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Abstract

Let L = —Ap, +V be a Schrodinger operator on the Heisenberg groups IHy,, where the non-negative potential V belongs

to the reverse Holder class RHg /2 and Q is the homogeneous dimension of Hy. Let b belong to a new BMOg(Hn, p) space,

and let JE be the fractional integral operator associated with L. In this paper, we study the boundedness of the operator J[Ls

and its commutators [b,J }g] with b € BMOg(IHn, p) on central generalized Morrey spaces LM%/’X(HTI) and generalized Morrey
spaces M%/’X(]Hn) associated with Schrodinger operator. We find the sufficient conditions on the pair (@1, @) which ensures
the boundedness of the operator J}g from LM{’,‘,’XI (Hy) to LMZ‘[XZ (Hy,) and from Mgf¥1 (Hy) to Mg‘%z (Hn), 1/p—1/q9 = B/Q.
When b belongs to BMOg (IHn, p) and (g1, ¢2) satisfies some conditions, we also show that the commutator operator [b,J }g} is
bounded from LM&’& (Hp) to LMg‘,’¥2(Hn) and from M%f¥1 to Ma‘,’gz, 1/p—1/q9 =/Q.
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1. Introduction

Heisenberg groups, in discrete and continuous versions, appear in many parts of mathematics, in-
cluding Fourier analysis, several complex variables, geometry, and topology. We state some basic results
about Heisenberg group. More detailed information can be found in [6, 11, 12] and the references therein.

Let us consider the Schrodinger operator on Heisenberg group Hi,

L=—-An, +V on Hy, n >3,
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where V is a non-negative, V # 0, and belongs to the reverse Holder class RH for some q > Q/2, ie.,
there exists a constant C > 0 such that the reverse Holder inequality

1 d Ya C
L \Y% (h)dh> < J V(h)dh
(|B(9/r)| JB(g,r) |B(9/T)‘ B(g,7)

holds for every g € Hy, and 0 < r < oo, where B(g,r) denotes the ball centered at g with radius r. In
particular, if V is a nonnegative polynomial, then V € RH,,. Obviously, RHy, C RHq,, if g2 > q1. The
reverse Holder class RHq have property, that is, if V € RHg, then V € RH ¢ for some € > 0.

We define the auxiliary function 0 < p(g) < oo for a given potential V € RHy with g > Q/2,

1 1
p(g) := =su {r:_J V(h)dhgl}
P mvle) U 2 e
for any g € H,, (for example, see [26]).
The BMO space BMOg(H, p) associated with Schrédinger operator with 6 > 0 is defined as a set of
all locally integrable functions b such that

1

J b(h)—b |dh<c(1+L)e
B(g, ) J(gm) BEES

p(g)

for all ¢ € H,, and v > 0, where bg = ‘iﬁfgb(h)dh (see [4]). A norm for b € BMOg(Hy, p), de-
noted by [blg, is given by the infimum of the constants in the inequalities above. Clearly, BMO(H,,) C
BMOg (Hn, p). We give the definition of central (local) and global generalized Morrey spaces (includ-

ing weak version) associated with Schrodinger operator, which is introduced by Guliyev in [14] on the
Euclidean setting (see also [1, 2, 4, 20, 28]).

Definition 1.1. Let ¢(r) be a positive measurable function on (0,00), 1 < p < 0o, « > 0, and V € RHg,
q > 1. We denote by Mg"'(\g = M]‘:’,‘,'X(Hn), LM]‘:’,‘,'X = LM]‘:’,‘;X(Hn) the generalized Morrey space, the central
generalized Morrey space associated with Schrédinger operator, the spaces of all functions f € LP (Hy)
with finite quasinorms

T x
fl[\fov = su <1+—> Q(r) I Pf /
Il ey eorp ol Ifllc, 8o

T & 1
HfHng;g :sulg (1+7p(e)) o) I Q/p”f”Lp(B(e’r)),
T>

respectively. Here e is the identity element in H,,. Also by WMg‘;g = WM%‘;(\;(I[—IH) and LWM%;X =
LWM]‘;‘;X(I[—In) we denote the weak generalized Morrey space and central weak generalized Morrey space
associated with Schrodinger operator, the spaces of all functions f € WL (Hy) with

T 08
f v = Su (1 + 7) (1) P lwL, (s < 00,
| HWMp,(p gelHnI,?r>O 0(g) (il p(B(g,1))

T x 1
HfHLWMS;x = Sng (1 + 7p(e)) o(r)'r Q/prHWLp(B(e,r)) < 00,
T>

respectively.

