded function f on QA by

Lfm) = ) ¢, m) Fm*¥)—fn).

X,YyeEA
Grand canonical and canonical measures. We consider the product Gibbs measure p = uj"\’)‘l""’)‘“ on Qp
defined by
i exp(ox +Ai) J—
= f A, andi=1,n). 2.1
nny) T+ exploe + N (forx € A, and i n) (2.1)

In the following theorem, we construct Gibbs’s measures such that the dynamics is time reversible for
several external chemical potentials.

A1

Theorem 2.1. Set n; = 1y, —i)- Let ui‘\’ """ A be a disordered probability measure on QA such that, for almost

all o, under u;'{’xl""’)‘“, the random variables  — M, x € A, are independent. Then, for almost all o, the uniform
bound condition 3 and the detailed balance condition 4 holds if and only if there exists (Aq, ..., An) € R™ such that
M) T et =e’;
() 1 (ng) = e N /(145N 4 et n)(x € A).

Proof. See [12]. dJ

We define the Hamiltonian H‘/X\’)‘l""’x“ of the system as well as the empirical and annealed chemical
potential Aq,..., A, in the volume A as follows:

n
H(/X\,)\l ..... An (n) —_ — Z [(X,XTIX + Z Aln;]’
xEA i=1

where A is such that e* = Y ' | eM.

Then the corresponding grand canonical Gibbs measure on O coincides with u;'{’xl""’)‘“, namely

R () = Zy exp(—HEN M (),

where Z; is a normalizing constant. For each (m,...,my) € [0,1]™ such that } ' ; m; < 1, we define

also the canonical measures v& as follows. Let N}\(n) be the number of particles of color "i” in
2009 VDA 112}

m
the volume A and m € {O, AT ..,1}. Then
V& (1) = 1A (I NR = Almy, .. N = [Alma).

Spectral gap. Note that I — P is a non-negative, bounded self-adjoint operator on L?(v). Any constant is an
eigenfunction with eigenvalue 0 and the spectral gap A = A(|A]) is defined as

) v(f(I—P)f)
AADN = f _
(IAD feLZ(\l/I)l,v(f)ZO v(f?)

7

where v(f) stands for the expectation [ fdv. Note that this linear operator P on L%(v) preserves positivity,
and is of norm less or equal to one, and satisfies PI = I. These properties ensure that P —1I is a Markov
generator. Moreover, note that P — I has reversible (and thus invariant) measure v since v(f(? —1I)g) =
v(g(P—1D)f for all f, g € L2(v).

In the continuation, we assume that the random variables n — 1y, x € A are independent with respect
to 1 (w.r.t ) and we will use the notation

Ex(M) = 1 (x)20]

for x € A so that £(n) € {0, 1}* denotes the configuration of occupied sites associated to 7.
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Goal. Previous works [5, 6] were first steps to get the hydrodynamic limit of this colored disordered
simple exclusion process similar to [8]. The aim of the present paper is the calculation of the spectral gap
for multicolored disordered lattice gas of exclusion processes which plays an important role in the study
of hydrodynamic limit with ¢, (n) = 1. Set the Dirichlet form defined by

1

S vlfy) —fm)P)

X,YeEA

and 1
Pr= o Y i) (for every f € 12(v).

yeA
Let be s; < sy < --- < s3)5| eigenvalues of 3|A| by 3|A| blocks symmetric matrix A, so that s; = sq(|Al)
Y Z Z
is the smallest eigenvalue of matrix A = | Z Y Z |, where Y =(yjj) is a |A| by |A] with yi;3 = 1+
7 7Y
= o Wi and Z = (z47) is a A by Al with 2 = UL 2~ 0, vi #
|/\|(|A|_1)’ Y |/\|(|/\‘—1), ) Y y 1 |/\| 7 ~1j ’ ).

3. Main result
We are now able to state our main result.
Theorem 3.1. For |A| > n. The spectral gap is equal to smallest eigenvalue of matrix A.

