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Abstract
In this paper, we investigate the solution’s oscillation of nth-order nonlinear dynamic equation
[an (B)((an—1(1)(--- (a1 (D) (x(1) = p()x(T(t))A) %) )2 X2 4 (1, x(8(t))) = 0
on a time scale T with n > 2. We give some conditions for the oscillation of the above equation.
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1. Introduction

In this paper, we study the nth-order nonlinear neutral delay dynamic equation
[an () ((an—1(t)(--- (a1 () (x(t) = p(t)x(T(£)))2) )2 - )2) ]2 (¢, x(8(1))) = 0 (1.1)

on a time scale T satisfying inf T = tp and sup T = oo, where n > 2 and o (1 < k < n) are quotients of
odd positive integers. Throughout this paper, we assume the following conditions are satisfied:

(H1) ak(t) € Cra(T, (0,00)),p(t) € Cra(T, R), lim¢ 0 p(t) = po, where |po| < 1, and

©r 1 &
J ( >kAt:oo(1<k<n);
to ak(t)

(H2) 7,6 € Cyq(T,T), t(t) < t, and limy_, o0 T(t) = limy_, o0 8(t) = 00;
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(H3) f € C(T x R, R), uf(t,u) > 0 and there exists q(t) € C,4q(T, (0, 00)) such that |f(t,u)| > q(t)[u| for all

u#0andteT.
We write " (Ox(e(t)] £ —o0
ox(t) = plt)x(T(t)), i =0,
Silt,x(t)) = { a (B (Sg_q (6 x(1)™, if 1<k<n
Then (1.1) reduces to the equation
SA(t,x(t)) +f(t,x(8(t))) = 0. (1.2)

In last few decades, there are lots of research concerning oscillation of second and third order delay
dynamic equations and we can find in [3-7, 10]. Recently, the number of papers, such as [1, 2, 8, 9, 11], are
concerned with the oscillation of higher order dynamic equations. Sun et al. [8] studied the oscillation
for higher order dynamic equation

{an(®[(ana(0 (- (@ Ox(1)* )} +p(oxf (1) = 0.
Zhang and Wang [11] considered the asymptotic and oscillation of nth-order nonlinear dynamic equation

k
(r(O)Dy (2" ()2 + ) qi(t) Do, (x(8:(1))) = 0.
i=0
The purpose of this paper is to extend the existing results to more general nth-order dynamic equa-
tions, and give some oscillation criteria.

2. Auxiliary results

Lemma 2.1. Let x(t) be an eventually positive solution of (1.1). If there exists a constant 1 > 0 such that

limy_y00 So(t) = 1, then limy o0 x(t) = 1jp0.

Proof. Suppose that x(t) is an eventually positive solution of (1.1). According to (H1) and (H2), there exist
Ty € [tg, 00)T and [po| < p1 < 1 such that x(t),x(t(t)) > 0 and [p(t)| < p; for t € [Ty, 00). We claim that
x(t) is bounded on [to, co)T. If not, then there exists {t,}’_; C [T, 00)T with t, — 0o as n — oo such that

x(tn) = max x(t), lim x(t,) = co.
to<t<tn t—00

Noting that T(t) < t, so x(T(tn)) < x(tn). Then we have
So(tn) =x(tn) —p(tn)x(T(tn)) = (1 —p1)x(tn) = o0

as n — oo, which contradicts the fact lim; o, So(t) = L. Therefore, x(t) is bounded. Let limsup, , x(t) =
x1 and liminfy o X(t) = x2. If 0 < pg < 1, we have

X1 —Ppox2 < L < x2 —poxy,
which implies that x; < xp. If =1 < pg < 0, we have

X1 —Ppox1 < L < x2 —poxz,

which also implies that x; < x. Therefore, lim_,, x(t) exists and lim¢_ x(t) = 1jp0. O

Lemma 2.2. If S4(t,x(t)) < 0 and x(t) > 0 for t > to, then there exists an integer m € [0,n] with m + n even
such that .
(—1)™*FSi(t,x(t)) >0fort > tpand m <i < n, (2.1)

and if m > 1, then there exists T > tq such that

Si(t,x(t)) >0fort>Tand1 <i<m—1 (2.2)
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Proof. First, we show that Sn(t,x(t)) > 0 for t > to. If not, then there exists some T; > t; such that
Sn(T,x(T1)) < 0. Noting that SA(t,x(t)) < 0, it follows Sy (t,x(t)) is strictly decreasing on [tg, co)T.
Therefore, Sy (t,x(t)) < Sn(T1,x(Tq1)) < 0 for t > Tq. Then, from (H1), we have

t

(Sn(s,X(S))

an(s)

