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Abstract
In this paper, Adomain decomposition method is reintroduced with double Laplace transform methods to obtain closed

form solutions of linear and nonlinear singular one dimensional pseudo thermo-elasticity coupled system. The nonlinear terms
can be easily handled by the use of Adomian polynomials. Furthermore, we illustrate our proposed methods by one example.
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1. Introduction

The theory of generalized thermo-elasticity with one relaxation time for an isotropic body was intro-
duced by Lord and Shulman [17]. This theory corrects the unrealistic conclusions of the previous theories
(the uncoupled and the coupled theories of thermo-elasticity) which tells that heat waves travel with
infinite speeds. The one dimensional thermo-elasticity coupled system was one of the first domains in
coupled field theory that attracted the mathematicians. The thermo-elasticity problems occur in different
fields of engineering, physics, and biology. Many authors have been studied, see [12, 23] are applied
homotopy perturbation and variational iteration methods for the solution of nonlinear thermo-elasticity
coupled systems. Recently, many methods have been used for solution of linear and nonlinear problem,
for example, Adomian decomposition method (ADM); see [4, 8, 9, 21, 22] and iteration method [5, 6]. In
[20]. The authors have solved a particular case of the given nonlinear problem by combining a functional
analysis and iteration method. Many authors has been studied the convergence analysis of Adomian’s
method; see [1–3, 7, 11] . The aim of this paper is to solve linear and nonlinear singular one dimensional
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pseudo thermo-elasticity coupled system by using the combine domain decomposition techniques and
double Laplace transform methods and to study the sufficient condition of convergence of our methods.
Now, we recall the following definitions which are given by [10, 15, 16]. The double Laplace transform is
defined as

LxLt [f(x, t)] = F(p, s) =
∫∞

0

∫∞
0
e−px−stf(x, t)dtdx,

where x, t > 0 and p, s are complex values, and further double Laplace transform of the first order partial
derivatives is given by

LxLt

[
∂f(x, t)
∂x

]
= pF(p, s) − F(0, s).

Similarly the double Laplace transform for second partial derivative with respect to x and t are defined
as follows

LxLt

[
∂2u(x, t)
∂2x

]
= p2U(p, s) − pU(0, s) −

∂U(0, s)
∂x

,

LxLt

[
∂2u(x, t)
∂2t

]
= s2U(p, s) − sU(p, 0) −

∂U(p, 0)
∂t

.

The following are basic definitions of the double Laplace transform, which shall be used in this paper.

Definition 1.1. The double Laplace transform of the functions x∂v∂t , x∂
2u
∂t2 , xf(x, t) and xg(x, t) are given

by

LxLt

(
x
∂v

∂t

)
= −

d

dp
[sV(p, s) − V(p, 0)] ,

LxLt

(
x
∂2u

∂t2

)
= −

d

dp

[
s2U(p, s) − sU(p, 0) −

∂U(p, 0)
∂t

]
,

(1.1)

and

LxLt (xf(x, t)) = −
d

dp
[LxLt (f(x, t))] = −

dF (p, s)
dp

,

LxLt (xg(x, t)) = −
d

dp
[LxLt (g(x, t))] = −

dG (p, s)
dp

.
(1.2)

2. Linear singular one dimensional pseudo thermo-elasticity coupled system

In this section, we apply the double Laplace Adomian decomposition method to solve the linear
singular one dimensional pseudo thermo-elasticity coupled system given by

∂2u

∂t2
−
a

x

∂

∂x

(
x
∂u

∂x

)
−
bφ(t)

x

∂2

∂x∂t

(
x
∂u

∂x

)
+ cψ (x)

∂v

∂x
= f (x, t) , x ∈ Ω,

∂v

∂t
−
d

x

∂

∂x

(
x
∂v

∂x

)
−
eϕ (t)

x

∂2

∂x∂t

(
x
∂v

∂x

)
+mδ (x, t)

∂2u

∂x∂t
= g (x, t) , t > 0,

(2.1)

subject to

u (x, 0) = f1 (x) ,
∂u (x, 0)
∂t

= f2 (x) , v (x, 0) = g1 (x) , (2.2)

where
a

x

∂

∂x

(
x
∂u

∂x

)
,
d

x

∂

∂x

(
x
∂v

∂x

)
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are called Bessel’s operators, a,b, c,d, e, and m are constants and f (x, t), g (x, t) , δ (x, t) ,φ(t),ϕ (t), and
ψ (x) are known functions. To obtain the solution of Linear singular one dimensional pseudo thermo-
elasticity coupled system of (2.1), first we multiply both sides of (2.1) by x, and using the definition
of partial derivatives of the double Laplace transform and single Laplace transform for (2.1) and (2.2)
respectively and Definition 1.1, we get

dU (p, s)
dp

=
dF1 (p)

sdp
+
dF2 (p)

s2dp
+
dF (p, s)
s2dp

−
1
s2LxLt

[
Ψ− cxψ (x)

