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Abstract

Our aim in this paper is to prove the cylindrical Carleman’s formula for subharmonic functions in a truncated cylinder.
As an application, we prove that if the positive part of a harmonic function in a cylinder satisfies a slowly growing condition,
then its negative part can also be dominated by a similar slowly growing condition, which improves some classical results about
harmonic functions in a cylinder.
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1. Introduction

Let R be the set of all real numbers. The boundary and the closure of a set E in n-dimensional
Euclidean space R™ (n > 2) are denoted by 0E and E respectively.

Let A, be the Laplace operator and Q be a bounded domain in R™! with smooth boundary 9Q.
Consider the Dirichlet problem (see [11, p. 41])

(An_1+AN)e=0 on Q,
©=0 on 0Q.

We denote the least positive eigenvalue of this boundary value problem by A and the normalized positive
eigenfunction corresponding to A by o,
9*(X)dQ =1,
Q
where X € Q and dQ is the (n — 1)-dimensional volume element.
The set
OxR={P=(X,y e R XecQ,yeR}

in R™ is simply denoted by T (Q). We call it a cylinder (see [5-7, 12]). In the following, we denote the sets
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Q x Tand 9Q x I with an interval I on R by T,,(€;I) and $,,(Q; I) respectively. Hence S, (Q;R) denoted
simply by S (Q) is 0T (Q).

In order to make the subsequent consideration simpler, we put a rather strong assumption on Q
throughout this paper: if n > 3, then Q is a C**-domain (0 < « < 1) in R"! surrounded by a finite
number of mutually disjoint closed hypersurfaces (e.g. see [2, p. 88-89] for the definition of C*>*-domain).

Let G (P, Q) be the cylindrical Green function of T, (Q) (P, Q € T,,(Q)). Then the cylindrical Poisson
kernel in T, (Q) is defined by

PIa(P,Q) = c ong
n

7

where 0/0ng denotes the differentiation at Q € S, (Q) along the inward normal into T,,(Q) for any
P € To(Q). Here, c; =2 and ¢, = (N —2)wy, when n > 3, where wy, is the surface area of the unit sphere
in R™. It follows from our assumption on Q that PIq (P, Q) is continuous on S, (Q) (see [2, Theorem
6.15]).

The cylindrical Poisson integral PJq [g](P) of g relative to T,,(Q) is defined as follows

PI0lg)(P) =L o, PalP.Qo(Quog,

where g(Q) is a locally integrable function on $,,(Q) and dog is the surface area element on S,,(Q).
Let h(P) be a function on T, (Q), we use the stand notations h™ = max{h,0} and h~ = —min{h, 0}.
The integral

J h(P)e(X)dQ
Q

of h(P) is denoted by Ny, (y) when it exists, where P = (X,y). The finite or infinite limits

lim e*ﬁyNh(y) and lim eﬁyNh(y)
Yy——+oo Yy——00
are denoted by %, ﬁ(h) and ¥ ﬁ(h) respectively, when they exist.

Recently, Qiao (see [8]) proved Carleman’s formula of harmonic functions by using the second Green’s
formula. As for the Carleman’s formulas of harmonic functions in a half-space, smooth cone and their
applications, we refer the interested readers to the papers of Armitage (see [1]), Kuran (see [3]) and Ronkin
(see [4, 9, 10]).

Our first aim in this paper is to prove cylindrical Carleman’s formula of subharmonic functions in a
truncated cylinder.

Theorem 1.1. Let 0 < 1 < R < 400 and define

Ay 11
Yly)=e <ezﬁy ezﬁR> ’

where v < [y|<R. Ifu(X,y) is a subharmonic function in two domains containing T, (Q,(r,R)) and T (Q,(—R, —1))
respectively, then we have

2V d¢(X") da(r)

F(X, y)Anu(X, y)dw = ——Ny (R +J uX,y" vy’ doo +4d;(v) + 1.1
JMQ,(T,R)) XA ydw = ZENGR ]y ) B e i+ 2T A
and
| 50X y)Anu(X, y)dw
Th(Q,(—R,—71)) 12)
2VAA 0 (X’) dy(—1) .
= VAN (R Xy ¥(—y’ doe + ds(— ,
VAR ul )+J5n(Q,(R,r))u( W(—y") I oQ +d3(—r) + VAR
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respectively, where dw denotes the elements of the Euclidean volume in R™,

X, y) =Y¥(y)e(X),

4 = | _‘p%() (ﬁu(x,r)Jr a“éﬁ’r)) a0,
Jo eVvVAT
b = | e o) (au(X,r) —f)\u(x,r)> a0,
Ja on
da(—1) = | —"’%() <\f>\u(x,—r)+au%<r’lr)> a0,
JOo eVvVAT
and
dy(—7) = eﬁrcp(X) (E)U.(X,—r) —VAau(X, —T)) dQ.
Ja on

As an application of Theorem 1.1, we give the integral representation of harmonic functions on T, (Q).
To do this, we denote &7 the class of f(X,y) ((X,y) € Tn(Q)) satisfying

roo e~ VAlyl (J |f(P)|P<p(X)dQ> dy < +o0 (1.3)
- O

o0

and %q the class of g(Q) (Q = (X’,y’) € Sx(Q)) such that

“+00 /
J e VAl J lg(Q)[P 9p(X )dO'X/ dy’ < +oo, (1.4)
o 20 onx:

where 1 < p < co. We denote by ¢ the class of all continuous h(X,y) ((X,y) € T (Q)) harmonic on
Ta(Q) with h™ (X, y) € #q ((X,y) € Ta(Q)) and h*(Q) € Za (Q = (X', y’) € Sn(Q)).

