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Abstract

In the article, we prove that the symmetric function

T 14+ x; 1/r
R H(1>
1

ISii<iz<-<ir<nj=1
is Schur convex, Schur multiplicatively convex and Schur harmonic convex on [0,1)™, and establish several new analytic in-
equalities by use of the theory of majorization, where r € {1,2,--- ,n} and 13,1y, - - in are integers.
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1. Introduction

Throughout this paper, we use R™ to denote the n—dimensional Euclidean space (n > 2), and R} =
{(x1,x2,-++ ,xn) x4 >0,i=1,2,--- ,n}. In particular, we use R to denote R

For the sake of convenience, we use the following notation system.

Let x = (x1,%x2,- - ,Xn), Y = (Y1,Y2,- - ,Yn) € R} and o € R. Then we denote by

xty=(x1ty,x2£Ys -, XxntYn), Xy = (X1y1,X2Y2,- -, XnYn),
XX = ((XXl, XX, " - ,(XXn), eX = (eX1/eX2/' o /exn)/

xtx= (OCZI:Xl,O(Zl:XZ,"' /“ixn)/ X

1
logx = (logxq,logxy, - ,logxn), ~ = <, —, ,> ’

Anld)= 3 %, Gulx) = <Hxi) .
i=1 i=1
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Definition 1.1. A real-valued function F on E C IR™ is said to be Schur convex if

F(Xllle e /Xﬂ.) < F(HIIUZI e /Un)

for each pair of n-tuples x = (x1,--- ,Xn),y = (Y1, -+ ,yn) € Esuch that x <y, i.e,

and
n n
Z X[i] = ZUH]/
i=1 i=1

where x[;; denotes the ith largest component of x. F is said to be Schur concave if —F is Schur convex.

Definition 1.2. A real-valued function F on E C R is said to be Schur multiplicatively convex if

F(X1/X2/ et /Xn) < F(ULUL et ;Un)

for each pair of n—tuples x = (x1,%X2,- -+ ,Xn),Y = (Y1,Y2,- - ,yn) € E such that logx < logy. Fis said to
be Schur multiplicatively concave if + is Schur multiplicatively convex.

Definition 1.3. A real-valued function F on E C R" is said to be Schur harmonic convex (concave) if

F(X11X2/ e IXTL) < (>)F(y1192/ o /Un)
for each pair of n—tuples x = (x1,%2, -+ ,Xn),Yy = (Y1,Y2," - ,Yn) € E such that % = %

The Schur convexity was introduced by Schur [18] in 1923. It has many important applications in
analytic inequalities [1-4, 12, 15, 21-23, 25-29], extended mean values theory [7, 16, 17, 19, 20] and other
related fields. Recently, the Schur multiplicative and harmonic convexity properties were investigated in
[5, 6, 8, 10, 11].

Forn >2,x=(x1,x2,--- ,xn) € [0,1)" and r € {1,2,- - - ,n}, the symmetric function F,, (x, r) is defined

by

" (1 T
FT‘L(XIT) :FT‘L(XLXZ/"' /Xn;r) = Z H <1—X1]> ’ (11)
Y

I<ii<ip<--<ir<n j=1
where 13,1y, - - - , 1, are integers.

The main purpose of this paper is to discuss the Schur convexity, Schur multiplicative convexity and
Schur harmonic convexity of F,, (x, ). As applications, we establish several analytic inequalities by use of
the theory of majorization.

2. Lemmas

In order to prove our main result we need several lemmas, which we present in this section.

Lemma 2.1 ([14]). Let E C R™ be a symmetric convex set with nonempty interior inttE and f : E — R be a
continuous symmetric function. If f is differentiable on intE, then f is Schur convex on E if and only if

(xi —xj) < or o ) >0 (2.1)

o

foralli,j =1,2,--- ,mand x = (x1,--- ,xn) € IntE. fis Schur concave on E if and only if inequality (2.1) is
reversed, where E is a symmetric set means that x € E implies Px € E for any n x n permutation matrix P.
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Remark 2.2. Since f is symmetric, the Schur’s condition in Lemma 2.1, i.e., (2.1) reduces to

(x1 —x2) <af - af) > 0.

