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Abstract
Let L = −∆Hn

+ V be a Schrödinger operator on the Heisenberg groups Hn, where the non-negative potential V belongs
to the reverse Hölder class RHQ/2 and Q is the homogeneous dimension of Hn. Let b belong to a new BMOθ(Hn, ρ) space,
and let ILβ be the fractional integral operator associated with L. In this paper, we study the boundedness of the operator ILβ

and its commutators [b, ILβ] with b ∈ BMOθ(Hn, ρ) on central generalized Morrey spaces LMα,V
p,ϕ(Hn) and generalized Morrey

spaces Mα,V
p,ϕ(Hn) associated with Schrödinger operator. We find the sufficient conditions on the pair (ϕ1,ϕ2) which ensures

the boundedness of the operator ILβ from LMα,V
p,ϕ1(Hn) to LMα,V

q,ϕ2(Hn) and from Mα,V
p,ϕ1(Hn) to Mα,V

q,ϕ2(Hn), 1/p− 1/q = β/Q.
When b belongs to BMOθ(Hn, ρ) and (ϕ1,ϕ2) satisfies some conditions, we also show that the commutator operator [b, ILβ] is

bounded from LMα,V
p,ϕ1(Hn) to LMα,V

q,ϕ2(Hn) and from Mα,V
p,ϕ1 to Mα,V

q,ϕ2 , 1/p− 1/q = β/Q.
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1. Introduction

Heisenberg groups, in discrete and continuous versions, appear in many parts of mathematics, in-
cluding Fourier analysis, several complex variables, geometry, and topology. We state some basic results
about Heisenberg group. More detailed information can be found in [6, 11, 12] and the references therein.

Let us consider the Schrödinger operator on Heisenberg group Hn

L = −∆Hn
+ V on Hn, n > 3,
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where V is a non-negative, V 6= 0, and belongs to the reverse Hölder class RHq for some q > Q/2, i.e.,
there exists a constant C > 0 such that the reverse Hölder inequality(

1
|B(g, r)|

∫
B(g,r)

Vq(h)dh

)1/q

6
C

|B(g, r)|

∫
B(g,r)

V(h)dh

holds for every g ∈ Hn and 0 < r < ∞, where B(g, r) denotes the ball centered at g with radius r. In
particular, if V is a nonnegative polynomial, then V ∈ RH∞. Obviously, RHq2 ⊂ RHq1 , if q2 > q1. The
reverse Hölder class RHq have property, that is, if V ∈ RHq, then V ∈ RHq+ε for some ε > 0.

We define the auxiliary function 0 < ρ(g) <∞ for a given potential V ∈ RHq with q > Q/2,

ρ(g) :=
1

mV(g)
= sup
r>0

{
r :

1
rn−2

∫
B(g,r)

V(h)dh 6 1
}

for any g ∈Hn (for example, see [26]).
The BMO space BMOθ(Hn, ρ) associated with Schrödinger operator with θ > 0 is defined as a set of

all locally integrable functions b such that

1
|B(g, r)|

∫
B(g,r)

|b(h) − bB|dh 6 C
(

1 +
r

ρ(g)

)θ
for all g ∈ Hn and r > 0, where bB = 1

|B|

∫
B b(h)dh (see [4]). A norm for b ∈ BMOθ(Hn, ρ), de-

noted by [b]θ, is given by the infimum of the constants in the inequalities above. Clearly, BMO(Hn) ⊂
BMOθ(Hn, ρ). We give the definition of central (local) and global generalized Morrey spaces (includ-
ing weak version) associated with Schrödinger operator, which is introduced by Guliyev in [14] on the
Euclidean setting (see also [1, 2, 4, 20, 28]).

Definition 1.1. Let ϕ(r) be a positive measurable function on (0,∞), 1 6 p < ∞, α > 0, and V ∈ RHq,
q > 1. We denote byMα,V

p,ϕ =Mα,V
p,ϕ(Hn), LMα,V

p,ϕ = LMα,V
p,ϕ(Hn) the generalized Morrey space, the central

generalized Morrey space associated with Schrödinger operator, the spaces of all functions f ∈ Lploc(Hn)
with finite quasinorms

‖f‖
Mα,V
p,ϕ

= sup
g∈Hn,r>0

(
1 +

r

ρ(g)