Remark 1.2.

(i) When o = 0, and ¢(r) = r(A=Q)/p, Mg‘;g(]R“) is the classical Morrey space M, 5 (R™) introduced
by Morrey in [24] and LM;‘;};(R”) is the central Morrey space LM, 5 (R™) studied by Alvarez et al.
in [3] on the Euclidean setting;
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(ii) when o@(r) = rA=Q)/p, Mg‘;g(]R“) is the Morrey space associated with Schrodinger operator
M;"’;\/ (R™) studied by Tang and Dong in [28] on the Euclidean setting;

(iii) when a =0, Mg‘;g(]l—ln) is the generalized Morrey space M, o, (IHy,) studied by Guliyev et al. in [18]
and LM{;‘;X(]HTL) is the central generalized Morrey space LM, ,, (IH,,) studied by Guliyev in [17], see
also [15, 16, 19, 22];

(iv) Mg‘;g(ﬂ(“) and I_Mg‘,'(\g(]R“) are the generalized Morrey space and the central generalized Morrey
space associated with Schrodinger operator, respectively, studied by Guliyev in [14] on the Euclidean
setting, see also [1, 2, 20].

The classical Morrey spaces My, x (R™) were introduced by Morrey in [24] to study the local behavior
of solutions to second order elliptic partial differential equations. For the properties and applications of
classical Morrey spaces, we refer the readers to [7, 10, 24, 25]. The generalized Morrey spaces are defined
with 1 replaced by a general non-negative function ¢(r) satisfying some assumptions (see, for example,
[8,9, 18, 21] and etc).

Definition 1.3. Let L = —Ap, +V with V € RHg /». The fractional integral associated with L is defined
by
(0]
Thtle) = LP2rlg) = | " et )lg) >t

for 0 < B < Q. The commutator of J}g is defined by

[b,I5]f(g) = b(g)I5f(g) — I5(bf)(g).

Note that, if L = —Ap,, is the subLaplacian on H,,, then .']IB and [b,JfLs] are the Riesz potential Iz and
the commutator of the Riesz potential [b, 1], respectively, that are

f(h b(g) —b(h

In this paper, we consider the boundedness of the operator J}g and its commutators [b,J}g] with
b € BMOg(Hy, p) on central generalized Morrey spaces LM]‘;‘;X(II—ITL) and generalized Morrey spaces
Mg‘;(\g(H—In) associated with Schrédinger operator.

In this paper, we shall use the symbol A < B to indicate that there exists a universal positive constant
C, independent of all important parameters, such that A < CB. A ~ B means that A < B and B < A.

2. Some preliminaries

Let H,, be a Heisenberg group of dimension 2n + 1, that is, a nilpotent Lie group with underlying
manifold R*™ x R. The group structure is given by

n
(x, t)y, s) =(x+vy, t+s +ZZ(Xn+jUj —XjYn+j)).
j=1

The Lie algebra of left-invariant vector fields on H,, is spanned by

0 0 0 0 0

Xoma1 = =, X; = — +2xXnsio) Xnaj = ——— —2%—, j =1,...,m.