¢ <5n(T1,X(T1))>a1nAS_

) s < Spa(Ta(T) | (P

Sn1(t,x(t) = Sy (T x(T) + J
T

T
Thus lim_, Sn—1(t,x(t)) = —oo. By induction we can obtain lim_, So(t) = —oo, which is a contradic-
tion to Sp(t) > 0. Thus Sy, (t x(t)) > 0. Then we have the following two cases:

(i) Si(t)>0forany0<i<n—1;
(i) S(t )<0f0rsome0<]<n 1.

From case (ii), there exists a smallest integer m € [0, n] with m +n even such that (—1)™*'S; (t, x(t)) >
Ofort>tpand m<i<n. ]

If m > 1, then $4 ,(tx(t)) = (%ﬁ()ﬂ))m > 0 for t > tg. So we have two cases: either
Sm_1(t,x(t)) = Sm_1(t;,x(t1)) > 0, t > t; for some t; > tg or S;_1(t,x(t)) < O for all t > t,.
For the first case, similar to the case of S; (t,x(t)) < Sn(T,x(T1)) < 0 for t > Ty, we can show that
lim¢ 00 Si(t,x(t)) = oo for 0 < 1 < m — 1. For the second case, using arguments similar to the case of
Sa(t,x(t)) < 0, we can show that S;, _»(t,x(t)) > 0 for t > ty, which contradicts to the definition of m.
The proof is completed. O

Lemma 2.3. Let x(t) be an eventually positive solution of (1.1). If

Joo An_1(8)As = oo, (2.3)

to

Mt){ [ [T asas] ™, i =,

1
[ ft i1 ( AS]“, if 1<i<n—1,

then there exists T € [to, co)T sufficiently large such that S5 (t,x(t)) < 0 for t > T. Moreover,

where

(1) the following statement holds when m is odd,
S;(t,x(t)) >0, j=1,2,...,n; (2.4)

(2) either (2.4) holds or '
(_1))5) (tlx(t))) >0, J =12,...,n,

and limy_, o, x(t) = 0, when n is even.

Proof. According to (H1) and (H2), there exist T € [tp, co) and [pg| < p1 < 1 such that x(t) > 0, x(t(t)) >
0, x(8(t)) > 0 and [p(t)| < py for t € [T, 00). From (H3) and (1.2), we obtain

Sa(t,x(t) < —q(t)x(5(t) < 0. (2.5)

When n is odd, by Lemma 2.2, m must be an odd number. By (2.1), we can get

e = (SOOI,

ap(t)

Hence, lim_, So(t) exists and is positive, or lim¢_, So(t) = oco. It follows that there are T; > T and a
positive real number b such that So(t) > b for t > T;. We claim that m = n. If not, then, by Lemma 2.1,
we have

Sn—1(t,x(t)) <0 and Sp_o(t,x(t)) >0fort>T. (2.6)
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Integrating both sides of (2.5) from t to oo, we get

St x(t) > j q(s)x(5(s))As,

t

which yields that

St x(©) > |

Integrating above from T to oo, we have

St x() > J Br(s)As,

t

which yields that
1
an—1 (t)

Again, integrating above from tg to oo, by Lemma 2.1, we obtain

S8 (0) > [ [ Bal9)s] T =B

00> Snalto xltal) > | Bnoa(s)s > 1 [T Ana (1A,
to Po to
which contradicts (2.1). Hence, m = n and (2.4) holds.

When n is even, by Lemma 2.2, m must be an even integer. By (2.1) and (2.2), we have either SOA (t)>0
or S5*(t) < 0. It means that lim¢_,o So(t) = 1 > 0. We claim that 1 # 0 implies that m = n. Otherwise,
(2.6) holds. By a similar arguments as above, we can reach a contradiction to (2.3). This completes the
proof. O

Lemma 2.4. Suppose that x(t) is an eventually positive solution of (1.1) which satisfies (2.4) eventually. Then
there exists T € [tg, 0o) such that, for t > T and 0 <j < n, we have