)α
ϕ(r)−1r−Q/p‖f‖Lp(B(g,r)),

‖f‖
LMα,V

p,ϕ
= sup
r>0

(
1 +

r

ρ(e)

)α
ϕ(r)−1r−Q/p‖f‖Lp(B(e,r)),

respectively. Here e is the identity element in Hn. Also by WMα,V
p,ϕ = WMα,V

p,ϕ(Hn) and LWMα,V
p,ϕ =

LWMα,V
p,ϕ(Hn) we denote the weak generalized Morrey space and central weak generalized Morrey space

associated with Schrödinger operator, the spaces of all functions f ∈WLploc(Hn) with

‖f‖
WMα,V

p,ϕ
= sup
g∈Hn,r>0

(
1 +

r

ρ(g)

)α
ϕ(r)−1r−Q/p‖f‖WLp(B(g,r)) <∞,

‖f‖
LWMα,V

p,ϕ
= sup
r>0

(
1 +

r

ρ(e)

)α
ϕ(r)−1r−Q/p‖f‖WLp(B(e,r)) <∞,

respectively.

Remark 1.2.

(i) When α = 0, and ϕ(r) = r(λ−Q)/p, Mα,V
p,ϕ(R

n) is the classical Morrey space Mp,λ(R
n) introduced

by Morrey in [24] and LMα,V
p,ϕ(R

n) is the central Morrey space LMp,λ(R
n) studied by Alvarez et al.

in [3] on the Euclidean setting;
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(ii) when ϕ(r) = r(λ−Q)/p, Mα,V
p,ϕ(R

n) is the Morrey space associated with Schrödinger operator
Mα,V
p,λ (R

n) studied by Tang and Dong in [28] on the Euclidean setting;

(iii) when α = 0, Mα,V
p,ϕ(Hn) is the generalized Morrey space Mp,ϕ(Hn) studied by Guliyev et al. in [18]

and LMα,V
p,ϕ(Hn) is the central generalized Morrey space LMp,ϕ(Hn) studied by Guliyev in [17], see

also [15, 16, 19, 22];
(iv) Mα,V

p,ϕ(R
n) and LMα,V

p,ϕ(R
n) are the generalized Morrey space and the central generalized Morrey

space associated with Schrödinger operator, respectively, studied by Guliyev in [14] on the Euclidean
setting, see also [1, 2, 20].

The classical Morrey spaces Mp,λ(R
n) were introduced by Morrey in [24] to study the local behavior

of solutions to second order elliptic partial differential equations. For the properties and applications of
classical Morrey spaces, we refer the readers to [7, 10, 24, 25]. The generalized Morrey spaces are defined
with rλ replaced by a general non-negative function ϕ(r) satisfying some assumptions (see, for example,
[8, 9, 18, 21] and etc).

Definition 1.3. Let L = −∆Hn
+ V with V ∈ RHQ/2. The fractional integral associated with L is defined

by

ILβf(g) = L
−β/2f(g) =

∫∞
0
e−tL(f)(g) tβ/2−1dt

for 0 < β < Q. The commutator of ILβ is defined by

[b, ILβ]f(g) = b(g)I
L
βf(g) − ILβ(bf)(g).

Note that, if L = −∆Hn
is the subLaplacian on Hn, then ILβ and [b, ILβ] are the Riesz potential Iβ and

the commutator of the Riesz potential [b, Iβ], respectively, that are

Iβf(g) =

∫
Hn

f(h)

|h−1g|Q−β
dh, [b, Iβ]f(g) =

∫
Hn

b(g) − b(h)

|h−1g|Q−β
f(h)dh.

In this paper, we consider the boundedness of the operator ILβ and its commutators [b, ILβ] with
b ∈ BMOθ(Hn, ρ) on central generalized Morrey spaces LMα,V

p,ϕ(Hn) and generalized Morrey spaces
Mα,V
p,ϕ(Hn) associated with Schrödinger operator.

In this paper, we shall use the symbol A . B to indicate that there exists a universal positive constant
C, independent of all important parameters, such that A 6 CB. A ≈ B means that A . B and B . A.

2. Some preliminaries

Let Hn be a Heisenberg group of dimension 2n+ 1, that is, a nilpotent Lie group with underlying
manifold R2n ×R. The group structure is given by

(x, t)(y, s) = (x+ y, t+ s + 2
n∑
j=1

(xn+jyj − xjyn+j)).