Note that by definitions of v and p, and by the fact that n% and n{, are independent w.r.t. u for all
i,j€{l,...,n}, we have:

i 5y rMd)um)) i st sin i _si_ s
v(nin}) = = X p( ) =NE— B8N =N —5{—5}), (3.1)
Lty HMDpmy) , et L
v(may) = =g X H (Ni oy = N =285 N3 () = NI =28, (3.2)
and .
V(nx) - H(S) X H A\{x} — TP AN\ XY T Y ) ( . )
where 6{ is the Kronecker symbol. We put
8, = 1 (Niy\ gy = NT =8 =88, N () =N =81 —81),
Oy =1 (NlA\{x,y} = NP =280 Ny ey = NV _25;> ‘

and
O =n (NlA\{x} = NP =8, N)y gy =N 511) '
Moreover, as it is shown in Caputo [4], it is sufficient to prove the Theorem 3.1 for f = . > 1, fint,
where ni =ni —v(nl), with the row (fi,x € A,i = 1,n) of real numbers.
The following theorem proposes the explicit form of the canonical measures for a multicolored disor-
dered lattice gas.

Theorem 3.2. We have for [A| > n

ot (1= Ex (1)) 0ty (1— 5y (1)) + kil ANE

i3 )  NINJ kK#1,j
1) v (ﬂiﬂy) = TAIIAI=D © 7
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o (1—Ex (1)) oty (1—Ey () 4+ 3 ARNE
) v (niny) = M F
o (1-Ex(n))+ 5 ACNF
3) v(ni) = fxe 2
Proof of Theorem 3.2.

Computation of i (S), Sig,jy, oLt and L. We have

x, Yy’

w(S) = > [Twm) < x ] wmM)x [TA—rm).

VIU..uVrUVI=A zeVl zeV~ zeVo
[V1=NI,.. |V =N",|VO|=|A]-N

The sum is taken on {Vl, e ,V“,VO} such that V1,..., V™, V0 ¢ A, where V! is the set of sites occupied

— n .
by particles of color “i” with i = 1,n, V¥ is the set of empty sites, and N = 5 N The formula (2.1)
i=1
implies that:

e%z

N Xz 1
wis)= ¥ e ] gy < 1 greemy < 1 ey

V+UV-UVOI=A zeV1 zevn ze Vo0
Ia ANE
i=1

e o
- [T (1+ex=+A) Z H e

ZEA VIU-..UVMrUVOI=A zeVIy...uvn

Note that the number of {Vl, .o,V VO} is the number of permutations with repetition, therefore ac-

cording to the fact that
Z Xz = Z ozé&, =1,

zeViy...uvn zeEN
where
&2 (M) = 1 (x) 201/
we have N
o= N Al "
R ) = T i e A) NI N A= N1 G4

zEN

Using the following notations

Y azizM) =ugyand Y oazf(n) =uy

zeA\{x,y} z€A\{x}

we find with the same manner that

- AY(NY=1)+AT (NT—1) Al —2)1
oL, = — 3 A2 e, with i ],
Y I (T+eX=TA)NUx ..o x (N'=1)I(NJ —1)! x --- x N (JA| = N)!
ze A\{x,y}
M (NI=2) AN (JA] —2)!

i1 Ux,y
0%y e

7

[T (T+ex=tA)NIx o x (N =2)I(NI)Ex - x NU(JA] = N)!
zeA\{x,y}
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and . .
. 1__ - NJ
x [T (1T+eX=tA) NI x. .. x (NF=1)INIlx .- x N (JA|—N)!
z€A\{x}
Then we can write
Dy 10id N (1A —2)!
u(nx)u(nb)ﬁx'}y — —Y ; - i eUx,y+ch+0<H, (35)
[T (A4+ex=FA) NI x - x (NP =1)I(NJ —1)! x - - x N (JA] = N)!
zeEN
i ivaid MNHAN (IA]—=2)!
rny )y )0y, = N : . ethwtoatey — (3.6)
IT (T4+ex=FA) NI x - x (NY—=2)I(NI)! x -« - x N (JA] —=N)!
zeEN
and , j
. ) AiNTH+AN Al—1)!
u(ny)ey = ¢ : . ( |. ) et (3.7)
T[T (1+ e )N x - x (NL—1)INII x --- x N (JA]— N)!
zeEN
We replace (3.4), (3.5), (3.6), (3.7) in (3.1), (3.2), (3.3) respectively, we conclude that
g )y (- (m))+ 3 ANE
(nind) NN Zij
v =—— ¢ ,
) = AT AT =1)
LNt 1) (1= (1) ey (1= (n))+ kil AGNE
. NY(N'—1 =L
Y nt = — e k#lr)
() = (AT a )
and
(=& )+ 3 AKNE
iy N K7L
v (nx) - We s
which achieves the proof. O

Proof of Theorem 3.1.
Stepl. We only take three colors. Now, we take the matrix representations v(f?) and v(fPf) used in [6].
Let for x,y € Aand i,j € {1,2,3}
ij i ij C?y
(€)= vOind), B = =28 o
XX>~yy
where C = (C;jy) is a 3|A| by3 |A| covariance matrix and R = (R;jy) the corresponding correlation matrix.