6x1 aXZ

Lemma 2.3 ([13]). Let E C RY be a symmetric multiplicatively convex set with nonempty interior intE and
f : E — Ry be a continuous symmetric function. If f is differentiable on intE, then f is Schur multiplicatively
convex on E if and only if

of of
— - R >
(logx; —logxz) <x1 o X2 ax2> >0

forall x = (x1,%2,--- ,Xn) € intE, where E is a multiplicatively convex set means that x1/ zyl/ 2 ¢ E whenever
x,y € E.

Lemma 2.4 ([5]). Let E C RY be a symmetric harmonic convex set with nonempty interior intk and f : E — R
be a continuous symmetric function. If f is differentiable on intE, then f is Schur harmonic convex on E if and only

if
of of
(x1 —x2) (X%axl _X%axl) >0

forall x = (x1,%2, - ,xn) € intE, where E is a harmonic convex set means that 2xy/(x +vy) € E whenever
x,y € E.

Lemma 2.5 ([9]). Let x = (x1,%2, -+ ,xn) € R and Y ' 1 xi =s. If ¢ > s, then

cC—X C—X1 C—X2 C—Xn
M_lf M_llm_lll"lm_l K(XllXZI"'/XTL)*X'
S S S S

Lemma 2.6 ([9]). Let x = (x1,%2, -+ ,xn) € R and Y 1" ;xi =s. If ¢ >0, then

c+x <c+x1 c+x2 C+Xn

- ’ 7T —<(X1/X21”'/XTL):X'
Tl BE4+17 2841 “s°+1>

Lemma 2.7 ([24]). Let x = (x1,%2, - ,xn) € RTand 3> i x; =s. If0 < A < 1, then

s — AX <s—?\x1 s —AXo S — AXn

n_)\: Tl—}\, n—A A n_}\>—<(X1/X2/'”/XTL):X'

Simple computations lead to Lemma 2.8 and Lemma 2.9 immediately.

Lemma 2.8. Let x = (x1,X2, -+ ,xn) € RYand > I 1 xi =s. If0 < A < 1, then

S+AX  [(s+Ax1 s+Axp S+ AXxn
n+A A\ n+A" " n+A" 7 n+A

> < (X1/X2/"’ /XTL) =X.

Lemma 2.9. The function x — f(x) = (1+x)1=VP (1 —x)*V/P is strictly decreasing on [0,1) if p > 1.

3. Main Results

Theorem 3.1. Let n > 2 and Fy (x,v) be defined by (1.1). Then the following statements are true:
(1) F(x, 1) is Schur convex on [0,1)™;
(2) Fu(x, 1) is Schur multiplicatively convex on [0,1)™;
(3) Fu(x, 1) is Schur harmonic convex on [0,1)™.
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Proof. We clearly see that Fy (x, 1) is symmetric and has continuous first partial derivatives on (0,1)™. By
Lemma 2.1, Remark 2.2, Lemma 2.3 and Lemma 2.4, we only need to prove that