The Lie algebra of left-invariant vector fields on Hn is spanned by

X2n+1 =
∂

∂t
, Xj =

∂

∂xj
+ 2xn+j

∂

∂t
, Xn+j =

∂

∂xn+j
− 2xj

∂

∂t
, j = 1, . . . ,n.

The non-trivial commutation relations are given by [Xj, Xn+j] = −4X2n+1, j = 1, . . . ,n. The sub-Laplacian
4Hn

is defined by ∆Hn
=
∑2n
j=1 X

2
j . The Haar measure on Hn is simply the Lebesgue measure on R2n×R.
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The measure of any measurable set E ⊂Hn is denoted by |E|. The homogeneous norm on Hn is defined
by

|g| = (|x|4 + |t|2)
1
4 , g = (x, t) ∈Hn,

which leads to a left-invariant distance d(g, h) = |g−1h| on Hn. The dilations on Hn have the form
δr(x, t) = (rx, r2t), r > 0. The Haar measure on this group coincides with the Lebesgue measure
dx = dx1 . . .dx2ndt. The identity element in Hn is e = 0 ∈ R2n+1, while the element g−1 inverse to
g = (x, t) is (−x,−t). The ball of radius r and centered at g is B(g, r) = {h ∈ Hn : |g−1h| < r} and
|B(g, r)| = rQ|B(0, 1)|, where Q = 2n+ 2 is the homogeneous dimension of Hn. If B = B(g, r), then λB
denotes B(g, λr) for λ > 0. Clearly, we have |λB| = λQ|B|.

For background on the analysis on the Heisenberg groups we refer the reader to [12, 27].
We would like to recall the important properties concerning the critical function.

Lemma 2.1 ([23]). Let V ∈ RHQ/2. For the associated function ρ there exist C and k0 > 1 such that

C−1ρ(g)
(

1 +

∣∣h−1g
∣∣

ρ(g)

)−k0
6 ρ(h) 6 Cρ(g)

(
1 +

∣∣h−1g
∣∣

ρ(g)

) k0
1+k0 (2.1)

for all g,h ∈Hn.

Lemma 2.2. [2] Suppose g ∈ B(g0, r). Then for k ∈ N we have

1(
1 + 2kr

ρ(g)

)N .
1(

1 + 2kr
ρ(g0)

)N/(k0+1) .

We give some inequalities about the new BMO space BMOθ(Hn, ρ).

Lemma 2.3 ([4]). Let 1 6 s <∞. If b ∈ BMOθ(Hn, ρ), then( 1
|B|

∫
B

|b(h) − bB|
sdh

)1/s
6 [b]θ

(
1 +

r

ρ(g)

)θ ′
for all B = B(g, r), with g ∈Hn and r > 0, where θ ′ = (k0 + 1)θ and k0 is the constant appearing in (2.1).

Lemma 2.4 ([4]). Let 1 6 s <∞, b ∈ BMOθ(Hn, ρ), and B = B(g, r). Then( 1
|2kB|

∫
2kB

|b(h) − bB|
sdh

)1/s
6 [b]θk

(
1 +

2kr
ρ(g)

)θ ′
for all k ∈N, with θ ′ as in Lemma 2.3.

Let Kβ be the kernel of ILβ. The following result gives the estimate on the kernel Kβ(g,y).

Lemma 2.5 ([5]). If V ∈ RHQ/2, then for every N, there exists a constant C such that

|Kβ(g,y)| 6
C(

1 +

∣∣h−1g
∣∣

ρ(g)

)N 1∣∣h−1g
∣∣Q−β

. (2.2)

Finally, we recall a relationship between essential supremum and essential infimum.

Lemma 2.6 ([29]). Let f be a real-valued nonnegative function and measurable on E. Then(
ess inf
g∈E

f(g)
)−1

= ess sup
g∈E

1
f(g)

.
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Lemma 2.7 ([20]). Let ϕ be a positive measurable function on (0,∞), 1 6 p < ∞, α > 0, and V ∈ RHq, q > 1.
If

sup
t<r<∞

(
1 +

r

ρ(e)

)α r−n
p

ϕ(r)
=∞ for some t > 0,

then LMα,V
p,ϕ(Hn) = Θ, where Θ is the set of all functions equivalent to 0 on Hn.

