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Abstract

The notion of Aleksandrov body in the classical Brunn-Minkowski theory is extended to that of Orlicz-Aleksandrov body in
the Orlicz Brunn-Minkowski theory. The analogs of the Brunn-Minkowski type inequality and the first variations of volume are
established via Orlicz-Aleksandrov body. We also make some considerations for the polar of Orlicz combination.
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1. Introduction and Preliminaries

1.1. Introduction

The definition of Aleksandrov body in [1] was introduced by Aleksandrov to solve Minkowski problem
in 1930. The Aleksandrov body given the relationship between the convex body containing the origin and
the positive continuous functions and characterizes the convex body via the positive continuous functions.
Aleksandrov body not only be used to solve Minkowski problem but also be applied to other areas of
convex geometric analysis. However, the Brunn-Minkowski theory (see [2-5, 8, 10-17, 20]) plays an
important role in convex geometric analysis.

The set of positive continuous functions on S"—1 be denoted by C* (S*1) endowed with the topology
derived from the max norm. Given a function f € C*(S™~!), the unique maximal element of

(K e X :hg(u) < flu),ue S,
the Aleksandrov body associated with the positive continuous function f € C*(S™!) is denoted by

K(f) = max{K € X : hx(u) < f(u),u e S™ 1L
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With the development of the Orlicz-Brunn-Minkowski theory. The Orlicz-Brunn-Minkowski theory
originated with the work of Lutwak, Yang and Zhang in 2010. More precisely, Orlicz projection bodies
and Orlicz centroid bodies were introduced by Lutwak, Yang, and Zhang in [15, 16], and they established
the fundamental affine inequalities for these bodies. Haberl, Lutwak, Yang and Zhang in [7] dealt with
the even Orlicz Minkowski problem. And most importantly, the general Aleksandrov body become a
major goal. Here, we introduce a new geometric body: Orlicz-Aleksandrov body (as follows).

For f ¢ CH(S™1),¢ € K € Xy and ¢ > —min{d(hk)/d(f) : u € S"—1} define h(e,u) =
¢~ Hd(hk) + ed(f)). We also define Orlicz-Aleksandrov body by

K(hK—T—q,sf) =max{K € X : hx(u) < h(e,u),u e S™ 1)

Throughout this paper, we set ¢ : R — [0, 00) be a convex function such that ¢(0) = 0 and ¢ be strictly
increasing on [0, co0). The set is denoted by C. It is easy to conclude from [18] that ¢ € C is continuous on
[0, +00) and the left derivative ¢, and right derivative ¢, exist.

The purpose of this paper is to study the Aleksandrov body, we generalize the Brunn-Minkowski
inequality for the Orlicz-Aleksandrov bodies associate with positive continuous functions and Brunn-
Minkowski type inequality for polar of Orlicz combination, as follows.

In Section 2, we compute the Orlicz first variations of volume and obtain their integral representation.

Theorem 1.1. Let K € X and f € CT(S™1), then, for ¢ € €,

K(hkFaef)| — K
hm|(K+¢5)| Kl

e—0t [

LM b(F)/d (R(K, 1)) dS(K, w).

And the Brunn-Minkowski type inequality is generalized to the Orlicz setting.
Theorem 1.2. Let f,g € C*(S™ 1) and ¢ € C, then forall 0 <A < 1,

AfF(1—=A)gl = IfM gl M.

In Section 3, we are mainly interesting in studying generalizations of the previous relation [5]. we
extend the Brunn-Minkowski type inequality to the Orlicz combination of convex bodies, we prove the
following result.

Theorem 1.3. Let K,L € XK', A € (0,1) and ¢ € C. Then
(AK +¢ (1=A)L)*[ < 1o~ HDK* o H DL (1.1)
Suppose ¢(t) = tP,p > 1. The above volume case was already obtained by [8, 11].

1.2. Preliminaries

We collect some basic facts about convex bodies that are needed in our paper.