OF.(x,7)  OF.(x,1)
— — > .
(x1 —x2) ( o % >0, (3.1)
OF.(x, 1) OF.(x,1)
_ _ > .
(logx; —logxz) <x1 o X7 s >0 (3.2)
and OFn(x,7) OFn(x,7)
2 n X/T 2 n X/T
_ _ > .
(x1 —x2) (X1 o X3 s ) >0 (3.3)
for all x = (X1/X2/ te /XTL) € (0/ 1)1’1 and r € {1/2/ te ,Tl}.
We divide the proof into four cases.
Case 1. r = 1. Then (1.1) leads to
n
) 1+x
Fﬂ(xll) = FTL(X1/X2/ e /anl) = Z 1 —Xi,
i=1
0Fn(x,1) 2 .
= =1,2
aXi (1_Xi)2 (l s )/
OFn(x,1)  0Fn(x,1) 2(x1 —x2)%(2 — x1 — x2)
_ — = > .
a—xa) (20 i el Bonx) sy, (34)
oFn(x,1) oF,(x,1) (x1 —x2)(1 —x1%2)
_ — = — > .
(logx; —logxy) <x1 - X2 s 2(logx; —logxz) A x 202 = 0 (3.5)
and 0F.(x,1) 0Fn(x,1) 2
20 (X, 20 (X, 2 X1+ X2 —2X1X2
_ — = — > 0. .
xa—xa) () g O]} gy, gz 2B 6
Case 2. v = n. Then it follow from (1.1) that
n 1/n
1+ x4
Fn(xln):Fn(X1/X2/“'/Xn;n):H<1_XT> 7
i=1 t
0F.(x,n) 2F.(x,n) .
= =1,2),
0x4 n(1 —x%) (i )
OFn(x, 1) aFn(X,Tl)> 2(x1 —x2)%(x1 + x2)Fn (x, 1)
_ _ - >0, 3.7
(1 —x2) ( 0x1 0% n(1 —x%)(l —x%) 37)
0F.(x,n) 0F.(x,n) 2(x1 —x2)(logx1 —logx2)(1 +x1x2)Fn (x, M)
1 -1 n — = >0 (38
(logx; —logxz) (Xl oxq X2 0x2 n(l1—x3)(1—x3) 38)
and (x.m) : )
oF.(x,n 0Fn(x,m) 2(x1 —x2)°(x1 +x2)Fn(x,n)
B 29 _ 29 - > 0. 3.9
ba —x2) (Xl 0x1 2 0x1 > n(1 —x%)(l —x%) (39)

Case 3. n > 3 and r = 2. Then from (1.1) and Lemma 2.9 we clearly see that

Fn(xzz) = Fn(XLXZ/ o Xng 2)

1 1/2 /4 2 1/2 142
() () (122 £ (22) oo
<

1—X1 1—X2 1—X1 5 1—Xi
<isn
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1 1/2 1 1/2 1 1/2 1 A\ 1/2
:< +x1) ( +X2> +<1+X2> Z <1+x1) +Fno1(x1,%x3, -+, %n;2),

1fX1 1*X2 i

3<ign

aFn(x,z)_(sz)l/Z (14+%x)" V2 (14x)"V2 5y <1+xi)1/2

_ —xq)3/2 —x1)3/2 — X4
axl 1 X2 (1 Xl) / (1 Xl) / 3<i<n 1 Xi

aFn(x,Z)_<1+x1>l/2 (14x2) 12 (14x)" /2 5 <1—|—xi>1/2

— B 3/2 _ 3/2 — X
0x2 1—x1 (1—x2)%/ (1—x2)¥ 3<i<n 1=
O0Fn(x,2)  dFn(x,2)
(x1 —x2) -
0xq 0x2
2
- +
_ (x1 —%2)"(x1 +x2) + (X1 —x0)

(L) 72(1 = x1)P/2(1+ 3] V21— 272

\1/2
% 1 B 1 Z 1+X1 20,
(Q+x)2(1=x1)32  (1+x)V2(1—=%2)3/2] J 5= \1—x

1 1 | 0F.(x,2) B 0F.(x,2)
0g X1 0g X2 X1 aXl X2 aXQ
(x1 —x2)(logx1 —logx2) (1 +x1x2)

(1+x1)12(1 —x1)3/2(1 + x2)1/2(1 — x,)3/2 + (logx1 —logxz)

X1 X2 14 x4 172
X - g L >0
(1+x)12(1=x1)32 (1 +x2)1/2(1 —xp)%/2 T—x4

3<i<n
and
(X —x ) XZ aFn(X/Z) —X2 aFn(XIZ)
! 2 1 0x1 2 0x>

_ (x1 —%2)%(x1 +x2) 4 (%1 — %)

(1)1 =% P21+ x) 21 =2 T
" x% _ X5 Z 14+ x4 172 S0
(1+x)2(1=x1)32  (1+x)V2(1=%)32] [ Az \1—x -

