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Abstract

In this paper, the definition of m-skew complex symmetric operators is introduced. Firstly, we prove that A, (T) is complex
symmetric with the conjugation C and give some properties of A, (T). Secondly, let T be m-skew complex symmetric with
conjugation C, if n is odd, then T™ is m-skew complex symmetric with conjugation C; if n is even, with the assumption
T*CTC = CTCT*, then T™ is m-complex symmetric with conjugation C. Finally, we give some properties of m-skew complex
symmetric operators.
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1. Introduction

Throughout this paper, we denote by H a complex separable Hilbert space endowed with the inner
product (.,.) and by £(H) the algebra of all bounded linear operators on a separable complex Hilbert
space H. If T € L(H), we write o(T), 0p(T), 0a(T), 0su(T), 0comp(T), 0+(T), 0c(T), 0e(T), o1(T), and
ore(T) for the spectrum, the point spectrum, the approximate point spectrum, the surjective spectrum,
the compression spectrum, the residual spectrum, the continuous spectrum, the essential spectrum, the
left essential spectrum, and the right essential spectrum of T, respectively.

An operator C on H is called a conjugation, if C is conjugate-linear, (Cx, Cy) = (y,x) for all x,y € H
and C2 = I. An operator T € L(H) is said to be skew complex symmetric if there exists a conjugation
C on H such that CTC = —T*. An operator T is said to be complex symmetric if CTC = T* for some
conjugation C on H. This terminology is due to the fact that T is a complex symmetric operator if and
only if it is unitary equivalent of a symmetric matrix with complex entries, regarded as an operator acting
on an 12-space of the appropriate dimension ([7]). All normal operators, Hankel matrices, finite Toeplitz
matrices, all truncated Toeplitz operators and some Volterra integration operators are included in the
class of complex symmetric operators ([8, 14]). A lot of authors have studied the complex symmetric
operators, however, less attention has been paid to skew complex symmetric operators. There are several
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motivations for such operators. We remark that T € £(J) is skew symmetric if and only if T admits
a skew symmetric matrix representation with respect to some orthonormal basis of . In particular,
skew symmetric matrices have many applications in pure mathematics, applied mathematics and even
in engineering disciplines. Real skew symmetric matrices play an important role in function theory, the
solution to linear quadratic optional control problems, robust control problems, model reduction, crack
following in anisotropic materials and so on. In view of these applications, it is natural to study skew
symmetric operators on the Hilbert space J{. Recently there has been growing interest in skew symmetric,
which is closely related to the study of complex symmetric operators. Muneo Cho, Eungil Ko and Ji Eun
Lee [2—4] have studied m-complex symmetric operators.
In [10], Helton initiated the study of operators T € £(J) which satisfy the form

m
> (-1 mTHT™ = 0.
j=0

In [2], Cho et al. defined m-complex symmetric operators as follows: An operator T € £(H) is said to
be an m-complex symmetric operator if there exists some conjugation C such that

m
> (1 mTHCT™IC =0
j=0
for some positive integer m. In this case, we say that T is m-complex symmetric with conjugation C. Let

Amn(T) = Zjnlo(—l)m ](] )JT)ICT™IC, then T is an m-complex symmetric operator with conjugation C,
if and only if Ay, (T) = 0. Note that

T Am(T) = Am(T)(CTC) = Ap 1 (T).

In contrast to the m-complex symmetric operators, we define m-skew complex symmetric operators
as follows: an operator T € £(X) is said to be an m-skew complex symmetric operator if there exists

some conjugation C such that
m

> (MTPCT™IC=0
j=0

for some positive integer m. In this case, we say that T is m-skew complex symmetric with conjugation C.
Let AL, (T) := Z]“lo(] )T)ICT™IC, then T is an m-skew complex symmetric operator with conjugation C
if and only if A (T) = 0. For an m-skew complex symmetric operator with conjugation C, we have

T AL(M) +AL(T)CTC) =A T). (1.1)

m+l(

In fact,

m
T AL (T) + AL (M(CTC) =T ) (MTICT™ ’C+Z JT9CT™ I C(CTC)
j=0 j=0

=T {( JTOCT™C + ()T CT™'C+- - (m)T*mCTOC}
+{( JTOCT™C + ()T CT™1C+ - + (1 )T*mCTOC}CTC

={ipr e gamerne s i+ T er'e

+

{(g;l)T*OCTm“c + (Q)T*mHCTOc}
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— (m+1)T*0CTm+1C + (m+1)T*CTmC + (m+1)T*2CTmC 4.
0 1 2