S T A R PR F TR B S T "
The non-trivial commutation relations are given by [Xj, Xn ;] = —4Xon41, j = 1,...,n. The sub-Laplacian
AR, is defined by Ay, = Zle X]?. The Haar measure on H, is simply the Lebesgue measure on R?™ x RR.
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The measure of any measurable set E C H,, is denoted by |E[. The homogeneous norm on H,, is defined
by
1
gl = (X*+[t?)4, g = (x, t) € Hy,

which leads to a left-invariant distance d(g, h) = |g~'h| on H,,. The dilations on H,, have the form
5:(x, t) = (rx, r*t), v > 0. The Haar measure on this group coincides with the Lebesgue measure
dx = dx;...dxpndt. The identity element in H,, ise = 0 € R?"*1, while the element g—! inverse to
g = (x,t) is (—x,—t). The ball of radius r and centered at g is B(g, r) = {h € H, : |g~'h| < 1} and
IB(g,7)| = rQ|B(0,1)|, where Q = 2n + 2 is the homogeneous dimension of H,,. If B = B(g, r), then AB
denotes B(g, Ar) for A > 0. Clearly, we have [AB| = AQ|B|.

For background on the analysis on the Heisenberg groups we refer the reader to [12, 27].

We would like to recall the important properties concerning the critical function.

Lemma 2.1 ([23]). Let V € RHq /o. For the associated function p there exist C and ko > 1 such that

= [hTg[\ o gl i
Clo()(1+ ) <oln < Colg)(1+ 5 ) @1)

forall g,h € Hy,.

Lemma 2.2. [2] Suppose g € B(go, ). Then for k € N we have

1 < 1
N N/(ko+1)°
2k 2k
<L+pw0 (1+ ())

We give some inequalities about the new BMO space BMOg (Hy, p).
Lemma 2.3 ([4]). Let 1 < s < c0. If b € BMOg(Hn, p), then

(151 ), Totm —voran)” < o (147"
forall B =B(g,r), with g € Hy, and r > 0, where 0’ = (ko + 1)0 and Ko is the constant appearing in (2.1).
Lemma 2.4 ([4]). Let 1 <s < oo, b € BMOg(IHn, p), and B = B(g, ). Then
(|2k1]3| LkB (k) — bylan) < wlok(1+ i]r))e
forall k € N, with 0 as in Lemma 2.3.
Let Kg be the kernel of J L. The following result gives the estimate on the kernel Kg(g,y).

Lemma 2.5 ([5]). If V € RHq /o, then for every N, there exists a constant C such that

C 1

(1+ ‘h(lg‘)N [h1g]®"

Ke(g,y)l < (2.2)

Finally, we recall a relationship between essential supremum and essential infimum.

Lemma 2.6 ([29]). Let f be a real-valued nonnegative function and measurable on E. Then

1
ess inff = ess su
( gk (9)> e ! )
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Lemma 2.7 ([20]). Let ¢ be a positive measurable function on (0,00), 1 <p < oo, « > 0,and V € RHg, g > 1.

If

<

TONXT
sup <1+pTe)) (p(r):oo for some t > 0,

t<r<oo
then LM]‘:’,‘;X(II-ITL) = O, where © is the set of all functions equivalent to 0 on Hy,.

Lemma 2.8 ([2, 8]). Let ¢ be a positive measurable function on (0,00), 1 <p < oo, x > 0,and V€ RHq, q > 1.
@) If

(1+-)" o fi 0 and for all g € H
su + — =0 or some t > 0 ana fora € ,
t<r£lo p(g) () f‘ J "

then Mg‘;g(l[—ln) =0.
(i) If

sup (1 + 7) : o) =00 for some T >0 and forall g € Hy,
o<r<t p(g)
then Mg‘;g(ﬂ—ln) = 0.

Remark 2.9. We denote by Q%

ploc (see [20]) the sets of all positive measurable functions ¢ on (0, c0) such
that for all t > 0,

|0+ 55)" 5

Moreover, we denote by Qg"v (see [2, 8]) the sets of all positive measurable functions ¢ on (0, c0) such
that for all t > 0,

< 0.
Lo (t,00)

_Q
T XTr p X
su H 1+—) — < oo, and su H — T*IH < 00,
gG]IE < (9)> (1) e (t,00) geﬁ) ( (g)> o(r) Lo (0,t)
respectively.