Case4. n>4and 3 <r<n—1. Then (1.1) and Lemma 2.9 lead to

_ 1/r

F T)_<1+x1>1/r(1+xz)1/* 5 fH2<1+Xij>

n 7 -
1= 1—=% 3<ii<ip<-<ir_o<n j=1 1—=x;,

] 1/r
T+x\ V" 1 xg,
+ ( ) § I | 1 —X:_] +FT1—1(X2/X3/' o ;Xn/'T)
j

1—x
1 3<ii<ip<-<ir<n j=1

r— 1/r
_ 1 +X] l/T 1 +X2 1/1‘ Z ﬁ 1 +Xij /
N 1—X1 1—X2 1—7(1j

3<ij<is< - <iro<n j=1

_ 1/r
T+x\ " = 14x
+< 2> § I | 1—X? +FT171(X1/X3/"' /XH;T)/
)

1—x
2 3<i<in<--<ir <nj=1

(3.10)

(3.11)

(3.12)
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r— 1/r
OFn (1) _2(1+4 )"/ (1 +XZ>1/* s <1+xu>
0x1 T‘(l—Xl)l/r+1 1—x 3<iy <ig<ip o< jol 1_Xij
r—1 1/r
2 1+ x4
11 1/t .
(14 x) 1=/ (1—xq) /7 + sty <o, <n 1 —xi
1/r—1 1/r — 1/r
OFn(x,7)  2(1+x)V" 14+x4 Z H 1+ x4
0%y  r(l—x)V/m+H \1—xq 1—xi

3<ii<ip << j=1
_ 1/r
2 1 1+Xij
= e W 1 == I

3<ii<ip<ip e j=1
OF.(x,7)  0OF.(x,1)
(x1 —x2) -

0xq 0xo

r— 1/
2 —x) %= (1+x1>1/f<1+x2>1/r 5 1_[2 T4\
N T (1-x3)(1—x3) \1—x 1—x 1—xy

3I<ii<ip - <ipran j=1

3.13
+2(X1—X2) 1 B 1 3.13)
T (14 x) /T (1 —x) VT (1 4+ %) 1 1/7 (1 —xp) /7 H1
r—1 1/r
1+Xi,-
>
LD T e
3<ii<iz < j=1 j
(10 X _10 X ) X aFn(X,T) —x aFTL(X/r)
&1 82 ! 0x1 2 0xp
r—2 1/r
2 (x1—x2)(T4+xx) (1+x " (14+x\"" 1+x4,
_< —1 -
Plogx —logra) =g gy (10 1—x2) . 2> =
Shi<iz<iragn j=1 )
(3.14)
—l—g(lo x1 —logxz) X1 _ X2
- o8 X1 & X2 T4 x) /T (1 —x) /™ (14 x0) /(1 — xp) /71
r—1 1/r
1+X1j
>
8 ) Z , (1—Xi~> >0
3I<ii<iz << j=1 )
and
OF.(x, 1) OFn(x,1)
_ 2¥'n 29
_ 1/r
_2(X1—X2) X%—X% <1—§—X]>1/r <1+X2)1/r Z i—f(l-FXij)
T (1=x)(1—-x3) \1—x 1—x sttt aen i 1—xy
(3.15)

n 2(x1 —x2) X3 _ X3
T (14+x) /(1 —x) /T (1 4x) 1 /7 (1 —xp) /7 H1

-1 .1/7‘
Y T(E) s
1 Xi;

3<ii<ip - <ipmSnj=1

Therefore, inequality (3.1) follows from (3.4), (3.7), (3.10) and (3.13), inequality (3.2) follows from (3.5),
(3.8), (3.11) and (3.14), and inequality (3.3) follows from (3.6), (3.9), (3.12) and (3.15). O]
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4. Applications

In this section, we establish several analytic inequalities by use of Theorem 3.1 and the theory of
majorization.
From Theorem 3.1(1) and Lemmas 2.5-2.8, we get Corollary 4.1 immediately.