+ (T T C + ()T CTOC

m—+1

=) (Mhrictmtic=aA,
j=0

(T).
Hence, if T is m-skew complex symmetric with conjugation C, then T is n-skew complex symmetric with
conjugation C for all n > m. It is obvious that 1-skew complex symmetric is skew complex symmetric.
An operator T € £(H) is said to have the single-valued extension property, if for every open subset G
of C and any JH-valued analytic function f on G such that (T —A)f(A) = 0 on G, we have f(A) = 0 on G.
For an operator T € £(H) and a vector x € K, the local resolvent set p1(x) of T at x is defined as the union
of every open subset G of C on which there is an analytic function f : G — I such that (T —A)f(A) = x
on G. The local spectrum of T at x is given by o1(x) = C\p7(x). We define the local spectral subspace
of T € L(J) by Ht(F) = {x € H : o1(x) C F} for a subset F of C. An operator T € £(H) is said to have
Dunford’s property (C), if Hy(F) is closed for each closed subset F of C. An operator T € £(H) is said to
have Bishop’s property (3), if for every open subset G of C and every sequence {fy } of I -valued analytic
functions on G such that (T —A)f,(A) converges uniformly to 0 in norm on compact subsets of G, we get
that f;,(A) converges uniformly to 0 in norm on compact subsets of G. An operator T € £(J) is said to
be decomposable, if for every open cover {U, V} of C, there are T-invariant subspaces X and Y such that
H=X+Y, ofT|x) c Uand o(T | y) C V. It is well-known that

Decomposable = Bishop’s property(f3); Decomposable = Dunford’s property(C) = SVEP.

In this paper, the definition of m-skew complex symmetric operators is introduced. Firstly, we prove
that A (T) is complex symmetric with the conjugation C and give some properties of Ay, (T). Secondly, let
T be m-skew complex symmetric with conjugation C, if n is odd, then T™ is m-skew complex symmetric
with conjugation C; if n is even, with the assumption T*CTC = CTCT*, then T™ is m-complex symmetric
with conjugation C. Finally, we give some properties of m-skew complex symmetric operators.

2. Some Properties of A, (T)

Let T be an operator on J{ and C be a conjugation on 3. In [3], the following statements hold.

(i) if m is even, then A, (T) is complex symmetric with the conjugation C;
(ii) if m is odd, then Ay, (T) is skew complex symmetric with the conjugation C.

For A7, (T), we have the following theorem.

Theorem 2.1. Let T be an operator on H and C be a conjugation on F. Then AL (T) is complex symmetric with
the conjugation C.

Proof. Since ()T“) = (m_j), we obtain

m * m m
C(AL(T)*C = C(Z(}“)T*iCTm—ic> C C( (;“)CT*m—iCTi> C=) (mecT™icTc
j=0 j=0 j=0
. . m . .
(MT™ICTIC=) (n)T™ICTC
j=0

o

u
Il
=}

(MTHCT™IC = AL (T).

M

0

,4.
I

Hence, A}, (T) is complex symmetric with conjugation C. O
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Corollary 2.2. Let T be an operator on F and C be a conjugation on H. If AL (T) is p-hyponormal, then it is
normal.

Proof. By Theorem 2.1, then A7 (T) is a complex symmetric operator with the conjugation C. Since A} (T)
is p-hyponormal, then A7, (T) is normal by [15, Lemma 3.1]. O

Corollary 2.3. Let T be an operator on H and C be a conjugation on H, then o(AL,(T)) = 0a(AL(T)).

Proof. By Theorem 2.1, then A (T) is a complex symmetric operator with the conjugation C. Thus
0(AL(T)) = 04 (AL (T)) by [11, Lemma 3.22]. N

By (1.1), we know if T is m-skew complex symmetric with the conjugation C, then T is n-skew complex
symmetric with the conjugation C for all n > m. In the following corollary, we state the conditions that
(m + 1)-skew complex symmetric operators become m-skew complex symmetric operators. Let us recall
that an operator T € £(3) is said a normaloid operator if || T|| = r(T), where r(T) is the spectral radius of
T. A vector x € L(H) is said isotropic if (x, Cx) = 0 ([6]).