For the non-triviality of the spaces LM]‘[’,‘;(\;(IHTL), M"‘;V(]H ) we always assume that ¢ € Qp oy @ €
Qg"V, respectively.
3. Main results

We first prove the following local Guliyev estimates (see [13, 15, 17]) for the operator J};.
Theorem 3.1. Let V€ RHg ». If 1 <p < Q/B, 1/q =1/p —B/Q, then the inequality

L Q [ IIfllL, (B(got)) dt
196 (O)llLq (Bgorn) ST J — = 3
2r tda

holds for any f € L} (Hy). Moreover, for p = 1 the inequality

|| f| dt
L <8 |7 [flLiBier) dt
||J[3(f)”WLQ49T(B(901T)) ST LT tQ—P t

holds for any f € L} _(Hn).
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Proof. For arbitrary go € Hy,, set B = B(go, 1) and AB = B(go, Ar) for any A > 0. We write f as f = f; + f,
where fi(h) = f(h)x, (6027) (h), and x, (6027) denotes the characteristic function of B(gp,2r). Then

L L L
196 () llLqBgom) < 195 (F)llLg (B(gory) + 178 (F2)llLq (B(gor))-

Since f1 € Ly (IR™) and from the boundedness of J[LS from L, (Hy) to Ly (Hn) (see [23, 27]) it follows that

Q ©dt IfllL, (B(got)) dt
75 (f1) f < rdallf <rd p—o—. 3.1
198 (FILq(B(gor)) S L, (B(go2r)) STOIFL, (B gﬂr))Lr R LT 0 . 3.1)

Eo estimate [|J (f2)[|L, (B(gq,r)), Obverse that g € B, h € (2B) implies [h~'g| ~ [h""go|. Then by (2.2) we
ave

f o0
sup (gl < [ Kelgmiwians | sy S Y E ) [ njan,
geB (2B)e (2B)¢ [h—1g| o 2k+1B
By Holder’s inequality we get
o0 Q 2k+1T
suplJh (£2)(g)] S Y 1, eonmy 2571058 [
geB k=1 2k
(o] ok+1,. £ % ||f (32)
< ZJ | ||Lp B(go,t)) dt <J | ||Lp(B(go,t))g
Nk:1 2k t% t ™ oy t% t
Then
* |IfllL, (B(got)) dt
175 (F2) Ly (B (gor)) ST J b Clot)) - (3.3)
2r ta
holds for 1 < p < Q/pB. Therefore, by (3.1) and (3.3) we get
% |If[lL, (B(got)) dt
9L (f < 2L (Bloot)) CF
196 (F)llLq (B gor) ST LT 2 X
holds for 1 <p < Q/B.
When p =1, by the boundedness of fII[g from L;(H, ) to WL o2 (Hn) (see [23, 27]), we get
> |Ifll dt
L Q IfllLs (B(got)) dt
Hjﬁ(fl)HWL%(B(go,r)) Sl Bge2rny ST Lr Qb
By (3.3) we have
* |IfllL, (B(got)) dt
75 (f < |95 (f <Q Jl J0.2 1) =2,
175 2)HWL%(B(90,T)) 15 2)HL&(B(90,2T)) ST T =
Then Il
L < .Q-p [ MLy (B(got)) dt
HJB(f)HWL&(B(gg,T)) ~T JZr tQ—B t 0

Our main results are as follows.

Theorem 3.2. Let V € RHgp, 0 > 0,1 <p < Q/B, 1/q =1/p—B/Q and @1 € Qg;lgc, @ € Qg;lgc satisfy
the condition

t<s<oo

. Q
oo essinf @q(s)s® dt
| < copa(r), (3.4

Q
T ta

where cq does not depend on r. Then the operator JL is bounded on LM% o, (Hy) to LMy o, (Hy) for p > 1 and
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from LM{Y (Hp) to WM™y (Hp).
/1 Q B /P2