∂v

∂x

]
(2.3)

and
dV (p, s)
dp

=
dG1 (p)

sdp
+
dG (p, s)
sdp

−
1
s
LxLt

[
Φ−mxδ (x, t)

∂2u

∂x∂t

]
, (2.4)

where

Ψ = a
∂

∂x

(
x
∂u

∂x

)
+ bφ(t)

∂2

∂x∂t

(
x
∂u

∂x

)
, Φ = d

∂

∂x

(
x
∂v

∂x

)
+ eϕ (t)

∂2

∂x∂t

(
x
∂v

∂x

)
, (2.5)

and F1 (p) , F2 (p), and G1 (p) are single Laplace transforms of f1 (x) , f2 (x), and g1 (x), respectively. By
integrating both sides of (2.3) and (2.4) from 0 to p with respect to p, we get

U (p, s) =
∫p

0

(
dF1 (p)

sdp
+
dF1 (p)

s2dp
+
dF (p, s)
s2dp

)
dp−

1
s2

∫p
0

(
LxLt

[
Ψ− cxψ (x)

∂v

∂x

])
dp (2.6)

and

V (p, s) =
∫p

0

(
dG1 (p)

sdp
+
dG (p, s)
sdp

)
dp−

1
s

∫p
0
LxLt

[
Φ−mxδ (x, t)

∂2u

∂x∂t

]
dp. (2.7)

The double Laplace a domain decomposition methods (DLADM) defines the solution of the system as
u (x, t) and v (x, t) by the infinite series

u (x, t) =
∞∑
n=0

un (x, t) , v (x, t) =
∞∑
n=0

vn (x, t) . (2.8)

By applying double inverse Laplace transform for (2.6) and (2.7), we have

u (x, t) = L−1
p L

−1
s

[∫p
0

(
dF1 (p)

sdp
+
dF1 (p)

s2dp
+
dF (p, s)
s2dp

)
dp

]
− L−1

p L
−1
s

[
1
s2

∫p
0

(
LxLt

[
Ψ− cxψ (x)

∂v

∂x

])
dp

]
and

v (x, t) = L−1
p L

−1
s

[∫p
0

(
dG1 (p)

sdp
+
dG (p, s)
sdp

)
dp

]
+ L−1

p L
−1
s

[
1
s

∫p
0
LxLt

[
Φ−mxδ (x, t)

∂2u

∂x∂t

]
dp

]
,

therefore

u (x, t) = f1 (x) + tf2 (x) + L
−1
p L

−1
s

[
1
s2

∫p
0
dF (p, s)

]
− L−1

p L
−1
s

[
1
s2

∫p
0

(
LxLt

[
Ψ− cxψ (x)

∂v

∂x

])
dp

] (2.9)

and

v (x, t) = g1 (x) + L
−1
p L

−1
s

[
1
s

∫p
0
dG (p, s)

]
− L−1

p L
−1
s

[
1
s

∫p
0
LxLt

[
Φ−mxδ (x, t)

∂2u

∂x∂t

]
dp

]
. (2.10)
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Substituting (2.8) into (2.9) and (2.10), we get

∞∑
n=0

un (x, t) = f1 (x) + tf2 (x) + L
−1
p L

−1
s

[
1
s2

∫p
0
dF (p, s)

]
− L−1

p L
−1
s

[
1
s2

∫p
0
LxLt

[ ∞∑
n=0

Ψn

]
dp

]

+ L−1
p L

−1
s

[
1
s2

∫p
0
LxLt

[
cxψ (x)

∞∑
n=0

vnx (x, t)

]
dp

] (2.11)

and
∞∑
n=0

vn (x, t) = g1 (x) + L
−1
p L

−1
s

[
1
s

∫p
0
dG (p, s)

]
− L−1

p L
−1
s

[
1
s

∫p
0

(
LxLt

[ ∞∑
n=0

Φn

])
dp

]

+ L−1
p L

−1
s

[
1
s

∫p
0

(
LxLt

[
mxδ (x, t)

∂2

∂x∂t

( ∞∑
n=0

un (x, t)

)])
dp

]
.