As an application of Theorem 1.1, we have the following result with weaker integral boundary condi-
tions, which is due to Qiao (see [8]) in the case p = 1.

Theorem 1.2. If h € €, then h € Zq.

2. Lemmas

Lemma 2.1 (see [12, Theroem 6]). Let g(Q) (Q = (X', y’)) be a continuous function on Sy (Q) satisfying

| Ay ( | IQ(Q)Ide'> dy’ < +oo, @)
00

—00

where dox: is the surface area element of 0Q at X' € 9Q. Then the cylindrical Poisson integral PIq[g](P) is a
solution of the Dirichlet problem on T (Q) with g and satisfies

U 5 (PIalgl) =0 2.2)

and
¥,5(PIalg)) = 0. (2.3)

Lemma 2.2 (see [5, Corollary 3]). Let h(P) (= 0) be a harmonic function on T (Q) vanishing continuously on
Sn(Q), then h(P) admits the following representation

h(P) = (%5(h)eV™ + 7 5 (e V™) (X)

forany P = (X,y) € T(Q).
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3. Proof of Theorems

3.1. Proof of Theorem 1.1

To prove (1.1). It is achieved by a similar argument in [8, Theorem 1.4]. From the definition of F(X,y),
we know that §(X,y) is harmonic on T, (Q) and vanishes continuously on Sy, (Q).

By applying the second Green'’s formula to u(X,y) and §(X,y) on T, (Q; (1, R)), we see that

0T (X, ou(X,
Xy = | (1009 T 500 20 )
Tn (Q;(7,R)) n n (31)
- J FX, y)Anu(X, y)dw,
n(Q;(T,R))
where 0/0n denotes the differentiation along the inward normal into T,,(€; (1, R)). Put
where
[ 0% (X ou(X
Ly = [ (uoor) Y g gy XU 4
Jo on y=R on y=R
[ 0% (X ou(X
Ly = [ (uoon BEY gy WU 4
Jo on y—r on y=r
and
[ 03 (X', y") ;- nou(X',y’)
(X,y) = (u(X’, N—""—-FX' y)—— ) dog.
P s i) Y on Y on °
It is easy to see that
B 9F(X,y) 2V
soR=0, SR = TRl (33)
0% (X, y) _ el 1 1
on yer - 7\/Xe 62\/7“_ + eZ\/XR (p(X)/ (34)
B 03X, y') 1 09 (X")
F(X,y) =0 and o =Y(y') T (3.5)

Thus (1.1) follows from (3.1), (3.2), (3.3), (3.4) and (3.5). We omit the proof of (1.2), since it can be
proved similarly.

3.2. Proof of Theorem 1.2

In order to make the proof simpler we prove only the case p = 1, since the proof of the case p > 1 is
similar by using Holder inequality. We apply (1.1) and (1.2) withR >r=1toh =h" —h™ in T, (Q; (1,R))
and T, (Q; (—R, —1)) respectively, and then obtain that

L 00(X) da(1)
m+(R)+an(a,(1,k))h+(Q)w(y ) onx doq+aill)+ e2VAR (3.6)
- B 9 (X) '
_m_(R)+JSn(Q,(1,R)Jh Q¥ onx 47e
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and
o (X’ ds(—1
() + | h Q) 28 4 1 ay(-1) +
Sn(Q,(—R,~1)) X € (3.7)
—m (R + R (Q¥(—y")
Sn(Q,(=R,—1))
respectively, where Q "y,
2VA 2VA
m4(R) = efRNhi( ) and my(—R)= eﬁ
Without loss of generality we can assume R > 2, we have from (3.6) and (3.7)
1 —VAy! _ a(P(X/) /
m_(R)+(1— J Ay <J h dox: | d
R+ (1- ) (@2 o ) ay
dp(X’
<m-®)+ ho Q) 22 agg (3.5)
Sn(Q,(1L,R)) nx/
Ry dp(X) /
<meR)+ e (| nt@ % Do ) ay' e b+ laaf)
1 20 onx:
and
1 R, L 0e(X)
_(—R 1-— E / !
ml )+( eﬁR>J ge (Jth Q) onx: dGX>dy
o (X’
<m(—R)+ | n Q) 28 4o (39)
Sn(Q,(—R,~1)) T
-1 / dep(X’
cm R+ [ e (| w2 do ) ay'+lda(-Dl+ (1),
—R 20 nx:
respectively.
Since h € ¢, we obtain from (1.3)
+oo +o00
J m, (R)dR = 2\5\J e*ﬁyNM (y)dy < +o0
1 1
and
+oo —1
J m4 (—R)dR = Z\fAJ’ eﬁyN}ﬁ (y)dy < +oo,
1 —o0
which give that
lim my(R) < 400 (3.10)
R—400
and
lim m4(—R) < 400, (3.11)
R—+o00
respectively.

Combining (1.3), (3.8), (3.9), (3.10) and (3.11), we can conclude that

“+o00 /
J e VA <J h_(Q)a(P(X )dox/> dy’ < o0
20 onx:
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and

/
J eVAY’ (J h(Q)a(p(X)dGX/> dy’ < +oo,
—o0 20 onx-

which give that

“+00 /
J e~ VAl (J h_(Q)a(p(X)dGX/> dy’ < +o0.
—x 20 onx

Hence Theorem 1.2 is proved from [h| = ht —h™.
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