Corollary 2.4. Let T € L(H) be an operator and C be a conjugation on H. Suppose AL (T) = 0, AL (T)
is normaloid and an eigenvector corresponding to every eigenvalue in o, (A (T)) is not isotropic. For every
w € 0q(AL(T)), there exists a sequence {xn } of unit vectors and A € o(Ay (T)), such that |\|™ = |u| and
Hm [[(A%(T) = wxal = Lim [[(A7 (T) = A)xn || =0,
n—oo

n—o0
then A (T) =0.

Proof. By Theorem 2.1, then A, (T) is complex symmetric with conjugation C. Since A, (T) is normaloid,
then there exists n € o(A,(T)) such that [u| = [|AL,(T)||. For every p € 04(A5,(T)), there exist a sequence
{xn} of unit vectors and A € o(A; (T)), such that [A|™ = |u| and

lim (A (T) = whnll = lim [[(A7 (T) = Abxn]| =0,

n—oo

then A7 (T)xn = uxn, A (T)xn = Axn. By [12, Lemma 2.5], then A7 (T)*xn = [ixn. Moreover, since

AL .1(T) =0, by (1.1), we have

0= (A 1(Mxn, Cxn) = (TFAL(T) + AL (T)CTC, Cxn)
= (AL (T)xn, TCxn) + (CTCxn, A (T)*Cxp)
= (uxn, TCxn) + (CTCxp, HCxn)
= pu({(T* 4+ CTC)xn, Cxn)
= w(A] (T)xn, Cxn)
= A (xn, Cxn).
Since (x, Cx) # 0 by the hypothesis, so (xn, Cxn) # 0. Hence A, (T) =0. O

3. m-skew complex symmetric operators

In this section, we give some properties of m-skew complex symmetric operators. In [2, Theorem
4.5],if T € L£(H) is an m-complex symmetric operator with conjugation C, then T™ (for some n € N) is
also m-complex symmetric with conjugation C. For m-skew complex symmetric operators, we have the
following result.

Theorem 3.1. Let T € L(J) be m-skew complex symmetric with conjugation C. If n is odd, then T™ is m-skew
complex symmetric with conjugation C.
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Proof. Since T is an m-skew complex symmetric operator with conjugation C, then

m
An(T)=> (MTICT™IC = (T*+CTC)™ =0.
j=0

If n is odd, we have
(@™ + ™)™ = wea™™ V(a+b)™ + wra™™ U (@ b)™(—b) + -+ Wiy nopy (@ + b))

where wj are constants fori=20,1,2,..., m(n—1).
For m-skew complex symmetric operators with conjugation C,

m(n—1)
AT = ) aTm=U=AT (T)(—CTC)N (3.1)
i=0
By (3.1), if A,(T) = 0, then A (T™) = 0. Hence, if n is odd, T™ is m-skew complex symmetric with
conjugation C. 0O

However, when n is even, this result is not true. Let C be a conjugation given by C(z1,22,2z3) =

(z3,22,71), if
1 1 0
T=(1 0 -1
0 -1 -1

on C3. By [1], we know that T is a skew complex symmetric operator with conjugation C. It is easy to
obtain that A (T?) # 0, so T? is not skew complex symmetric.

We all know that if T is skew complex symmetric with conjugation C, then T?™ is complex symmetric
with conjugation C. For m-skew complex symmetric operators, with the assumption T*CTC = CTCT~,
we have the following result.

Theorem 3.2. Let T € L(H) be an m-skew complex symmetric operator with conjugation C. If T*CTC = CTCT~,
then T?™ is an m-complex symmetric operator with conjugation C.
Proof. Since T is an m-skew complex symmetric operator with conjugation C, then
m
An(T) =Y (MTICT™IC = (T*+CTC)™ =0 and T*CTC = CTCT".
j=0
(1) If nis odd,

m m
(T =) (=)™ I(M)(TPM)HC(T?™)™IC = (T — CT2"CO)™ = |(T™ — CT™C)(T™ + CT"C)
j=0
Since n is odd, by Theorem 3.1, then (T™* + CT™"C)™ = 0, 50 Ay, (T?™) = 0.

(2) If niseven,

m
T2n Z TZn)*]C(TZn)m ]C
j=0
m
= (T>™ —CT?"C)™ = |(T* = CTC)(T* +CTC) --- (T + CT"C)
= (T* = CTC)™AL (T)(T>* + CT?C)™--- (T™ + CT"C)™ =0,

$0 A (T?™) = 0. Hence T?" is an m-complex symmetric operator with conjugation C. O



H. Li, Y. Wang, ]J. Nonlinear Sci. Appl., 11 (2018), 734-745 739

Corollary 3.3. Let T € L(H) be an m-skew complex symmetric operator with conjugation C. If n is odd and
limy, o0 [[T™|| % = 0, then limy o0 [ T*™™Cx||n = 0.

