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Abstract

In this paper, we prove and develop a conjecture on the generalized double Papenfuss-Bach inequality proposed by Sun
and Zhu [Z. Sun, L. Zhu, J. Appl. Math., 2011 (2011), 9 pages]. In the last section we pose a conjecture on a general form of

Papenfuss-Bach-type inequality.
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1. Introduction
Papenfuss [18] proposed an open problem described as follows.
Problem 1.1. Let 0 < x < 7t/2. Then
xsec? x —tan x < &32
(2 — 4x2)
Bach [2] confirmed Problem 1.1 and obtained a further result.

Theorem 1.2. Let 0 < x < 7t/2. Then

2

T 3
2
xsec - x —tanx < —3

X
(m2 — 4x2)*
Ge [5] obtained a lower bound of the above inequality as follows.
Theorem 1.3. Let 0 < x < 7t/2. Then
64x3 2 27t x3

———5 < Xxsec x—tanx < —
(72 — 4x2)
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Sun and Zhu [17] gave the better bounds for Papenfuss-Bach inequality above as in the following
statement.

Theorem 1.4. Let 0 < x < 71/2. Then

27t 3 8t _ 16w 5 27t 3 256 513 _ 8m2 ) 5
3X+<15_3 x ) 3 X T\ 5 s )X
< xsectx —tanx <

(n2 —4x2)° (72 — 4x2)?

In the last section in [17], Sun and Zhu posed the following problem.

Problem 1.5. Let 0 < x < 7t/2. Then the double inequality

2rt 3 8t 162\ 5
3X+(15 3 )X

(m2 — 4x2)?

2t 3 256 872\ .5
%X'f'(?_T X

(m2 — 4x2)?

2

< xsec’x —tanx < (1.1)

holds, where (87[4 /15 — 1672/ 3) and (256/ > — 8m?/ 3) are the best constants in (1.1).

By using an automated proof of mixed circular inequalities, Malesevic and Markagic [12] proved
Problem 1.5 while Chen and Paris [4] also affirmed Problem 1.5 using a series representation of the
remainder in a different expansion for the function (x sec’x — tanx) .

The first purpose of this paper is to show a simple proof of the double inequality (1.1), the second
objective is to extend the above conclusions and give further results as follows.

Theorem 1.6. The double inequality

2 4 4 2
Ban — 44872 1120 _ (r® — 4x2)? (xsec? x — tanx) — (225 + (S5 — 1972 ) _ 1607 — 327 + 15360

105 x7 1574

holds for all x € (0,7/2), where the lower and upper bounds are sharp.

This paper utilizes the series expansions of certain functions, the properties of Bernoulli numbers, and
the relationship between Bernoulli numbers, to achieve the above described. In the last section we pose a
conjecture on a general form of Papenfuss-Bach-type inequality.

2. Lemmas

Lemma 2.1 ([3]). Let an and by, (n=0,1,2,- - -) be real numbers, and let the power series A(x) = > _, anx™
and B(x) = Y3, bnx™ be convergent for x| < R (R < +o0). If by >0forn=0,1,2,---, and if en = an/bn
is strictly increasing ( or decreasing ) for n = 0,1,2,- -, then the function A(x)/B(x) is strictly increasing (or
decreasing) on (0,R) (R < 4o00).

Lemma 2.2 ([1]). Let Boy, be the even-indexed Bernoulli numbers. Then

2(2n)! 2 (2n)! 1
2m)" <[Bonl < 2m)" (1_212n> . (2.1)

Lemma 2.3 ([16]). For n € IN, Bernoulli numbers By, satisfy

(22" —1) (2n+1)(2n+2)

2n—1_q 2n + 1) (211 + 2) Bonao
< (22n+2 _ 1) T2

22n+1 -1 7.[2 an
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Lemma 2.4. Let By, be the even-indexed Bernoulli numbers, we have the following power series expansions

— 22n_1 2n 2n—1
tanx = Z 27" Bon [x ,

(2n)!
2 (M _1)(2n—1)
2., 2n—2
sec x = nE_l o)l [Bon [x“™ (2.2)

hold for all x € (—m/2,7/2).

Proof. The power series expansions (2.2) can be found in [6, 1.3.1.4(3)]. By (2.2), we have

sec’x = (tanx) =

i 2222 _ 1) (2n—1)

2n—2
. O
(2n)!

|]-3’2n|X

n=1

3. Solving Problem 1.5 in a simple way

Let
%7{4x3 — (- 4x2)2 (x sec? x — tanx)
h(x) = 5 .
Then we can write h (x) as
27'[47(3 )
(ﬂ3f4X2) — (x sec x—tanx) hy (%)
h(x) = — =)

(m2—4x2)?