(2.12)

The decomposition method suggests that the zeroth components u0 and v0 are identified by the terms
arising from the initial conditions and from source terms as shown

u0 (x, t) = f1 (x) + tf2 (x) + L
−1
p L

−1
s

[
1
s2

∫p
0
dF (p, s)

]
,

v0 (x, t) = g1 (x) + L
−1
p L

−1
s

[
1
s

∫p
0
dG (p, s)

]
,

(2.13)

for more details see [24]. The remaining components of u(x, t) and v(x, t) are determined in a recursive
manner from (2.11), (2.12), and using (2.5) as follows

u1 (x, t) = −L−1
p L

−1
s

[
1
s2

∫p
0
LxLt

[
a
∂

∂x

(
x
∂u0

∂x

)]
dp

]
− L−1

p L
−1
s

[
1
s2

∫p
0
LxLt

[
bφ(t)

∂2

∂x∂t

(
x
∂u0

∂x

)]
dp

]
+ L−1

p L
−1
s

[
1
s2

∫p
0
LxLt

[
cxψ (x)

∂v0

∂x

]
dp

]
,

v1 (x, t) = −L−1
p L

−1
s

[
1
s

∫p
0

(
LxLt

[
d
∂

∂x

(
x
∂v0

∂x

)])
dp

]
− L−1

p L
−1
s

[
1
s

∫p
0

(
LxLt

[
eϕ (t)

∂2

∂x∂t

(
x
∂v0

∂x

)])
dp

]
+ L−1

p L
−1
s

[
1
s

∫p
0

(
LxLt

[
mxδ (x, t)

∂2u0

∂x∂t

])
dp

]
,

and

u2 (x, t) = −L−1
p L

−1
s

[
1
s2

∫p
0
LxLt

[
a
∂

∂x

(
x
∂u1

∂x

)]
dp

]
− L−1

p L
−1
s

[
1
s2

∫p
0
LxLt

[
bφ(t)

∂2

∂x∂t

(
x
∂u1

∂x

)]
dp

]
+ L−1

p L
−1
s

[
1
s2

∫p
0
LxLt

[
cxψ (x)

∂v1

∂x

]
dp

]
,

v2 (x, t) = −L−1
p L

−1
s

[
1
s

∫p
0

(
LxLt

[
d
∂

∂x

(
x
∂v1

∂x

)])
dp

]
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− L−1
p L

−1
s

[
1
s

∫p
0

(
LxLt

[
eϕ (t)

∂2

∂x∂t

(
x
∂v1

∂x

)])
dp

]
+ L−1

p L
−1
s

[
1
s

∫p
0

(
LxLt

[
mxδ (x, t)

∂2u1

∂x∂t

])
dp

]
.

In general, the recursive relation is given by

un+1 (x, t) = −L−1
p L

−1
s

[
1
s2

∫p
0
LxLt

[
a

(
x

∞∑
n=0

unx (x, t)

)
x

]
dp

]

− L−1
p L

−1
s

[
1
s2

∫p
0
LxLt

[
bφ(t)

(
x

∞∑
n=0

unx (x, t)

)
xt

]
dp

]

+ L−1
p L

−1
s

[
1
s2

∫p
0
LxLt

[
cxψ (x)

∞∑
n=0

vnx (x, t)

]
dp

]
,

(2.14)

and

vn+1 (x, t) = −L−1
p L

−1
s

[
1
s

∫p
0

(
LxLt

[
d

( ∞∑
n=0

vnx (x, t)

)
x

])
dp

]

− L−1
p L

−1
s

[
1
s

∫p
0

(
LxLt

[
eϕ (t)

( ∞∑
n=0

vnx (x, t)

)
xt

])
dp

]

+ L−1
p L

−1
s

[
1
s

∫p
0

(
LxLt

[
mxδ (x, t)

( ∞∑
n=0

un (x, t)

)
xt

])
dp

]
.

(2.15)

Here, we assume that the double inverse Laplace transform exists for each term in the right hand side of
(2.13), (2.14), and (2.15). Hence, to obtain the solution of the system we calculate the terms u0,u1, . . . and
v0, v1, . . ..

In the following example, we consider a = b = e = d = 1, c = m = 4, and ϕ =,φ = t,ψ (x) =
1
x , δ (x, t) = t

x , f (x, t) = g (x, t) = 0, in (2.1).