Let (fi,x € A,i=1,3) € R, we will identify f = 3 .5 finl + f2n2 + f3n3, where ni = ni —v(n),
hence we can write

v(f?) = fCf', (3.8)
v(fPf) = /1\|fCDCfT, (3.9)

where D = (D;jy) is the 3 |A| by3 |A| symmetric matrix defined by

(28] —1)CY,

= DY =0f ,
XX det(Cxx) 4 Xy or X # y
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where 6{ denotes the Kronecker symbol. Now, we shall find a non-negative matrix Q and a row g such
that

V() = gQg, VIPT) = Q%
if we set furthermore
h=Qzg and I'=1-0Q,
Al=1)1 T (3.10)
v(f3) = hh', v(f(I—P f:h[(—i-] h'.
() (f( ) A A

We seek for 3|A| by 3|A| upper triangular matrix U such that D = UTU, where

Dll DlZ D13 ull 0 0
D=|D® D2 D® | andU=| U2 U2 0
D13 D23 D33 u13 u23 u33

so that U must satisfy the following block identities

U2l = 13 = 32 =,

DI — ultyl 4wty 4 utys,
D12 — 122 4 uBy?,

D13 — uBdy3s,

D2 — U2u2 4+ u?u®,

D2 — Uy,

D33 — 3By,

This implies that U;jy =0,if x #y and

2
D23 D13 ‘D23
33 _ 33 23 _ XX 13 _ XX 22 _ 22 XX
uxx - Dxxl uxx - D33 ’ uxx - D3 ’ uxx - Dxx - D3 (3~11)
\/7 V HMxx xx
13 mH23 13 123
D12 _ DXXDXX D12 — DxxDxx
xx D3 Xx D3 D13 |2
u12 _ XX ull _ 11 _ XX _ XX (3 12)
xXx 3 12 ’ - XX D23 2 D33 .
’Dxx 22 ‘ X‘ xx
Dgczx - 33 DXX D33
Dxx xXx

Since D has a dominating diagonal. Set g = fU~! and Q = UCU, so that (3.8) and (3.9) yield (3.10) and
thus (3.11), (3.12).
Using Theorem 3.2 for i,j € {1, 2,3}, we find

inf V=P _ . hART
fel2(v),v(f)=0  v(f?) " h#0 hhT °

There exists an orthogonal matrix P such that A = PSP where S = Diag(s1,s2,...,83A]) is a diagonal
matrix whose diagonal elements are eigenvalues of A. If P is partitioned as P = (eq, e2,...,e34|) where
ei is an eigenvector of A, then A can be written as

3IA|

A= Z eieiT.
i=1
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If h # 0 we have
3IA|

h= Z hiei,
i=1

we deduce A A
RART ¥ ifisihi o XL W

Z 81 = S1.
T 3|A| 3|A|
hh 2 i h% 2 i h%
Now, if we choose h = ey, therefore
inf hART =s
ht0 hhT VY
which achieves the proof.
Y Z Z
Step 2. Now, we seek the exact value of the smallest eigenvalue of matrix A. Let A = (Z Y Z|.
Z ZY
-1
For simplicity put Al = m, « = and B = m , 50 Y is a m x m matrix with entries

m(m-—1)’
Yii =1+, yij = a if i #j and Z is a m x m matrix with entries z;; = 3, zi; = 0if 1 #j.
Let

YA, Z z
P (A) = det (A — Algm) = Z Y-An. Z |,
z Z Y-Aln

where I3y, (I,) denotes the identity matrix of size 3m x 3m (m x m), be the characteristic polynomial of
A. According to the fact that Y — AL, and Z commute, P (A) take the form