Expanding h; (x) (i = 1,2) in power series yields

2743
h (x) = 372 — (xsec? x — tanx)
(712 — 4x2)
2 — 4" n . — (n—1) 22n 1) 22+l N
- 4X3 Z n-+2 X2n Z_XS Z ! ) |BZn|X2n 4
5Z 24" 2 (n—1) (n—l) (22“—1) 22n+l By || x2n-6
qn—4 (2n)! n
o0
=x° Z Un X276,
n=3
_ X’ sy 2 "3 e sy m—6
hy (x) = P 30) =X nZg(n )ﬁzn—zx =X nZ3an ,

where
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By Lemma 2.1, to prove h(x) is decreasing on (0, 7t/2), it suffices to prove {1, /vn }n>3 is decreasing, which
is equivalent to

Vil 2 4n71 (22n+2 _ 1) 22n+3
Wn = Up41 — Tun = 57'[2“_2 - (2n+ 2)! |B2n+2|
g =17 (24n2 (220 —1)22n B
m(n—2) \ 3mn—+4 (2n)! mn

<0

for n > 3. To this end, we write wy, as

o 22n+3 (T‘L . 1)2 (ZZTL _ 1) (22n+2 _ 1) n |an+2| |B | B 22n
n 2n 6 (

mm—2)2n)!  (2n+2)!  [Bay| n—2)mn-2

Using the left-hand side inequality in Lemma 2.3 and the right-hand side one in Lemma 2.2 we give

Wy < 2203 <(n_ Db (22n _ 1) n (22n+2 - 1) (22“71 - 1)> |Bon| — 2

2 (n—2)(2n)! (2n)!(22n+1 1) 2 n—2)mn—2
2243 (n?—2n—2) 22" 42 2202 2
- (n—2) (221 —1) oy Bl g gy
244243 (n2 —2n—2) 22" 42 22n+2 2 (2n)! 1 22
(n—2) (22n+1 1) (2n)im2 (27r)2" <1 — 21—2n> ~ 6(n—2)mn2
1 22

T et (2x22n—1) (22" —2) (n—2)°

where
sn = (2n* —192) 2*™ — (144n? — 288n + 5n* — 288) 2°™ + 2 (n* — 48) .

The facts that s5 = 20920347* — 203243616 > 0 and
Snt1— 16sy = 12-22™ (144n? — 384n + 51t — 240) + 7680 — 160n* > 0

for n > 3 reveal that s, > 0 for n > 5, which implies that w, < 0 for n > 5.
A simple check shows that

_ 2 4 2
W3 =— o (17m* — 2241 4+ 560) < 0,
4
————— (124n® —13777* + 1512
Wy 28357[6( n° — 13777 +15120) < 0,

which proves the decreasing property of h(x) on (0,7/2). In view of

8 8
li h(x) = — (n* —96), lim h(x) = —7? (10 — ),
x—>(17¥[1’/12)7 (X) 372 (7.[ ) xi{g* (X) 157T ( )

we conclude that

%7‘[4703 — (7[2 — 4x2)2 (x sec? x — tan x)

8 (m*—96) <

8
32 < Enz (10-7%),

x5

which proves the desired inequalities.



L. Zhu, J. Nonlinear Sci. Appl., 11 (2018), 770-777

774

4. The Proof of Theorem 1.6

We first consider the function

4 6 4 4 2
1607* —3271° 15360, 7 | 2%7& + (87r 167 )x5

1574
=)

2

f (x) = (xsec® x — tanx) —

Expanding in power series gives

0 n—1 22n_1 22n+1
xsec>x —tanx = x> Z ( ) ((Zn)! ) Bon|x*™ 4,
n=2
4 6 4 8 4 1 2 00
1607 %§$+15360X7+ 2%)(3+ (% o 6§r )x5 2 - Z - 64+£T[6 o .
714( 4X2>2 - 3X X — 15 7-[2T1.+4
— & —
2 3 3 0 2 ‘ 22n74
=3¢ +x HZ_B <64n—128—64+157'c X
which yields
f (X) = X3 Z anxzn_4/
n=3
where

an =

- 2n 2n—+1
(n—1) (2 1)2 |B2n|_<

2 22n—4
An —192 + —n® .
2! 64n 92 + 71)

15 men

We now prove a, <0 forn > 3. A check leads to a3 =0,

2

= ———— (112n° — 17n® + 537
A = —75=— (112 +53760) <0,
16 6 10
A5 = —5ome g (15127° —31m” +1451520) < 0.