S5(4,%(6) = S (4, (1)) By 1, T), @7)
and . B T L
60> S8 ot x(ov)) (2 ) ¥, 29)
and there exist T > T and a constant ¢ > 0 such that
So(t) <cBy(t,T) for t > Ty, (2.9)

where

¢, 1 L Lo
xn Ag, 1 =n,
B] (tl T) = { J‘: (gzr(ls()s?—l—) « f J .
IT( a;(s) ) AS’ lf 1<]<T1—1
Proof. According to the hypothesis, there exists T € [tp, co)T such that forany t > Tand 0 < j < n,
S;(t,x(t)) > 0. So Sn(t,x(t)) is decreasing on [T, co)t. For t > T, we have
) (Sn(s,X(S)))JnAS

T

> S x(0) | () A = ST (6 x()Ba(t, ),
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t 1

N ﬁ (snflts,x(s))) S

anfl(s)

WV

t  gan 1
[z,

By induction, it is easy to see that

1 1
[T & [T o
n n

S1(t,x(t)) =S (t,x(t))Ba(t, T), Solt,x(t)) =S (t, x(t))Ba(t, T).

Then we have

Ay (St x(D) e L JTE Ba(t, T)\ &
st = (M) =z s ) (P )

Since Sy (t,x(t)) is decreasing on [T, co)T,

Bz(tﬂ)«xll'

S6(0) > S (o) x(o(0) (P2

On the other hand, for t > T,

t (Sn(s,X(S))

)™ 85 < S al(T,x(T)) + S5 (T,x(T))Ba1,T).
an(s)

Snfl(t,X(t)) - Snfl (TIX(T)) + JT

Thus, there exist T; > T and b; > 0 such that
Sn1 (tlx’(t)) < ban(t/T) for t > T1.

Similarly, we have

1

t 1 t
Snaltx(V) = Sna(Tx(m) + [ (2N S Tag sy ximy +o (B0 Tas

Thus, there exists a constant b, > 0 such that
Snoo(t,x(t)) <bBr_1(t,T) for t>T.
By induction, it is easy to see that there exist T; > T and by, > 0 such that
So(t) < bnBi(t,T) for t > T.

This completes the proof. O

3. Main results

Theorem 3.1. Suppose that (2.3) holds, po € (0,1), 8(t) > t, and [[;_; ox = 1. If there exists z € C,q(T, (0, 00))
such that for all sufficiently large T € [to, co)T,

, ‘ (z%(s))? [ a
fim sup JT [Z(S)q(s) T AMz(s)54(s) (

) N | Ao
S),T)) }Asoo, (3.1)

where M is a positive constant, then
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(1) every solution of (1.1) is either oscillatory or tends to zero when n is even;
(2) every solution of (1.1) is oscillatory when n is odd.

Proof. Assume that x(t) is a non-oscillatory solution of (1.1). Then there is a T > tg sufficiently large such
that x(t), x(t(t)), x(6(t)) > 0 and p(t) > 0 for t > T. From Lemma 2.3, we see that (2.4) holds when n is
odd, and either (2.4) holds or lim_,, x(t) = 0 when n is even.

Assume that n is odd. Define w by

w(t) = —tXt for t > T. (3.2)

Then w(t) > 0. Using the product rule, we have

z(t) z(t)
So(5(t)) So(8(t))

By the definition of So(t), we obtain x(t) > So(t) for t > T. By the quotient rule and applying (2.5), we get

z2(1)S ( (t)—z
So(8(t))So(87(t))

wA () = (Sn(tx(1) ( )"+ (Snltx(1)?

wA(t) < (Sn(t,x(1)))?

From (3.2), it follows that

z2(t)
z(o(t))

z()Sg (8())8% (1)
So(8())So(8°(t)) -

Since Sy (t,x(t)) is decreasing on [t1, co)T, there exists a constant d > 0 such that

wA(t) —z(t)q(t) +

w(o(t)) — (Sn(t,x(1)))° (3.3)

(Sn(t,x(t))? < Sn(t,x(t)) <d for t>T.

Applying (3.3) to (2.8) and noting that [ [_; ok > 1, we have

(3.4)

BZ(t/T)>"3l‘

50 > a T s, (oft), (o) (7 75

Let M = d(HE:1 “ik)_l. From (3.2), (3.3), (3.4), and noting that SOA(t) > 0, we get

wott)) - MEE COT, g 35

Z2(o(t))a; " (8(t))

By completing the square for w(o(t)) on the right-hand side of (3.5), we have

A 2

T IMzt)55 (0 \B 6(t),T)

Integrating the above inequality from T to t for t > T, we get

t (z2(s))? 1(8(s))
L [z(s)q(s) T 4Mz(s)55(s) (Bg(é( ),T)

) ]As < w(T)—w(t) < w(T).