Proof. Since n is odd and T is an m-skew complex symmetric operator with conjugation C, then by
Theorem 3.1, we obtain that T™ is an m-skew complex symmetric operator with conjugation C. So
AL, (T™) =0, we obtain that

:Z )(TMHEC(Tm™Iic
j=
= (0" )(T“)*OC(T“)‘“C
(I CT™IC+ -+ () (T ™ICTC + ()T ™ C(Th)°C.
So
()T OCTMM™C+ (T CTH™IC+ -+ (R ) (T ICTMC = —(R)(TM) ™ C(TM)°C,

This ensures that

m— 1
[ C(T™yc(rym T 1}T = —CT*"™"Cx.
j=0
Moreover, we have
m—1
[T*mrex) = | - CT e = | [ > grheryieT i 1} |
]:0
—1
< H TP e ™ I T < 2™ T
j=0
Since limp ||T“x||% =0, hence limn_, || T*™"Cx|| w =0. O

Theorem 3.4. If {Ty} is a sequence of m-skew complex symmetric operators with conjugation C such that
limy_, o ||[Tk = T|| =0, then T is m-skew complex symmetric with conjugation C.

Proof. Let {Tx} be a sequence of m-skew complex symmetric operators with conjugation C such that
limy_, [Tk — T|| = 0. Since C is conjugation, then ||C|| = 1. So

Ms

1A (Ti) = AL (T)]]

G JTICTIC - Z )T CT™ (||

\_a
Il
o

I
Ivls T‘:l\_’l3

(MTICTIC— Z TIcTmoic

+) (MTJCT™IC— Z ) TH9CT™ (|
j=0
<) (MIT2IICT I c—cT™c|+ Y _(MIT =TIj|cTe™7 (62
j=0 j=0
m—j—1

’l\’lﬁ

\_.
Il
o

ITENCTC—CTCl| Y (CTC)™ I H(CTC)Y|
i=0
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m j—1
Z Ty = T*ICT™C) | D (Te) 1 = (1))
i=0
m m—j—1
ZerH > HCTC)™ Y CTO) || T — T
j= i=0

+ Z |cT™ i Z HTE) = (TY) T =T
= i—

Since limy_,o, || Tx — T|| = 0, it is obvious that the right side of (3.2) tends to zero. Moreover, since Ty is
m-skew complex symmetric, then A (Ti) = 0. Hence T is also m-skew complex symmetric. O

Theorem 3.5. Let T € L(H) be invertible and C be a conjugation on 3, then the following assertions hold.
(i) If T9CT™IC = CT™ICTY forj =0,1,...,m, then T is m-skew complex symmetric with conjugation C
if and only if CT*~1C is m-skew complex symmetric with conjugation C.

(ii) T is m-skew complex symmetric with conjugation C if and only if T~ is m-skew complex symmetric with
conjugation C.

Proof.

(i) Suppose that TCT™IC = CT™ICTY for j = 0,1,...,m. If T is an m-skew complex symmetric
operator with conjugation C, then we have

m
0=A,(T) = CT—mC[Z(;“)T*i cTm c] T m
j=0

McT-merdcrmicTe ™
mcTtey(rhm

McTtoye(cTtomic,

M= IM5 1M

u
Il
=)

Thus CT*~!C is m-skew complex symmetric with conjugation C. We can obtain the converse implication
in a similar way.

(ii) Since T is an m-skew complex symmetric operator, then

m m
AR(T) =) (MTICT™IC = C[Z(;“)CT*J'CTm—i] C=0,
j=0 j=0

thus Z] “ol; ™ CTYCT™ ) = 0. Since

m m
R(CTC) =) (MCTIccicT™ICIc =) (MCT9CT™ ) =0,
j=0 j=0

then A (CTC) = 0. It ensures that T is m-skew complex symmetric with conjugation C if and only if
CTC is m-skew complex symmetric with conjugation C.
Let T~! be an m-skew complex symmetric operator. Then CT!C is an m-skew complex symmetric



H. Li, Y. Wang, ]J. Nonlinear Sci. Appl., 11 (2018), 734-745 741

operator. Since

m
=> (MEhdcrhmic= Z )IC(mrmC =0,
j=0
then
m m
{Z ) C(m- m)c] cT™C=0, )Y (M(T)™IicTc=0
j=0 j=0
Let m—j =1, then
m
Y (ho)()ieTm e = Z )(T*)™CTiC = 0.
i=0
Hence A, (T) = 0. The reverse implication is similar. O

4. Some spectral properties of m-skew complex symmetric operators

In this section, we will give some spectral properties of m-skew complex symmetric operators.