For n > 6, application of the right-hand side inequality of (2.1) gives

-1 22n -1 22n+1 ) 22n—4
(n=1)( ) By | — (64n 192+ n6>

In = (2n)! 15 ) en
(n—1) (22" —1) 2212 (2n)! 1 2 o\ 2
< 2! (271)2“ 1 _oion )~ 64n — 192 + 1—57c I
1 22n

- b,
120 72 (220 —2) "

where
by = 27" (n® —960) — (480n — 2400 + 27°) .

It is easy to verify that b, satisfies the recurrence relation

bny1 —4by = 1440n 4 67° — 7680 > 0

7
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for n > 6. This together with bg = 40947® — 3932640 > 0 indicates that b,, > 0 for n > 6. It then follows
that a, < 0 for n > 6, which proves f (x) < 0 for x € (0,7/2). Since

(m®— 4x2)2 (xsec® x — tanx) — (%7@ + (% — 163”2> x5)

lim _1
x—(71/2)" 1607ct 1352;r6+15360
the upper bound is sharp.

We now come to the left-hand side inequality in Theorem 1.6. Consider the function

34m 44841120, 7 | 2mt x3—i—< i 167(2)X5
3

105 3
2
4x2
m(1-%)

g(x) = (x seczx—tanx) —

It is easy to see that

_ 1) (22n _ 1) 22n+1

X (n
xsec’x —tanx = x° Z ( on)! [Bop | X214
n=2
o0 Tl 1 22n 1 22n+1
x3+Z ) ) Bon|x* 1,
n=3
347t 4%8? +1120,7 | 27: N (LS_ %) 5
2
m (1-4)
2 5 & o7 (1772 —112) n—51n? 4 448 an-1
— 3" +§2n 105 - 2n—6
Thus
_ izhﬂ Boin—1) (2" —1) (17 —112) 051w +448) .,
(2n)! " 105 - m2n—6
n=3
— X3 i 22n77cnx2n74’
n=3
where

256 (n—1) (22" —1) (177 — 112) n - 517 + 448
(2n)! 105 - 72n—6

We now prove c,, > 0 for n > 3. A check leads to c3 = c4 =0, and

Cn = ‘B2n|

cs = (62/2835) — (347* — 112) / (105n*) ~ 1.1105 x 10 > 0.
For n > 6, using the left-hand side inequality of (2.1) one can obtain
256 (n—1) (2" —1) 2(2n)! (177 —112) n —51n% 4448
(2n)! (27r)%™ 105 - 26

1
= T8 o 4n
105 (27)

Cn>
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where
dn = ((53760 + 1127° — 177%) n + 51m° — 4487° — 53760) 2°™ — 53760 (n —1)..

Applying the same method to b,, we can prove that d, > 0 for n > 6. This leads to g(x) > 0 for
x € (0,7t/2). Since

. (m? —4x2)2 (xsec? x —tanx) — (%xg’ + (81—754 — 163”2) x5) )
im —1,
X0+ 34n4—4%8?2+1120X7
the lower bound is sharp.

The proof of Theorem 1.6 is complete.

Remark 4.1. Theorem 1.6 can be proved using the methods and algorithms proposed in [12] and [7]. Some
of the open problems have been proved by these methods in [9] and [10].
5. A Conjecture

In the last section we pose a conjecture as follows.

Conjecture 5.1. Let x € (0,71/2), N be a natural number, By, be the even-indexed Bernoulli numbers, and
forn=1,2,---:

22n
Ky = —2 1
" (2n+2)!1“’ ®-1)
where
la =22 —4) (2n—4) 2n+2)(2n+1)(2n)(2n—1)Bon_2|
—8m(2° —1) (2n—2) (2n+2)(2n + 1)|Bon|
+4m* (272 — 1) (2n) [Banal-
Then the double inequality
N 2n+1 2N+3 N 2n+1 2N+3
Ln-1KnX A < xsec’x —tanx < Lno1KnX + b (5.2)
(72 — 4x2)? (72 — 4x2)?

holds with the best possible constants

2N+3 N
A=kNnip, U= (i) (87{3—an (72T>2n+1> ‘
n=1

Obviously, the cases N = 1 and 2 in Conjecture 5.1 give Problem 1.5 by Sun and Zhu [17] and Theorem
1.6 respectively.

Remark 5.2. We put forward a preliminary idea that one can try to use the Key theorem in Wu and
Debnath [19] to complete the proof of the conjecture because we find that recently using this Theorem
Wu-Debnath an improvement in the number of inequalities was obtained [8, 11, 13-15].
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