Example 2.1. Consider the following linear singular one dimensional thermo-elasticity coupled system

∂2u

∂t2
−

1
x

(
x
∂u

∂x

)
x

−
t

x

∂2

∂x∂t

(
x
∂u

∂x

)
+

4
x

∂v

∂x
= 0,

∂v

∂t
−

1
x

(
x
∂v

∂x

)
x

−
t

x

∂2

∂x∂t

(
x
∂v

∂x

)
+

4t
x

∂2u

∂x∂t
= x2,

(2.16)

subject to

u (x, 0) = 0,
∂u (x, 0)
∂t

= x2, v (x, 0) = 0. (2.17)

First multiplying both sides of (2.16) by x, using the differentiation property of double Laplace transform
and single Laplace transform for (2.16) and (2.17), respectively and Definition 1.1 we obtain

dU (p, s)
dp

= −
6
p4s2 −

1
s2LxLt

[
∂

∂x

(
x
∂u

∂x

)
+ t

∂2

∂x∂t

(
x
∂u

∂x

)
− 4

∂v

∂x

]
(2.18)

and
dV (p, s)
dp

= −
6
p4s2 −

1
s
LxLt

[
∂

∂x

(
x
∂v

∂x

)
+ t

∂2

∂x∂t

(
x
∂v

∂x

)
− 4t

∂2u

∂x∂t

]
. (2.19)
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Second, by integrating both sides of (2.18) and (2.19) from 0 to p with respect to p, applying the inverse
double Laplace transform, and using (2.8), we have

u =x2t− L−1
p L

−1
s

[
1
s2

∫p
0
LxLt

[(
x

∞∑
n=0

unx (x, t)

)
x

]
dp

]

− L−1
p L

−1
s

[
1
s2

∫p
0
LxLt

[
t

(
x

∞∑
n=0

unx (x, t)

)
xt

]
dp

]

+ L−1
p L

−1
s

[
1
s2

∫p
0
LxLt

[
4
∞∑
n=0

vnx (x, t)

]
dp

]
and

v =x2t− L−1
p L

−1
s

[
1
s

∫p
0

(
LxLt

[(
x

∞∑
n=0

vnx (x, t)

)
x

])
dp

]

− L−1
p L

−1
s

[
1
s

∫p
0

(
LxLt

[
t

(
x

∞∑
n=0

vnx (x, t)

)
xt

])
dp

]

+ L−1
p L

−1
s

[
1
s

∫p
0

(
LxLt

[
4t

∂2

∂x∂t

( ∞∑
n=0

un (x, t)

)])
dp

]
.

On using (2.13), (2.14), and (2.15), we get

u0 = x2t, v0 = x2t,

and

u1 = −L−1
p L

−1
s

[
1
s2

∫p
0
(LxLt [(xu0x)x + t (xu0x)xt − 4v0x])dp

]
= −L−1

p L
−1
s

[
1
s2

∫p
0
(LxLt [4xt+ 4xt− 8xt])dp

]
,

v1 = −L−1
p L

−1
s

[
1
s

∫p
0

(
LxLt

[
(xv0x)x + t (xv0x)xt − x

2u0xt
])
dp

]
= −L−1

p L
−1
s

[
1
s

∫p
0
(LxLt [4xt+ 4xt− 8xt])dp

]
,

u1 = 0, v1 = 0,

and

u2 = −L−1
p L

−1
s

[
1
s2

∫p
0

(
LxLt

[
(xu1x)x + (xu1x)xt − x

2v1x
])
dp

]
= 0,

v2 = −L−1
p L

−1
s

[
1
s

∫p
0

(
LxLt

[
(xv1x)x + (xv1x)xt − x

2u1xt
])
dp

]
= 0.

In the same manner, we obtain that
u3 = 0, v3 = 0.

Therefore, the approximate solution is

u (x, t) = u0 + u1 + · · · and v (x, t) = v0 + v1 + · · · .

The solution of the system is given by

u (x, t) = x2t and v (x, t) = x2t .
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3. Nonlinear singular one dimensional pseudo thermo-elasticity coupled system

The aim of this section is to discuss our method for the nonlinear singular one dimensional pseudo
thermo-elasticity coupled system. We consider the general form of nonlinear singular one dimensional
pseudo thermo-elasticity coupled system with initial conditions is given below