Theorem 4.1. Let T € L(H) be m-skew complex symmetric with conjugation C. If A is an eigenvalue of T, then
—A\ is an eigenvalue of T*.

Proof. Let {xn} be a sequence of unit vectors such that lim,_,(T —A)xn, = 0. Since Tx = Ax, we can

easily obtain (CTC)Cx = ACx. S0 limp _,00(CTC —A)Cxy, = 0. Since T is m-skew complex symmetric with
conjugation C, it ensures that

0= lim AL (T)Cxn = lim (

n—00 n—o00

(MTYCT™IC)Cxn

'IVIH

u
Il
o

(MTI9A™ ) Cx = lim (T* 4+ )™ Cxtn.

n—oo

I\’]a

= lim (
TL*)OO
0

—.

Hence —A is an eigenvalue of T*. O

*

Theorem 4.2. Let T € L(H) be an m-skew complex symmetric operator with conjugation C. Then AL (T)* =
AL (T*)=0.
Proof. Using the mathematical induction, let m = 2, we have

2
=[) HTICT>IC]" = [(T* + CTCP*
j=0
= [(T* + CTC)(T* + CTC)]"
= [(T*)> + T*CTC + CTCT* + CT*C]"
=T?>+ CT*CT+TCT*C+ C(T*)?C = (T+ CT*C)? = A, (T").

We assume the result is true when k = m — 1, then

A, (M =T+ CTO)™ 1 = (T+CT*C)™ ' =A,, (T,
When k = m, we have
AL (T =[(T" 4+ CTC)™]*
= [(T* + CTC)™ (T* + CTC)*

(T* + CTC)*[(T* + CTC)™ 1J* = (CT*C+T)(T+ CT*C)™ L = (CT*C+T)™ = A, (T*).

Hence AL, (T)* = AL (T*) =0. O
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Theorem 4.3. Let T € L(H) be an m-skew complex symmetric operator with conjugation C. Then the following
relations are true.

i) o(M)* =—0o(T*), 0a(T)* = —0a(T*), osu(T)* = —0su(T).
(ii) Op (M* = —0p (T"), 0<comp(T)* = _Gcomp(T*)/ Up(T) = —Ocomp (T), Up(T*) = _Ucomp(T*)~
(iii) 0e(T)* = —0e(T*), O1e(T)* = —01e(T*), Ore(T)* = —0re(T).

Proof.

(i) Let A € 04(T) and {xn} be a sequence of unit vectors such that lim (T —A)xy, = 0. We know that
limy, 00 (CTC —A)Cxy = 0. Since T is m-skew complex symmetric with conjugation C, so A, (T) = 0. It
ensures that

m m .
lim A, (T)Cxn = lim (Z( ) THCT™ JC) Cxn = lim <Z(}“)T*j7\mJ>an = lim (T* 4+ A)™Cxn.
n—oo n—oo ] 0 n—oo j:O n—oo

* _ xym—1 — . . * 3 —
If imp o0 ||ET*1%‘“*1€§:H £ 0, then A € —0o(T*). Otherwise, lim, o0 (T* +A)™1Cxp = 0.

* ) x\ym—2 Xn — % . . % — o
If imy oo Hg*i%mfzgxnl\ £ 0, then A € —0q(T*). Otherwise, limy_,o0(T* +A)™2Cx,, = O. By

induction, we have limp o0 (T* +A)Cxn, =0, 50 A € —0(T*). Hence o (T)* C —oq(T%).