Taking the lim sup on both sides of the above inequality as t — co, we obtain a contradiction to (3.1).
In similar fashion, we can show that either every solution of (1.1) is oscillatory or lim¢_,. x(t) = 0,
when n is even. This completes the proof. O
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Theorem 3.2. Suppose that (2.3) holds, pg € (0,1), 8(t) > tand [[;_; o = 1. If there exist positive functions
H, C € C+q4(ID, (0,00)), where D ={(t,s) € T?: t > s > to}, such that

z8(s)

H(t,t) = 0,H(t,s) >0 and HL(t,5) <O for t>s>1ty, C(t,s) =HZL(t,s)+H(t,s) Ts)’

N

and for sufficiently large T,

2 2 X
h?_i:ipl—l(:,ﬂﬁ [H(t,s)z(s)q(s) _ Gk (0‘1(8))611 (8(s) As = o0, (3.6)

4Mz(s)52(s)B, " (8(s), T)H(t, s)
where z, M are defined as in Theorem 3.1. Then

(1) every solution of (1.1) is either oscillatory or tends to zero when n is even;
(2) every solution of (1.1) is oscillatory when n is odd.

Proof. Assume that x(t) is a non-oscillatory solution of (1.1). Then there is a T > tg sufficiently large such
that x(t), x(t(t)), x(6(t)) > 0 and p(t) > 0 for t > T. From Lemma 2.3, we see that (2.4) holds when n is
odd, and either (2.4) holds or limt_.,, x(t) = 0 when n is even. Assume that n is odd. We define w(t)
by (3.2) and proceed as the proof of Theorem 3.1 to get (3.5). Multiplying (3.5) by H(t, s) and integrating
from T to t, we have

‘ ‘ A ' z2(s)
L H(t,s)z(s)q(s)As < —L H(t, s)w™(s)As +JT H(t,s)z(a(s))w(a(s))As
¢ & A
_J H(t,S)MZ(S)BZ (6(i)’T)6 (S)wz(c(s))As
! 22(o(s))a;™ ((s))

By integration by parts we obtain

— Jt H(t, s)w?(s)As = H(t, T)w(T) + Jt H2(t, s)w(o(s))As.
.

It follows that

Jt H(t t A ZA(S)
15)z(s)q(s)As < H(t, T)w(T) + [HS (t,s) + H(t, s) }W(G(s))As
T T (o(s))
& A
_JtH(t/S)Mz(s)BZ (5(;),T)5 CIFTY
! 22(o(s))ay” (8(s))
a5 A
:H(t,T)w(T)+Jt C(t,s)w(cr(s))As—JtH(t,s)MZ(S)BZ B TRTS) 2 5(s)) .
T T 22(o(s))a;" (5(s))

By completing the square for w(o(t)) on the right-hand side, we get

t { C2(t, s)z*(a(s)) a
4AMz(s)8A(s)H(t, s) (Bz 5

1

d(s)) \ar
&) ]As’

Jt H(t,s)z(s)q(s)As < H(t, T)w(T) +J
T T

and this implies that

)) <
t,s) \B2(8(s),

C2(t,s)z%(o(s
(

1 t
J [H(t,s)z(s)q(s)— e

H(t, T) Jt

which contradicts (3.6).
In similar fashion, we can show that either every solution of (1.1) is oscillatory or lim¢_,o, x(t) = 0
when n is even. This completes the proof. O
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Theorem 3.3. Suppose that (2.3) holds and po € (0,1), 8(t) > t. If for all sufficiently large T € [to, oo)T, there
exist positive constants dy, dp such that

lim sup szzl ka(é(t), T)‘y(6(t), T, dl, dz) J q(S)AS > ]_’ (37)
t—o0 t
where
L lf HE:1 ax =1,
v(8(1), T, dy, dp) =< di, . if Tleojon <1,
doBL T (5(4), T, i TP, o > 1.
Then

(1) every solution of (1.1) is either oscillatory or tends to zero when n is even;
(2) every solution of (1.1) is oscillatory when n is odd.

Proof. Assume that x(t) is a non-oscillatory solution of (1.1). Then, without loss of generality, there is a
T > t sufficiently large such that x(t), x(t(t)), x(d(t)) > 0 for t > T. From Lemma 2.3, we see that (2.4)
holds when n is odd, and either (2.4) holds or lim;_, x(t) = 0 when n is even.