Let K be a convex body (compact convex subset with nonempty interiors) in R™. X™ denotes the
set of convex bodies in R™ and denote by X the set of convex bodies containing the origin as interior.
IK|, V1(K, L) denoted volume and mixed volume, respectively. Support function hx of convex body is
defined by

hk(u) := h(K,u) = max {x-u:x €K},
uesn-1

where x - u denoted the inner product of u and x (see [11]).
The Minkowski addition with respect to K and L in R™ is defined by (see[10])

aK+bL ={ax+by:x € K,y € L},forall a,b>0.
If K,L € X' can be defined as a convex body such that

hakibr(w) = ahg(u) + bhy(u), for all u e sn1,
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And Minkowski’s mixed volume inequality
Vi (K, D)™ = KM,

with equality holds if and only if K and L are homothetic.
For convex body K € K , let K* denotes the polar of the body K. Namely,

K*={xeR":x-y<1for allyeK}

Obviously, we have K** = K. If K € Xf, then the support and radial functions of K* is defined by
h(K*,-) = p(11<,-) .
We now turn to the Orlicz addition, which is an extension of L,-addition. Let K,L € X, a,b > 0 and

¢ € C. The Orlicz combination aK +¢, bL is the convex body with support function [6, 19]

h(K,x) h(L,x)

h(aK +¢ bL,x) =infA > 0: ad( }\ )+ bd( 7\ ) < 1L
Since ¢ is strictly increasing, then
h(K,x h(L,x
A ap(ME) 4 pp M),

is strictly decreasing. Therefore, h(aK +¢ bL,x) = Ag if and only if

h(K,x) ) erd)(h(L,x)

=1.
Ao Ao )

ad(

When ¢(t) = tP,for all p > 1, the Orlicz combinationis precisely the L, Minkowski combination aK +,
bL.

We say that K be a star body about the origin, if K has continuous and positive radial function p(K, ).
The radial function of K, is defined by

p(K,x) =max{A > 0:Ax € K},x € R™\{0}.

The class of star bodies about the origin o in R™ is denoted by 8§ . Star body K can be uniquely determined
by its radial function p(K,-). If A > 0, we get that

0K, Ax) = 1p(K,x); p(AK, x) = MoK, x).

In order to maintain the consistency of the symbols in this paper, we redefine the dual Orlicz radial
combination aK1¢bL(a,b > 0). Let K,L € §3 and ¢ € € by [21]

) +bo( ) <1

p(aK—AFd,bL,x) = sup{A > 0: ad(

p(K,x) p(L,x)

for all x € R™. Since ¢ is strictly increasing, then

A
p(L,x)

A— ad(

) +bo( )

p(K,x)
is strictly increasing. Therefore, p(aK—de,bL, x) = Ao if and only if

Ao
p(K,x)

Ao
p(L,x)

) +bd( )=1.
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If $(t) = tP,p > 1, then the Orlicz radial combination reduces to Lutwak’s radial harmonic L,-
combination aK—T—_pr(a, b > 0), that is,

p(aK+pbL,x) 7P = ap(K,x) P +bp(L,x)P.
According to Lemmas 3.5 and 4.1 in [21], it is easy to check that K—T—q, el =+ K,as e = 0". And

. p(K:{v—d)EL,U)n—p(K,U.)n _ n p(K,'LL)
o, : RFSITRATT T

Jo(K,w)™

is uniform on S™!, where d)/l( 1) denotes the left-continuous derivative of ¢ at 1.
According to Theorem 4.1 in [21], we easily obtain the following results.
Let K,L € 8§ and ¢ € C, then, forall 1 <i<n,

)p(K, u)™ du.

¢r(1) . [KFgel— [K| :1J (LK)
Sgn—1

N n e—0* I3 n p(L,u)

From the above equality, we can define the dual Orlicz mixed volume \7¢ (K,L) of K,L € 8¢ by

\7 _ 1 p(Klu) n
Vol L=~ | o2 (k) du

If p(t)=tP,p>1, \7¢ (K,L) turns to \7_p(K, L) of the L,-dual mixed volume of K and L.