∂2u

∂t2
−

1
x

∂

∂x

(
x
∂u

∂x

)
−

1
x

∂2

∂x∂t

(
x
∂u

∂x

)
+
∂u

∂x

∂v

∂x
= f (u) ,

∂v

∂t
−

1
x

∂

∂x

(
x
∂v

∂x

)
−

1
x

∂2

∂x∂t

(
x
∂v

∂x

)
+
∂v

∂x

∂2u

∂x∂t
= g (v) ,

(3.1)

subject to

u (x, 0) = f1 (x) ,
∂u (x, 0)
∂t

= f2 (x) , v (x, 0) = g1 (x) , (3.2)

where 1
x

(
x∂u∂x

)
x

and 1
x

(
x∂v∂x

)
x

are called Bessel’s operators, and f (u) and g (v) are nonlinear function.
To obtain the solution of nonlinear singular one dimensional pseudo thermo-elasticity coupled system of
(3.1), we apply the definition of partial derivatives of the double Laplace transform and single Laplace
transform for Eqs. (3.1) and (3.2), respectively and Definition1.1, we get

dU (p, s)
dp

=
dF1 (p)

sdp
+
dF1 (p)

s2dp
−

1
s2LxLt

[
∂

∂x

(
x
∂u

∂x

)]
−

1
s2LxLt

[
∂2

∂x∂t

(
x
∂u

∂x

)
− x

∂u

∂x

∂v

∂x
+ xf (u)

]
,

(3.3)

and

dV (p, s)
dp

=
dG1 (p)

sdp
−

1
s
LxLt

[
∂

∂x

(
x
∂v

∂x

)]
−

1
s
LxLt

[
∂2

∂x∂t

(
x
∂v

∂x

)
− x

∂v

∂x

∂2u

∂x∂t
+ xg (v)

]
, (3.4)

applying the integral for both sides of (3.3) and (3.4) from 0 to p with respect to p, we have

U (p, s) =
∫p

0

(
dF1 (p)

sdp
+
dF1 (p)

s2dp

)
dp−

1
s2

∫p
0
LxLt

[
∂

∂x

(
x
∂u

∂x

)]
dp

−
1
s2

∫p
0
LxLt

[
∂2

∂x∂t

(
x
∂u

∂x

)
− x

∂u

∂x

∂v

∂x
+ xf (u)

]
dp,

(3.5)

and

V (p, s) =
∫p

0

(
dG1 (p)

sdp

)
dp−

1
s

∫p
0
LxLt

[
∂

∂x

(
x
∂v

∂x

)]
dp

−
1
s

∫p
0
LxLt

[
∂2

∂x∂t

(
x
∂v

∂x

)
− x

∂v

∂x

∂2u

∂x∂t
+ xg (v)

]
dp.

(3.6)

The double Laplace a domain decomposition methods (DLADM) defines the solution of the system
as u (x, t) and v (x, t) by the infinite series

u (x, t) =
∞∑
n=0

un (x, t) , v (x, t) =
∞∑
n=0

vn (x, t) .

By applying double inverse Laplace transform for Eqs. (3.5) and (3.6), we have

u (x, t) = L−1
p L

−1
s

[∫p
0

(
dF1 (p)

sdp
+
dF1 (p)

s2dp

)
dp

]
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− L−1
p L

−1
s

[
1
s2

∫p
0
LxLt

[
∂

∂x

(
x
∂u

∂x

)]
dp

]
− L−1

p L
−1
s

[
1
s2

∫p
0
LxLt

[
∂2

∂x∂t

(
x
∂u

∂x

)]
dp

]
(3.7)

− L−1
p L

−1
s

[
1
s2

∫p
0
LxLt

[
−x
∂u

∂x

∂v

∂x
+ xf (u)

]
dp

]
,

and

v (x, t) = L−1
p L

−1
s

[∫p
0

(
dG1 (p)

sdp
−

1
s
LxLt

[
∂

∂x

(
x
∂v

∂x

)])
dp

]
− L−1

p L
−1
s

[
1
s

∫p
0
LxLt

[
∂2

∂x∂t

(
x
∂v

∂x

)]
dp

]
− L−1

p L
−1
s

[
1
s

∫p
0
LxLt

[
−x
∂v

∂x

∂2u

∂x∂t
+ xg (v)

]
dp

]
,

(3.8)

where LxLt double Laplace transform with respect to x, t and L−1
p L

−1
s double inverse Laplace transform

with respect to p, s and the nonlinear terms f(u) and g (v), such as u2, u3, u4, sinu, eu, uux, u2
x, and v2,

v3, v4, sin v, ev, vvx, v2
x, etc., respectively, can be expressed by an infinite series An and Bn are defined as

follows

f(u) =

∞∑
i=0

An (u0,u1,u2, . . . ,un) , g(v) =
∞∑
i=0

Bn (v0, v1, v2, . . . , vn) , (3.9)

and

An =
1
n!

(
dn

dλn

[
f

(
n∑
i=0

(
λiui

))])
λ=0

, Bn =
1
n!

(
dn

dλn

[
g

(
n∑
i=0

(
λivi

))])
λ=0

.