P (A) = det ((Y—Mm)3 — (Y= ALp) 22— Z2(Y = ALy) + 23+ 23— 72 (Y—Mm))
= det (Y = ALp)? = 3Z% (Y — ALy) +32° - 2%)
— det ((Y— ALy )? —Z3 —3Z2 (Y — AL, — Z)>
— det <(Y—Mm ~2) ((Y—?\Im)z +Z(Y—ALp) —222)) ,

since
(Y—?\Im)2 = (Y—?\Im—Z—i—Z)2 = (Y—)\Im—Z)2+2Z(Y—7\Im—Z)—|—Zz,

then

(Y= AL )24+ Z(Y =ALn) =222 = (Y = ALy — Z)* +2Z (Y = Ay — Z) + Z2+ Z (Y — ALy — Z) + 2% — 277
= (Y=ALy—Z) (Y = ALy, +22)

and
P(A) =det (Y — Al — Z)2 (Y = ALy +2Z) = (det (Y — ALy — Z))? det (Y — AL, +27).

Now to compute det (Y —Al;, — Z) = Py, we have

1+a—B—A o4 x .. o4
o l+ax—pB—A o« . . o
o o A (o4

104 . B e e A
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and by using the linear transformation on the rows, we obtain:

1-B—A —(1—B—=A) 0 0 . 0
o I1+ax—R—A « o
P — 108 108 . o4
x . o0 s I+ax—p—A
1+0—p—A o o .. o4
o4 1+ax—RF—A « o
o4 o4 .o o
:(1_[5_A) . . . . . .
o . oo o 1+ x—pR—A
o4 o o o
x 1+a—Rf—A «o 104
FA—p—N) o4 o o
o4 . oo s I+ x—pB—A

We define P, recursively. After a linear transformation on the rows, the second determinant Q1
on the right-hand side becomes

0 —(1—B—A) 0 0 . 0
x 1+ax—p—A « o
Q (o8 o . o4
m—1 = s
o . oo 1+ x—pP—A

which implies that

Qm-1= (1-B—A) Qm2 and Py, = 1—=B—=A)Pm_1+(1—-B—A) Qm-1,

hence
Qmo1=(1—-B—-A"72Q, where Q)= z 1+oci£[5—7\ =a(l—B—A7),
so that
Qm 1 =a(l-p—A)""72,
and
Pn=(1-B—A)Pp+ax(l—p—-A""", (3.13)
then

Pmo1=(1—B—APmota(l-—B-N""7,

which we substitute in (3.13) so

Po= (=B A ((1=B=A)Pm2tal=p-N"7?)+a(l—p—A""

P =(1=B=2A) ((1=B=NPmata(l=B-A™7)+a(l—p-N""
=(1—B—A)PPmo+20(1—B—A)""1 .

We repeat this procedure for Py _3, Prn—3, ..., P3, to obtain
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Pn=01—-B-A)""?Pr+(m—-2)ax(1—p—A™",
since
1+ax—pB—A 104

P2= 104 1+ax—p—A -

1I—B—A)(14+2x—B—2),
then,

Pm=det(Y-Aljny—Z)=(1—-B-A""11+20—B-A)+(m—-2)ax(1—p—A)"""
=(1-B-A""1(1+ma—p—A2A).

With the same manner, we obtain that
det (Y —ALm +27) = (1428 —A)™ 1 (14+ ma+2B —A).

Finally
PA)=1-B-A>"21+moa—B—-A?1+28 N1 (1+ma+2p—A).

We substitute the real values of & and f3, then

1 2m—2 1 1 2 -1 m—1 1 1
P(?\)z(—?\) <+—?\) <1+2m—7\> <1+ +2m —)\>.
m m m-—1 m m—1 m

1
We conclude that the smallest eigenvalue of A is 51 = —. O
m

4. Conclusion

We conclude that the spectral gap does not depend on the disorder «, color and then, finding the exact
1

IA]
For future studies, we can consider more general cases such as follows.

value of the spectral gap is the smallest eigenvalue (s;) of A, which s; =

- Calculation of the spectral gap of a generalized exclusion process for a multicolored disordered
system.

- Calculation of the spectral gap such that the matrix A is random.

- Calculation of the spectral gap for lattice gas evolving in a bounded cylinder of length 2N+1 and
interacting via a Neuman Kac interaction of range N, in contact with particles reservoirs at different
densities (see [10]).
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