Proof. From Lemma 2.6, we have

1 1
g =esssup —.
ess inf @1(s)s® t<s<co @q(s)sP
t<s<oo
Note the fact that [[f[[; (B (e,r)) is @ nondecreasing function of r, and f € LMJ'g 1(]I—In), then
(14 555) I, e (1+ 55) "Il (5 e
g < ess sup g
ess inf @1(s)s® T<s<oo @1(s)s»
r<s<oo
_ (1+ ) I ||Lp B(e,s)) <l
~ Sup N AR
0<s<oo (91(3)5% LMyp/e
Since o > 0, and (1, @3) satisfies the condition (3.4), then
Q
[ Iflle, (B(e) dt [ (14 5% ) "Il e o35 inf @1(s)s7 4o
IhtpibleT)) 2% —
2r T% T 2r ess inf (pl(s)s% (1—1—#) r% T
T<S$<00 p(e)
. Q
o0 eisinf @1(s)s» dt
Sy, |, P T
P@ Q =
tJor (1—1—0(16)) Ta (3.5)
< LA
flhmgy, (14 5755)
ess inf @1(s )s%
o0 1 dt T\ X
TIS<O hathd < f N (1 7) .
<J T S gy, () et
Then by Theorem 3.1 we get
T 1
||9[%(f)||LMf;;V SUP( @) @a(r) M Q/quI[g(f)”Lp(B(e,r))
T\« 1 [ ML, (B ety dt
< su ( ) @(7) J Tp(Blet) OF < g oy
r>}8 p(e) o7 t% t ” ”LMp,wl

Letq = &, similar to the estimates of (3.5) we have

* |If[|L, (B(e,r)) AT T\
LB e ey (14 =7) a0,
[, S S gy (14 515) 02l

Thus by Theorem 3.1 we get

T X
I5 (f «, <su (1—1——) ) B Qgk(f

=52 >0
TO\® © |f]l¢, (B(e,r)) dT
<sup (147 2) (pz(r)_lj PoiBe) 8T ey 0
r>Ig p(e) 2r Q-8 T H HLML(Pl

Corollary 3.3. Let VERHg 0, x 20,1 <p < Q/B,1/q=1/p—B/Qand ¢1 € Qg'v, @2 € Qg"v satisfy the
condition (3.4). Then the operator JL is bounded on M&Y (Hy) to M&Y (Hy) for p > 1 and from M{./ (Hy)

to WM“V (H.,).
[5 /P2
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Theorem 3.4. Let V € RHqp, 20,1 <p < Q/B, 1/q =1/p—B/Q and @1 € QX0 @2 € Q. satisfy
the condition

o0 ty ©88 inf (pl(s)s% dt
- <s<o0 <
| (eml) =T <o, 36)
where cg does not depend on v. If b € BMOg(Hn, p), then the operator [b, 5L] is bounded from LMy o, (Hy) to
LM§y, (Hy).

Corollary 3.5. Let V€ RHg 5, x 20,1 <p < Q/B, 1/ =1/p—B/Q and @1 € Q"‘V, @2 € Q"‘V satisfy

the condition (3.6). If b € BMOg(Hn, p), then the operator [b,JIB} is bounded from My ¥1 (H,) to Mg‘xz(]l—l ).

As the proof of Theorem 3.4, it suffices to prove the following local Guliyev estimates (see [16]) for the
commutator operator [b, ] L].

Theorem 3.6. Let V € RHg /p, b € BMOg(Hn, p). If 1 <p < Q/B,1/q =1/p — B/Q then the inequality
L Q [* IfllL, (B(gor)) dT
9,50y % 0lor¥ [ (11n ) e et
holds for any f € L} (Hy).
Proof. We write f as f = f; + fp, where f1(h) = f(h)xB(g(],Zr) (h)- Then

H[bfj[%](f)||Lq(B(go,r)) < ||[b/5(L5](f1)HLq(B(go,r)) + H[er[La](fz)||Lq(B(go,r))-

By the boundedness of [b, J[Ls] on L,(Hy) to Ly (IHy) (see [23, 27]) and (3.1) we get