The first four Adomian polynomials for this term are

A0 = f (u0) , A1 = u1f
′ (u0) ,

A2 = u2f
′ (u0) +

1
2!
u 2

1 f
′′ (u0) ,

A3 = u3f
′ (u0) + u1u2f

′′(u0) +
1
3!
u 3

1 f
′′′ (u0) ,

A4 = u4f
′ (u0) +

(
1
2!
u 2

2 + u1u3

)
f ′′(u0) +

1
2!
u 2

1 u2f
(3) (u0) +

1
4!
u 4

1 u2f
(4) (u0) ,

(3.10)

and

B0 = g (v0) , B1 = v1g
′ (v0) ,

B2 = v2g
′ (v0) +

1
2!
v 2

1 g
′′ (v0) ,

B3 = v3g
′ (v0) + v1v2g

′′(v0) +
1
3!
v 3

1 g
′′′ (v0) ,

B4 = v4g
′ (v0) +

(
1
2!
v 2

2 + v1v3

)
g ′′(v0) +

1
2!
v 2

1 v2g
(3) (v0) +

1
4!
v 4

1 v2g
(4) (v0) ,

(3.11)

substituting (3.10) and (3.11) into (3.9) gives

f (u) = A0 +A1 +A2 +A3 + · · · , g (v) = B0 +B1 +B2 +B3 + · · · .

We provide the double inverse Laplace transform existing for each terms in the right side of Eqs. (3.7)
and (3.8).
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4. Convergence analysis of the method

In this section, we will discuss the convergence analysis of the modified double Laplace decomposition
methods for the nonlinear singular one dimensional pseudo thermo-elasticity coupled system given by{

∂2u
∂t2 − 1

x
∂
∂x

(
x∂u∂x

)
− 1
x
∂2

∂x∂t

(
x∂u∂x

)
+ ∂u
∂x
∂v
∂x = f (u) ,

∂v
∂t −

1
x
∂
∂x

(
x∂v∂x

)
− 1
x
∂2

∂x∂t

(
x∂v∂x

)
+ ∂v
∂x

∂2u
∂x∂t = g (v) .

(4.1)

We propose to extend this idea given in [18, 19]. First of all, let us consider the Hilbert space H =
L2
µ((a,b)× [0, T ]), defined by the set of applications{

(u, v) : (a,b)× [0, T ], with
L−1
p L

−1
s

[ 1
s2

∫p
0 LxLt [u (x, t)] (p, s)dp

]
(x, t) <∞,

where
u : (a,b)× [0, T ]→ R, with ‖u‖2

H =

∫
Q

xu2 (x, t)dxdt,

the scalar product

(u, v)L2
µ(Q) =

∫
Q

xu (x, t) v (x, t)dxdt,

and Q = (a,b)× [0, T ]. For more details see [7]. We can rewrite (4.1) in the following form{
L(u) = x∂

2u
∂t2 = ∂u

∂x + x∂
2u
∂x2 + ∂2u

∂x∂t + x
∂3u
∂x2∂t

− x∂u∂x
∂v
∂x + xf (u) ,

L(v) = x∂v∂t = ∂v
∂x + x

∂2v
∂x2 +

∂2v
∂x∂t + x

∂3v
∂x2∂t

− x∂v∂x
∂2u
∂x∂t + xg (v) .

(4.2)

The modified double Laplace decomposition methods is convergence if the following two hypotheses are
satisfied:

(H1) (L (u) − L (w) ,u−w) > k ‖u−w‖2 and (L (v) − L (w) , v−w) > k ‖v−w‖2 ; k > 0,∀u, v,w ∈ H;
(H2) whatever may be M > 0, there exists a constant C (M) > 0 such that for u,w ∈ H with ‖u‖ 6

M, ‖v‖ 6M, ‖w‖ 6M, and
∥∥∥ ∂2u
∂x∂t

∥∥∥ 6M2,
∥∥∂v
∂x

∥∥ 6M1, we have

(L (u) − L (w) , z1) 6 C (M) ‖u− z1‖ ‖w‖ , and (L (v) − L (z2) ,w) 6 C (M) ‖v− z2‖ ‖w‖

for every z1, z2 ∈ H.

In the next Theorem we follow [11, 13, 14].

Theorem 4.1 (Sufficient condition of convergence). The Modified double Laplace decomposition method ap-
plied to the nonlinear singular one dimensional pseudo thermo-elasticity system (4.2) without initial and boundary
conditions, converges towards a particular solution.