For the converse, let A € 04(T*) and {xn } be a sequence of unit vectors such that limn o (T* —A)xy, =
0. We know that limy, 00 (CT*C —A)Cxyy = 0. Since T is m-skew complex symmetric with conjugation C,
so AL (T) =0, therefore [A7, (T)]* = 0. By Theorem 4.2, we obtain [A}, (T*)] = 0. It ensures that

m m .
lim A, (T*)Cxn = lim <Z( )TIcT* ™= Jc) Cxn = lim (Z(}“)Tj?\m_]>(ﬁxn = lim (T4 A)™Cxn.
. (THA)™1Cxp o T Fym—1 _
If im0 m £0, then A € —04(T). Otherwise, limp oo (T + A) Cxn =0.
If imn oo Hgi%: ZEXHH #£0,then A € —04(T). Otherwise, limy, oo (T+A)™2Cx,, = 0. By induction,
we have lim 00 (T +A)Cxn =0, then A € —04(T). So, 04 (T*) € —0(T)*. Hence 0 (T)* = —0q(T*).
For any T € L£(3{), we have o(T) = 04(T) Uog(T*)* in [9]. Since 04(T)* = —04(T*), then o(T) =

0a(T)U—04q(T), we obtain o(T)* = 04(T)*U—0q(T)* = —04(T*)U0o(T*) = —0o(T*). Hence o(T)* =
—o(T*).

Forany T € L£(J), 05 (T)* = 0a(T*). So 05, (T*)* = 04(T), we have 05 (T*) = 04(T)* = —04(T*) =
—0su(T)*. Hence 05 (T)* = —osu. (T").

(ii) Since o4(T)* = —04(T*), we can easily obtain o, (T)* = —0op(T*). For T € L(H), Ocomp(T)* =
0p(T*), 50 Ocomp (T*)* = 0p(T**) = 0p(T). Then ocomp(T*) = 0p(T)* = —0p(T*) = —0comp(T)*. Hence,
Ocomp(T)* = —0comp(T*). For T € L(H), ocomp(T)* = 0p(T*), so we have ocomp(T*)* = op(T*) =
GP(T)- Since GCOTTLP(T)* = O—corn'p(-l-*)z SO 0—com'p)(-l-)kyk = _Gcomp(T)~ Hence Gp(T) = _Gcomp(T)/
Op (T*) = _Ucomp(T*)-

(iii) For T € L(H), we have o¢(T) C o(T). Since o(T)* = —o(T*) and T is m-skew complex symmetric

with conjugation C, we obtain o¢(T) —0e(T*).
For T € L(H), 0¢(T) = 01e(T) U 0re(T) and 01(T)* = 01 (T*). Since 0 (T)* = —0¢(T*), we can obtain

Oe(T)" = 01e(T)* U 0re(T)" = —0e(T") = —01e(T*) U =07 (TF)
= —01e(T") U—01e(T)" = 01e(T)" U—01(T).

Hence 01 (T)* = —01e(T*). Using the proof of o1 (T)* = —01¢(T*), we can obtain oy (T)* = —0y(T*). O

Corollary 4.4. Let T be m-skew complex symmetric with conjugation C. The following statements are true.
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(i) o(T) = o0a(T)U[—0oa(T)] and o(T*) = 05 (T*) U [0 (TF)].
(ii) oe(T) = ore(T)U[=0a(T)] = o1e(T) Ul—01e(T)] and oe(T*) = 0re(T*) U [=0a(T*)] = 01(T*) U
[—0o1e(T)].
Proof.
(i) For T € L(H), o(T) = 04(T)Uoq(T*)* by [9]. Since 04(T)* = —0q(T*) by Theorem 4.3, we obtain
0(T) = 04q(T) U[—04(T)]. Using the proof of o(T) = 04(T) U [—04(T)], we can obtain o(T*) = 04 (T*) U
[—0su (T*)].

(ii)) Since T € L(H), 0e(T) = 01e(T) U 0re(T) and 01e(T)* = 0ve(T*), 50 Oe(T)* = —01(T*) and
Ore(T)* = —0re(T*) by Theorem 4.3, we obtain 01¢(T) = —0re(T) and 01e(T*) = —0re(T*). Hence
we obtain that 0.(T) = 0ye(T) U [—0a(T)] = 01e(T) U [—01e(T)] and 0c(T*) = 0re(T*) U [—0o(T*)] =
ole(T*) U [0 (T¥)]. O

Corollary 4.5. Let T be m-skew complex symmetric with conjugation C. The following statements are equivalent.

(1) T — A is invertible.
(ii) T £ A is bounded below.
(iif) T 4= A is one-to-one and have closed range.

Proof.

(i) =(ii) and (iii). If T —A is invertible, then A ¢ 04 (T) U [—04(T)] from Corollary 4.4, so A ¢ 04(T) and
—A ¢ 0q(T). By [5], we can imply that T —A and T + A are bounded below. Equivalently, T 4 A is one-to-one
and have closed range.