Q (* IfllL, (B(gor)) dT
110, 351 (F) Ly (B(gor)) < BlallfllL, (B(gpar)) S [blor L p—ggOT7
T Tq
(3.7)
S f
< [b}erﬁj (1+lnT)| ”LP“;(QO'T”E
or T T4 T
We now turn to deal with the term ||[b, J}g] (f2)llLy (B (go,r))- For any given g € B(go, v) we have
|[b,3}g]fz(9)| < |b(g) — bzl |Jlg(f2)(9)| + |3[L3((b—b28)f2)(9)|-
Then by (3.2), Lemma 2.3, and taking N > (ko + 1)0 we get
21 \O-N/(ko+1) [ ||[f|lL (B(gyr)) dT
ll(b(g) _bZB)jIé(fZ)HLq(B(gO,r)) < [blgr (1+ p(go)> L F’T—%QOTT
. ' (3.8)
< [b]erSJ (1+m )‘ L] (Blgor) T
2r T4 T

Finally, let us estimate Hﬂ}g ((b—"Dyp)f2) HLq (B(go,r))- By (2.2), Lemma 2.2, and (3.2) we have

sup 7§ (b — b2s)f2) (g)] < L [b(h) —bagllf(h)] 4
p B g ~ c ‘hfl ‘ N h_l Q—B
geB (2B) <1+ p(g? ) ‘ 90|

. 1
<y A J,..,. Totr) —basftian
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- 1
s Z . \N/(ko+1) LKHB |b(h) —bagl[f(h)[dh.
—1 (2%r)Q—B (1 4 pz(gg))
Note that
N 1/p’
Lkﬂg Ib(h) — bagllf(h)ldh < (Lkﬂs Ib(h) —bog [P ) i
2k \ 0’ Q
: Mek(] i p(90)> 250 Il (B go 2617)-
Then
L e K(2kr) "B +B
sup |5 ((b —b2p)f2)(g)l < [ble Z N/ (ko+1)—6’ Il (B(go2r+1r)
geB =1 <1+ 2kp >
p(go)
>0 o0 2k+1r f d
< [blo Z k(2¥r) IfllL, (B(go2x+1r)) < [blo Z kJ HHLM#:.
k=1 k=1 ZkT T4 T

Since 2%r < t < 2%y, then k ~ In 7. Thus

00 2k+1T f d
sup |f]fL3((b bog)f2)( Z J Iy ngnl
geB T4 T
[e'e) 2k+1 f 00
GZJ nI” IILP(BQ(go,T))g < [b]eJ <1+1 7) ]I, 8 ngng‘
1 J2kT T T4 T 2r T4 T
Then
Q [*® IfllL, (B(gorr)) dT
HJL b—boB)f2) |1, (B(gor)) < [bloT J (1+1 )p—QgOT*- (3.9)
27 T T4 T
Combining (3.7), (3.8), and (3.9), the proof of Theorem 3.6 is completed. O

Proof of Theorem 3.4. Since f € LM]‘;‘;gl (Hy) and (@1, @2) satisfies the condition (3.6), by (3.5) we have

2r T% T

ro (1+1 >””Lpeﬂ)dT:J (H ) Ille, (8 ))(HlnT)ggSsiggcpl(s)svdT
2r

ess inf @1(s)s?
TIS<O

ess inf @1(s)s dt

S.; HfHMa,v JOO (]__i_]nI) T<s<0o0 M
Pe1 Jor T <1+pfe)> Tq T

. Q
ess inf @q(s)s™ dt

Sy, (14 575) | (140 7) B S—
< gy, (14 5755)  @2lr)
Then from Theorem 3.6 we get
||[b'JIB](f)||LMg;¥2 S sup (1 + ﬁ) " py(r) I/ 10, 351 (F)ILy (B (e
< [blosup <1+p(re)>a(p2(r)l LT (1+1 T)””L"T%)d: < Blollfl gy - O

Remark 3.7. Note that, Theorem 3.2 in the case of V = 0 was proved in [18, Theorem 5.2].
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