Proof. First, we verify the convergence hypothesis (H1) for the operators L(u), L(v) of (4.2). We use the
definition of our operator L, and then we have

L (u) − L (w) =

(
∂u

∂x
−
∂w

∂x

)
+

(
x
∂2u

∂x2 − x
∂2w

∂x2

)(
∂2u

∂x∂t
−
∂2w

∂x∂t

)
+

(
x
∂3u

∂x2∂t
− x

∂3w

∂x2∂t

)
−

(
x
∂v

∂x

∂u

∂x
− x

∂v

∂x

∂w

∂x

)
+ x (f (u) − f(w))

=
∂

∂x
(u−w) + x

∂2

∂x2 (u−w) +
∂2

∂x∂t
(u−w)

+ x
∂3

∂x2∂t
(u−w) − x

∂v

∂x

∂

∂x
(u−w) + x (f (u) − f(w)) ,
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and

L (v) − L (w) =

(
∂v

∂x
−
∂w

∂x

)
+

(
x
∂2v

∂x2 − x
∂2w

∂x2

)(
∂2v

∂x∂t
−
∂2w

∂x∂t

)
+

(
x
∂3v

∂x2∂t
− x

∂3w

∂x2∂t

)
−

(
x
∂2u

∂x∂t

∂v

∂x
− x

∂2u

∂x∂t

∂w

∂x

)
+ x (g (v) − g(w))

=
∂

∂x
(v−w) + x

∂2

∂x2 (v−w) +
∂2

∂x∂t
(v−w)

+ x
∂3

∂x2∂t
(v−w) − x

∂2u

∂x∂t

∂

∂x
(v−w) + x (g (v) − g(w)) ,

therefore,

(L (u) − L (w) ,u−w) =

(
∂

∂x
(u−w) ,u−w

)
+

(
x
∂2

∂x2 (u−w) ,u−w

)
+

(
∂2

∂x∂t
(u−w) ,u−w

)
+

(
x
∂3

∂x2∂t
(u−w) ,u−w

)
−

(
x
∂v

∂x

∂

∂x
(u−w) ,u−w

)
+ (x (f (u) − f(w)) ,u−w) ,

(4.3)

and

(L (v) − L (w) , v−w) =
(
∂

∂x
(v−w) , v−w

)
+

(
x
∂2

∂x2 (v−w) , v−w
)

+

(
∂2

∂x∂t
(v−w) , v−w

)
+

(
x
∂3

∂x2∂t
(v−w) , v−w

)
−

(
x
∂2u

∂x∂t

∂

∂x
(v−w) , v−w

)
+ (x (g (v) − g(w)) , v−w) .

(4.4)

According to the properties of the differential operators ∂
∂x and ∂2

∂x∂t in H, then there exists constants
α,β, δ, θ,φ > 0 such that (

∂

∂x
(u−w) ,u−w

)
> α ‖u−w‖2 , (4.5)

and

−

(
x
∂2

∂x2 (u−w) ,u−w

)
6 |x|

∥∥∥∥ ∂2

∂x2 (u−w)

∥∥∥∥ ‖u−w‖

6 bβ ‖u−w‖2

⇔(
x
∂2

∂x2 (u−w) ,u−w

)
> −bβ ‖u−w‖2 ,

(4.6)

(
∂2

∂x∂t
(u−w) ,u−w

)
> θ ‖u−w‖2 , (4.7)

and

−

(
x
∂3

∂x2∂t
(u−w) ,u−w

)
6 |x|

∥∥∥∥ ∂3

∂x2∂t
(u−w)

∥∥∥∥ ‖u−w‖

6 bφ ‖u−w‖2

⇔(
x
∂2

∂x2 (u−w) ,u−w

)
> −bφ ‖u−w‖2 ,

(4.8)
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and according to the Schwartz inequality, we get(
x
∂v

∂x

∂

∂x
(u−w) ,u−w

)
6 |x|

∥∥∥∥∂v∂x
∥∥∥∥ ∥∥∥∥ ∂∂x (u−w)

∥∥∥∥ ‖u−w‖ 6M1bα ‖u−w‖2 ,

hence,

−

(
x
∂v

∂x

∂

∂x
(u−w) ,u−w

)
> −M1bα ‖u−w‖2 . (4.9)

Again by using Cauchy Schwarz inequality, where f is Lipschitzian function, we have

(−x (f (u) − f(w)) ,u−w) 6 |x| ‖f (u) − f (w)‖ ‖u−w‖
6 b ‖f (u) − f (w)‖ ‖u−w‖

6 bδ ‖u−w‖2

⇔
(x (f (u) − f(w)) ,u−w) > −bδ ‖u−w‖2 .