Assume that n is odd. From (2.5) and (2.7), we get for t > T,

So(t) } [Ty o

J " a()50(8(5))As < Saltx(1) < [Bl(t T)

t

Noting that SOA(t) > 0 and &(t) > t, we obtain

(0]

So(0(t)) ] [T (Xk.

50(5(’())J i

q(s)As < S (t,x(t)) < [
t

Thus

BT (¢, )51l “k(é(t))J q(s)Aas < 1.
t

The rest of the proof is separated into three cases:

Case 1. If [];_; ax =1, then

i Tl (5(4)) =1 for t>T. (3.8)
Case 2. If []¢_; ok < 1, then
So(5(t)) = So(8(T)) for t>T. (3.9)
Thus
sy =t (51)) > dys) Tt (5(T)). (3.10)

Case 3. If HE:1 o > 1, then from (2.9), there exists a T; > T and a constant ¢ such that

So(d(t)) < cBq(8(t), T) for t > Ti.

Thus
Sy e ®(5(t)) > 1T gy Tl 3¢, 1), (3.11)
Let dy = ¢!~ Ilk—1 % we have
Sy e (5(1)) > B T (51, 7). (3.12)
According to (3.8)-(3.12), we obtain that for t > Ty,

B (500, Ty (o1, T, i, o) [ as)as < 1
t
which is a contradiction to (3.7).
In similar fashion, we can show that either every solution of (1.1) is oscillatory or lim¢_,o, x(t) = 0
when n is even. The proof is completed. O
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4. Examples
Example 4.1. Consider the equation

Lo A2l Aynya A8 ETA Lo ny

(G0 () = Sx(E®) ™A )4) 7] 4 ex (™) =0, (1)
where nis odd and n > 2, T = [1,c0). Here we have ay(t) = % 1<k<n),yy=n0.=12<k<
n—1), on = %, p(t) = %, and q(t) = 6(t) = t™. Clearly,

00 1 ‘% 0O
J ( ) At =| tnAt=oo,
t, \ai(t) I
[e%e} 1 ﬁ e's)
J ( ) At=| t"At = oo,
to an(t) J1
© /1 Nay [
J ( >kAt: tAt—oco 2<k<n—1),
to ak(t) 1
o1 00 1 00 n 00 n
An(t) = As| ™™ = [t| s"As| =t" "As| = oo,
n(t) Lan(t) L qls) S} [ L ) S} [Jt ) S} OO
- 1 (o) cxl o]
An_1(t) = J An(s)As] nl :tJ An(s)As = oo,
-an—l(t) t t
J Anfl(S)AS = Anfl(S)AS = 0.
to J1

Let z(t) =1, we see that for all sufficiently large T € [tg, oo)T,

. t (z2(s))* [ ail8(s)) \ar] . o Conae
hiisiipL [Z(S)q(s) ~ o158 (Balo(o) 1) ]AS =l sap LS As = oo

Hence the conditions of Theorem 3.1 are satisfied. By Theorem 3.1, every solution x(t) of (4.1) is oscilla-
tory.

Example 4.2. Consider the equation

1

(R Gt = S22 ) 2] P ey =, 42

(g (0 -

where nisevenand n > 2, T = [1,c0). Here we have ak(t):% 1<k<n),q=n+1,04q.=12<k<

n—1), on = ﬁ, p(t) %, and q(t) = 6(t) =t™. Clearly,

00 1 o% (o]
J ( ) "At=| tiAt = oo,
to ai (t) J1
0 1 ﬁ o)
J ( ) At=| t" At = oo,
to an(t) 1
1 o)
J L )“kAt: tAt=00 (2<k<n—1),
to ak(t) J1
An(t) = [ ro q(s)As} W Hoo s“As]n_l - t“_1<JOO s“As)n_l —
Lan(t) Je t t '
- 1 00 — 1 00
An_1(t) = J An(s)As} R tJ An(s)As = oo,
LAn—1 (t) t t
J An_1(s)As =1 An_1(s)As = co.
1o J1
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Let z(t) =1, we see that for all sufficiently large T € [tg, oo)T,

. t (z2(s))* [ ai(8(s) \ar| .. o L omae
imsup | ["‘(S)q(s) = Meo1585] (Balo(s), 7)) ]AS =imsup | ¢"s = oo

Hence the conditions of Theorem 3.1 are satisfied.
By Theorem 3.1, every solution x(t) of (4.2) is either oscillatory or tends to zero.
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