(ii) < (iii). Itis trivial by [5].
(ii) =(@). If T £ A is bounded below, then £A ¢ 04(T) and +A ¢ 04(T) U [—04(T)]. By Corollary 4.4, we
have £A ¢ o(T). The proof is similar to [13, Corollary 3.6]. O]

Corollary 4.6. Let T be m-skew complex symmetric with conjugation C. The following statements are equivalent.

(i) A& oe(T).
(ii) dim ker (T £A) < oo and ran(T = A) are closed.
(iii) dim[ran(T +A)]* < oo and ran(T £ A) are closed.

Proof. We can obtain the corollary by Theorem 4.3 and [5] immediately. O

Theorem 4.7. Let T € L(H) be m-skew complex symmetric with conjugation C. Then T* has the property (f3) if
and only if T is decomposable.

Proof. The proof is similar to [2, Theorem 4.7], so —T has the property (§3), it is easy to obtain that T has
the property (3). O

Theorem 4.8. Let T € L(H) be m-skew complex symmetric with conjugation C. If T* has the single-valued
extension property, then T has the single-valued extension property.

Proof. The proof is similar to [2, Theorem 4.7, Theorem 4.10], so —T has the single-valued extension
property, it is easy to obtain that T has the single-valued extension property. 0

Recall that an operator N € £(H) is said nilpotent of order n, if N* = 0 and N™~! # 0 for some
positive integer n. In the following theorem, we will study some properties of the operator T + N.

Theorem 4.9. Let T € L(H) be m-skew complex symmetric with conjugation C and N be nilpotent of order n > 2
with NT = TN. Then T 4 N is (2n + m — 1)-skew complex symmetric.
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Proof. Let R=T+ N and k = 2n +m — 1. Since

[(a+b)+(c+a)* =(atc)+(b+d)]* = i('f)(cur ) b+d)kt= i kii(‘f)(}“)(a +o)ibldkid,
We have o B
AL (R) = i(R*)iCkaic = (R* + CRC)*
; = [(T* + N*) 4+ (CTC + CNC)I*
= [(T* + CTC) + (N* + CNC)I*

() (T* + CTO)Y(N* + CNC)*—

|
.I\/]W

,_.
Il
o

™M= L l\/]w

Il
(=)
-
Il
=)

Z H(T*+ CTC)Y(N*Y CN*HiC

k

\
o

(k)(k*i)Af(T)(N*)iCN‘H*J'c.

1Y i
1

() Ifj >nork—i—j > mn, then (N*)) =0and CN*"*JC = 0. We can imply that A, (R) = 0, by the fact
N™ =0.

() fj<nandk—i—j<n,theni>k—m—j>k—mn—(n—1) =m, thus A{ (T) =0and A_(R) =0.
Hence k = m+2n—1and T+ N is a (2n +m — 1)-skew complex symmetric operator with conjugation
C. O

Theorem 4.10. Let T € L(H) be m-skew complex symmetric with conjugation C and N be nilpotent of order
n > 2 with NT = TN. Let R = T + N, then the following arguments hold.
(i) If T* has the single-valued extension property, then R and R* have the single-valued extension property.
(ii) If T has the Dunford’s property (€) and o1(x) C or(N™1x) N or(x) for all x € H, then R has the Dunford’s
property (C).
Proof.

(i) If T* has the single-valued extension property, then T has the single-valued extension property by
Theorem 4.8. Using the similar proof of [4, Theorem 3.13], we obtain that R has the single-valued extension
property. Similarly, we get that R* has the single-valued extension property. Hence R and R* have the
single-valued extension property.

(ii) The proof is similar to [4, Theorem 3.13]. O]

Corollary 4.11. Let T € L(J() be m-skew complex symmetric with conjugation C and N be nilpotent of order
n > 2 with NT = TN. Let R = T+ N, if T* has the single-valued extension property, then the following arguments
hold.

(i) G(R) = Gsu(R) = Uap(R) = 0-se(R) 0—es(R) = Ub(R) = Gw(R) = Ge(R)'

(i) Ho(R—A) = Hr({A}) and Hg+({A}) = Ho(R* —A) for all A € C.

Proof. The proof is similar to [4, Corollary 3.14]. O

Acknowledgment

The authors are deeply indebted to the referees for his/her very useful suggestions and some improve-
ments to the original manuscript. This work was supported by the National Natural Science Foundation
of China (No. 11771126) and the Key Scientific Research Foundation of the Higher Education Institutions
of Henan Province (No. 18A110022).