(4.10)

Substituting Eqs. (4.5), (4.6), (4.7), (4.9), (4.10), and (4.8) into (4.3) yields

(L (u) − L (w) ,u−w) > (α− bβ+ θ− bφ−M1bα− bδ) ‖u−w‖2 ,

(L (u) − L (w) ,u−w) > k1 ‖u−w‖2 ,

where k1 = α− bβ+ θ− bφ−M1bα− bδ > 0.
In the same way, for (4.4) there exists constants ζ,η, λ, ρ,σ > 0 such that

(L (v) − L (w) , v−w) > (ζ− bη+ σ− bρ−M2ζb− bλ) ‖v−w‖2 ,

(L (v) − L (w) , v−w) > k2 ‖v−w‖2 ,

where k2 = ζ− bη+ σ− bρ−M2ζb− bλ > 0. Hence hypothesis (H1) holds. Now, we verify the conver-
gence hypotheses (H2) for the operators L(u) and L(v). For every M > 0, there exists a constant C (M)

> 0 such that for all u, v,w ∈ H with ‖u‖ 6M, ‖v‖ 6M,
∥∥∥ ∂2u
∂x∂t

∥∥∥ 6M2, and
∥∥∂v
∂x

∥∥ 6M1, we have

(L (u) − L (w) , z1) 6 C (M) ‖u−w‖ ‖z1‖

for every z1, z2 ∈ H.
For that we have,

(L (u) − L (w) , z1) =

(
∂

∂x
(u−w) , z1

)
+

(
x
∂2

∂x2 (u−w) , z1

)
+

(
∂2

∂x∂t
(u−w) , z1

)
+

(
x
∂3

∂x2∂t
(u−w) , z1

)
−

(
x
∂v

∂x

∂

∂x
(u−w) , z1

)
+ (x (f (u) − f(w)) , z1) .

Similarly, by using the Cauchy Schwartz inequality and the fact that u and w are bounded, we obtain the
following: (

∂

∂x
(u−w) , z1

)
6 α1 ‖u−w‖ ‖z1‖ ,(

x
∂2

∂x2 (u−w) , z1

)
6 bβ1 ‖u−w‖ ‖z1‖ ,



H. Eltayeb, I. Bachar, J. Nonlinear Sci. Appl., 11 (2018), 864–876 875(
∂2

∂x∂t
(u−w) , z1

)
6 α2 ‖u−w‖ ‖z1‖ ,(

x
∂3

∂x2∂t
(u−w) , z1

)
6 bα3 ‖u−w‖ ‖z1‖ ,

−

(
x
∂v

∂x

∂

∂x
(u−w) , z1

)
6 α1 |x|

∥∥∥∥∂v∂x
∥∥∥∥ ‖u−w‖ ‖z1‖ 6 bα1M1 ‖u−w‖ ‖z1‖ ,

and
(x (f (u) − f(w)) , z1) 6 bσ1 ‖u−w‖ ‖z1‖ ,

where the constants α1,β1,α2,α3,σ1 > 0, we have

(L (u) − L (w) , z1) 6 (α1 + bβ1 +α2 + bα3 + bα2M1 + bσ1) ‖u−w‖ ‖z1‖ = C1 (M) ‖u−w‖ ‖z1‖ ,

where
C1 (M) = α1 + bβ1 +α2 + bα3 + bα2M1 + bσ1,

and

(L (v) − L (w) , z2) =

(
∂

∂x
(v−w) , z2

)
+

(
x
∂2

∂x2 (v−w) , z2

)
+

(
∂2

∂x∂t
(v−w) , z2

)
+

(
x
∂3

∂x2∂t
(v−w) , z2

)
−

(
x
∂2u

∂x∂t

∂

∂x
(v−w) , z2

)
+ (x (g (v) − f(w)) , z2) .

In the same way, we obtain,

(L (v) − L (w) , z2) 6 (ζ1 + bη1 + ζ2 + bζ3 + bζ2M2 + bρ1) ‖v−w‖ ‖z2‖ = C2 (M) ‖v−w‖ ‖z2‖ ,

where
C2 (M) = ζ1 + bη1 + ζ2 + bζ3 + bζ2M2 + bρ1

and ζ1,η1, ζ2, ζ3, ρ1 > 0, therefore (H2) holds.

Conclusion 4.2. In this paper, first a double Laplace transform algorithm which is based on the Adomian
decomposition method is used for solving the linear and nonlinear singular one dimensional pseudo
thermo-elasticity coupled system. Second, we presented a convergence proof of the (DLADM) applied to
the linear and nonlinear singular one dimensional pseudo thermo-elasticity coupled system.
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