We also establish the following dual Orlicz-Minkowski inequality via a similar method in [21]. Sup-
pose that K, L € 83 and ¢ € C, then
|K|1 /n

Vg (K, L) > |K|¢(W

).
If ¢ is strictly convex, equality holds if and only if K and L are dilates.
We further establish the following dual Orlicz-Brunn-Minkowski inequality: Let K,L € 8§ and ¢ € €,

then _ _
laK+¢ bL] laK+4 bL]|

K IL|
If ¢ is strictly convex, equality holds if and only if K and L are dilates.

1 )7) + b (( )7). (1.2)

WV

ad((

2. Aleksandrov body
A function h € C*(S™™!) defines a family {H,,}gn 1 of hyperplanes
Hy={x e R" 1:x -u=nh(u)

We should be interested in the intersection of the halfspaces that are associated h via a family {Hy}gn-1.
This gives the convex body
K =nNgn1{x € R 1 x-u < hiu))

Obviously,
hx < h.

Aleksandrov also proved that the inverse spherical image of K of the set
wh ={u e S" ! h(Ku) < h(u)},

be a singular boundary point of K. Since the set of singular boundary points of a convex body has (n-
1)—dimensional Hausdorff measure zero[18]. It follows that S(K, wy,) = 0. Consequently, if h € C*S™1,



L.Ji, Z. Zeng, ]. Zhong, J. Nonlinear Sci. Appl., 11 (2018), 762-769 766

then h(Ky,u) < h(u) and h(Kp,u) = h(u) almost everywhere with respect to the surface area S(Ky, ).

Moreover, there are

IKn| = Tlanl h(u)dS(Kp, u). (2.1)

The volume |h| of a function h € CT(S™ 1) is defined as the volume of the Aleksandrov body associ-
ated with h. Since the Aleksandrov body associated with the support function hx of a convex body K is
the body K itself, we have

lh| = [K].

In order to prove Theorem 1.1, we need the following convergence lemma of Aleksandrov: If the
functions fy, f1, - -- € C*(S™ 1) have associated with Aleksandrov body Ko, Ky, --- € X and limy o0 fro =
fo, uniformly on S 1 then limy o0 Kn = Ko. This gives |- |: CH(S™ 1 = (0, 00) is continuous.

Proof of Theorem 1.1. We let K, denote the Aleksandrov body of h(e,u). Since
lim h(e, ) =h(K, ")

e—0t
uniformly on S™~!, it follows that Aleksandrov’s convergence lemma that lim, o+ K. = K. Hence, we
conclude that
lim S(Kg,-) =S(K,-),weakly on gn-1,

e—0t
and he,w—h(Ku)  o(f(w)
g,U) — u u
1. 7 7 — . TL—l‘
egg+ . & (h(K, W)’ uniformly on S
According to Lemma 1 in [7], it easy to check that
K¢l — K /
tim [ i/ w)asiw.
e—0" € sn-1
As desired. [

In view of Theorem 1.1, it is hard to get the Minkowski type inequality via the first variation of volume.

However, we define

~ K¢l — K
V(K f) = lim M,

e—0*t £

and obtain a lower bound as the following.

Theorem 2.1. Let K € X and f € C*(S™1), then, for ¢ € C,
- 1 n—1
Vi (K, ) > nlflw K|

Proof. Since ¢ € €, we know that ¢! is strictly increase and concave function, suppose 0 < & < 1, it
follows that, K, as define in Theorem 2.1,

=~
o
|

h(el 'LL) dS(KEI 'LL)
JS§n—-1

& (d(hi) + edb(f))dS(Ke, u)

Jsn—1

WV

L OO0 + e (1)AS(Ke w)

WV
Sl= 3= 3= 3l

[(1—¢e)hk + efldS(K¢,u)

JS§n-1
- E)Vl(KEI K) + svl(K&:/ Kf)

n—1 1 n-1 .1
—&)[Ke[ ™ (Kl +e[Ke [ [t

\%
= =
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the above inequality implies
[Kel™ > (1= K[ + el

Thus,
S K| = K]
V(K f) = lim —————
¢( ) ?,i)r{)Er £
—¢)[K|n wn—
> lim [(1— e)[K[w + glf[n]™ —[K]|
e—0T £
= nlff~ (K"
This proves the theorem. O

We next show that the Brunn-Minkowski type inequality for Orlicz-Aleksandrov body:.