H. Li, Y. Wang, ]J. Nonlinear Sci. Appl., 11 (2018), 734-745 745

References

(1]
(2]
[3]
(4]
[5]
6]

[7]

C. Benhida, K. Klis-Garlicka, M. Ptak, Skew-symmetric operators and reflexivity, arXiv, 2016 (2016), 7 pages. 3

M. Chg, E. Ko, J. E. Lee, On m-complex symmetric operators, Mediter. . Math., 13 (2016), 2025-2038. 1,1, 3, 4, 4

M. Cho, E. Ko, J. E. Lee, On m-complex symmetric operators I1I, Mediter. J. Math., 13 (2016), 3255-3264. 2

M. Cho, E. Ko, J. E. Lee, Properties of m-complex symmetric operators, Stud. Univ. Babes-Bolyai Math., 62 (2017),
233-248. 1,4, 4

J. B. Conway, A course in functional analysis, Second edition, Springer-Verlag, New York, (1990). 4, 4

S. R. Garcia, E. Prodan, M. Putinar, Mathematical and physical aspects of complex symmetric operators, J. Phys. A, 2014
(2014), 54 pages. 2

S. R. Garcia, M. Putinar, Complex symmetric operators and applications, Trans. Amer. Math. Soc., 358 (2006), 1285—
1315. 1

P. V. Hai, L. H. Khoi, Complex symmetry of weighted composition operators on the Fock space, ]. Math. Anal. Appl., 433
(2016), 1757-1771. 1

P. R. Halmos, A Hilbert Space Problem Book, Second edition, Springer-Verlag, New York-Berlin, (1982). 4, 4

J. W. Helton, Operators with a representation as multiplication by x on a Sobolev space, Colloquia Math. Soc. Janos
Bolyai, North-Holland, Amsterdam, (1972). 1

S. Jung, E. Ko, J. E. Lee, On complex symmetric operator matrices, ]. Math. Anal. Appl., 406 (2013), 373-385. 2.3

S. Jung, E. Ko, M. Lee, J. Lee, On local spectral properties of complex symmetric operators, J. Math. Anal. Appl., 379
(2011), 325-333. 2

E. Ko, E. Ko, J. E. Lee, Skew complex symmetric operator and Weyl type theorems, Bull. Korean Math. Soc., 52 (2015),
1269-1283. 4

E. Ko, J. E. Lee, On complex symmetric Toeplitz operators, . Math. Anal. Appl., 434 (2016), 20-34. 1

X. Wang, Z. Gao, A note on Aluthge transforms of complex symmetric operators and applications, Integral Equations
Operator Theory, 65 (2009), 573-580. 2.2


https://arxiv.org/abs/1605.05724
https://link.springer.com/article/10.1007%2Fs00009-015-0597-0
https://link.springer.com/article/10.1007%2Fs00009-016-0683-y
http://www.cs.ubbcluj.ro/~studia-m/index.php/journal/article/view/85
http://www.cs.ubbcluj.ro/~studia-m/index.php/journal/article/view/85
http://www.springer.com/la/book/9780387972459
http://iopscience.iop.org/article/10.1088/1751-8113/47/35/353001/meta
http://iopscience.iop.org/article/10.1088/1751-8113/47/35/353001/meta
http://www.ams.org/journals/tran/2006-358-03/S0002-9947-05-03742-6/home.html
http://www.ams.org/journals/tran/2006-358-03/S0002-9947-05-03742-6/home.html
https://www.sciencedirect.com/science/article/pii/S0022247X15008070?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S0022247X15008070?via%3Dihub
https://www.springer.com/us/book/9780387906850
https://mathscinet.ams.org/mathscinet-getitem?mr=0367687
https://mathscinet.ams.org/mathscinet-getitem?mr=0367687
https://www.sciencedirect.com/science/article/pii/S0022247X13003776?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S0022247X11000138?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S0022247X11000138?via%3Dihub
http://koreascience.or.kr/article/ArticleFullRecord.jsp?cn=E1BMAX_2015_v52n4_1269
http://koreascience.or.kr/article/ArticleFullRecord.jsp?cn=E1BMAX_2015_v52n4_1269
https://www.sciencedirect.com/science/article/pii/S0022247X15008203?via%3Dihub
https://link.springer.com/article/10.1007%2Fs00020-009-1719-5
https://link.springer.com/article/10.1007%2Fs00020-009-1719-5

	Introduction
	Some Properties of  
	-skew complex symmetric operators 
	Some spectral properties of -skew complex symmetric operators