Corollary 4.1. If x = (x1,%2, -+ ,xn) € [0, D)™ with > " xi =s, v €{1,2,--- ,n}and Fn(x,7) be defined by
(1.1), then we have

(1) Falx,7) > Fo ($25,7) fore > 5
(2) Fa(x,7) > Fn (%tfyr) for ¢ > 0;
(3) Fn(x, 1) = Fn (522X, 1) for 0 S A < 1
(4) Fr(x,1) > Fn (3525 1) for 0K A < 1

Let x = (x1,%2,- -+ ,xn) € [0,1)™. Then from (1.1) and Theorem 3.1(1) together with the fact
(An(x), An(x), -+, An(x)) < (x1,%2,+ -+, Xn),
we get Corollary 4.2.
Corollary 4.2. If x = (x1,%X2,--- ,xn) € [0,1)™, v €{1,2,--- ,n}and Fy(x, 1) be defined by (1.1), then

n! An(l+x)

Fnlor) > o T AT )

Let r =1 and r = n in Corollary 4.2, respectively. Then we get Corollary 4.3 immediately.

Corollary 4.3. If x = (x1,X2,- - ,xn) € [0,1)™, then

A <1+x> >An(1—|—x) G <1+x> >Gn(1—|—x).
G x)

1—x) 7 An(1—x) 1—x n(l1—

Corollary 4.4. Let A = A1A2 - - - An41 be a n-dimensional simplex in R™, P be an arbitrary point in the interior
of A, By be the intersection point of straight line AiP and hyperplane ) ; = AjAz---Ai_1Ai41--Anp (i =
1,2,--- ,n+1)andre{l1,2,--- ,n+1}. Then

1/
PA;, “nlln+1-1)"

I<ii<iz<--<ir<n+1j=1

1
5 IL[ L 2PAY /T> (n+1)!2n+1)
PB;, T orim4+1—7)

I<ii<iz<-<ir<n+1j=1

Proof. We clearly see that

n+1 PB; B n+1 PA; .
S AB T G AB
1 1 1 PB PB PB
— ) < L s S (4.1)
n+1"n+1 n+1 A1B1" AxB> Ant1Bnat
PA1 PA PA
<n,n,...,n>_<< 1. 2,..., n+1 > (42)
n+1" n+1 n+1 AlB1 Asz An+18n+1

Therefore, Corollary 4.4 follows from (1.1), (4.1), (4.2) and Theorem 3.1(1). O
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Corollary 4.5. Suppose that A = (ai;)nxn is a complex matrix, and M, Ay, - -, An are the eigenvalues of A. If A
is a positive definite Hermitian matrix, then one has

trA + A, (m+1)!
Z H(tr/\ AL ) 2T!(n—r)( —-1)’

ISyi<iz<--<ir<n j=1

5 H(trA—i—)\ ) r> n! trA + VdetA
= T'(

I<ii<ip<--<ir<n j=1 trA—A tTA v detA
1/
3 ﬁ 1+ T SR T L
o o AL “rln—1)! trA”
I<ii<ig<--<ir<n j=1 )

Proof. We clearly see that

11 1 M A An
. B L 4.
<n'n' 'n) B (tTA'tTA' 'trA) ’ (43)

vdetA VdetA VdetA M A An
log , o, ——— | <log | —, —,- -, — (4.4)
trA trA trA trA’ trA trA
tr(A+1) tr(A+1 tr(A+1
<T( + )1 T( + )/"'/T(—H>—<(1+7\1/1+)\2/”'/1+7\n)/ (45)
n n n
A 1 v detA
i ¢ n_ . (0,1). (4.6)

trA” 1+A;"  trA 7 tr(A+])

Therefore, the first inequality of Corollary 4.5 follows from Theorem 3.1(1), (4.3) and (4.6), the second
inequality of Corollary 4.5 follows from Theorem 3.1(2), (4.4) and (4.6), and the last inequality of Corollary
4.5 follows from Theorem 3.1(3), (4.5) and (4.6). O]
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