Theorem 2.2. Let f,g € CT(S™ 1) and ¢ € C, then forall 0 <A < 1,
o~ 1 1 1
Af+g (T —A)gl™ = Alf|= + (1 —A)lg[™.
Proof. Since ¢ € €, we conclude that ¢! is concave function, hence,

[K(AMf+4 (1 —A)g)l = . h(K(AfF¢(1—2A)g), wdS(K(AMfF4(1—2A)g),u)

~

b AD(F) + (1= N)d(g))AS(K(AFF ¢ (1 —A)g),u)

WV

Af+ (1 —A)gdS(K(Af+¢(1—A)g),u)

1
n

1

n Jgn
1

n Jgn

> Vi (K(AfF4 (1 —A)g), Ke) + Vi (K(AfF4 (1 —A)g), Kg),

the above inequality yields

3=

AT (1—N)gln = KA (1—A)g)™ > Alff» +(1-A)lg|™.
This completes the proof. O
Corollary 2.3. Let K,L € K and ¢ € C, then for all 0 < A < 1,
AKF g (1—A)LI% > AK[® + (1 —A)|LJx.
We also establish the proof of Theorem 1.2 as follows.

Proof of Theorem 1.2. According to Theorem 2.2 and arithmetic-geometric mean inequality, we obtain the
desired result. 0

3. Polar Set

In this section, we get the relationship between Orlicz combination and Orlicz radial combination, and
obtain Brunn-Minkowski type inequality for polar of Orlicz linear combination.

Lemma 3.1. Let K,L € X and ¢ € C, then
aK*FybL* = (aK +4 bL)*.

Proof. By the definition of Orlicz combination and h(K*,:) = ﬁ, we have, for every u € Sn1 let
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Kq, =akK +o bL,

h(K,u) h(L,u)
1=adp(— 1 )
IR ST
p(KG, u) p(KG, u)
=ap(——) +bdP(———).
Yo, w ) P w)
On the other hand, by the definition of Orlicz radial addition,
p(aK*F4bL*, u) (aK*F4bL*,u)
1= ad( OO ) bSO
Thus, from uniqueness of solution to the equation
f f
a + fec(s™t
O gy POy T E SIS,
we conclude that aK*—thbL* = (aK+4¢ bL)*. O]

When ¢(t) =tP,p > 1, then [aK +, bL]* = aK* +_, aL*,a,b > 0.
Theorem 3.2. Let K,L € X*,A € (0,1) and ¢ € C. Then

AK +¢ (1 —A)L*= IAK +¢ (1—A)L*|n
o LU 4 g pyg P e BN
K[ L[

If & is strictly convex, then equality holds if and only if K and L are dilates of each other.

12 Ad( ).

Proof. Equation (1.2) implies that

|aK*+4bL*| 1 laK*+4bL*| 1
12> ad((— o)) + b)),
LS L]
Combination with Lemma 3.1, this gives the desired inequality. By the equality holds of (1.2), we know
that, if ¢ is strictly convex, then equality holds if and only if K and L are dilates of each other. O

Proof of Theorem 1.3. By Theorem 3.2, it follows that

K 4 (1 —A)LJ*[w IAK 44 (1 —A)LJ*))w

12 Ad( )+ (1 =A)o( )

S oMK Fo (1— A)L] B PR LS (1—)\)L] i
which gives
b 1(1) > ID\K+¢“(<1| AL +(1_7\)|[?\K+¢“(_1|_1)\)L]*|n/

thus : :
MK +¢ (1T=NL* 7% = Ald™ (DK™ 4+ (1=A) (1L w.
We now consider the function f(x) = 1/x,x > 0, obviously, f(x) is convex function, it follows that
1
I(AK 44 (1—A)L)*x <

T NG DKHTE 4 (1= A) b (1)LH[
1

S i T
o~ (DK=w Mg~ (T)LH[~n ]2

7

which yields
((AK +¢ (1=AD)* < lo~ DK e~ L2,
This completes the proof. O
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