Lemma 2.8 ([2, 8]). Let ϕ be a positive measurable function on (0,∞), 1 6 p <∞, α > 0, and V ∈ RHq, q > 1.

(i) If

sup
t<r<∞

(
1 +

r

ρ(g)

)α r−Q
p

ϕ(r)
=∞ for some t > 0 and for all g ∈Hn,

then Mα,V
p,ϕ(Hn) = Θ.

(ii) If

sup
0<r<τ

(
1 +

r

ρ(g)

)α
ϕ(r)−1 =∞ for some τ > 0 and for all g ∈Hn,

then Mα,V
p,ϕ(Hn) = Θ.

Remark 2.9. We denote by Ωα,V
p,loc (see [20]) the sets of all positive measurable functions ϕ on (0,∞) such

that for all t > 0, ∥∥∥(1 +
r

ρ(e)

)α r−n
p

ϕ(r)

∥∥∥
L∞(t,∞)

<∞.

Moreover, we denote by Ωα,V
p (see [2, 8]) the sets of all positive measurable functions ϕ on (0,∞) such

that for all t > 0,

sup
g∈Hn

∥∥∥(1 +
r

ρ(g)

)α r−Q
p

ϕ(r)

∥∥∥
L∞(t,∞)

<∞, and sup
g∈Hn

∥∥∥(1 +
r

ρ(g)

)α
ϕ(r)−1

∥∥∥
L∞(0,t)

<∞,

respectively.

For the non-triviality of the spaces LMα,V
p,ϕ(Hn), Mα,V

p,ϕ(Hn) we always assume that ϕ ∈ Ωα,V
p,loc, ϕ ∈

Ωα,V
p , respectively.

3. Main results

We first prove the following local Guliyev estimates (see [13, 15, 17]) for the operator ILβ.

Theorem 3.1. Let V ∈ RHQ/2. If 1 < p < Q/β, 1/q = 1/p−β/Q, then the inequality

‖ILβ(f)‖Lq(B(g0,r)) . r
Q
q

∫∞
2r

‖f‖Lp(B(g0,t))

t
Q
q

dt

t

holds for any f ∈ Lploc(Hn). Moreover, for p = 1 the inequality

‖ILβ(f)‖WL Q
Q−β

(B(g0,r)) . r
Q−β

∫∞
2r

‖f‖L1(B(g0,t))

tQ−β

dt

t

holds for any f ∈ L1
loc(Hn).
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Proof. For arbitrary g0 ∈ Hn, set B = B(g0, r) and λB = B(g0, λr) for any λ > 0. We write f as f = f1 + f2,
where f1(h) = f(h)χB(g0,2r)(h), and χ

B(g0,2r) denotes the characteristic function of B(g0, 2r). Then

‖ILβ(f)‖Lq(B(g0,r)) 6 ‖ILβ(f1)‖Lq(B(g0,r)) + ‖ILβ(f2)‖Lq(B(g0,r)).

Since f1 ∈ Lp(Rn) and from the boundedness of ILβ from Lp(Hn) to Lq(Hn) (see [23, 27]) it follows that

‖ILβ(f1)‖Lq(B(g0,r)) . ‖f‖Lp(B(g0,2r)) . r
Q
q ‖f‖Lp(B(g0,2r))

∫∞
2r

dt

t
Q
q+1

. r
Q
q

∫∞
2r

‖f‖Lp(B(g0,t))

t
Q
q

dt

t
. (3.1)

To estimate ‖ILβ(f2)‖Lp(B(g0,r)), obverse that g ∈ B, h ∈ (2B)c implies
∣∣h−1g

∣∣ ≈ ∣∣h−1g0
∣∣. Then by (2.2) we

have

sup
g∈B

|ILβ(f2)(g)| 6
∫
(2B)c

|Kβ(g,h)f(h)|dh .
∫
(2B)c

|f(h)|∣∣h−1g0
∣∣Q−β

dy .
∞∑
k=1

(2k+1r)−Q+β

∫
2k+1B

|f(h)|dh.

By Hölder’s inequality we get

sup
g∈B

|ILβ(f2)(g)| .
∞∑
k=1

‖f‖Lp(2k+1B)(2
k+1r)−1−Q

p+β
∫ 2k+1r

2kr
dt

.
∞∑
k=1

∫ 2k+1r

2kr

‖f‖Lp(B(g0,t))

t
Q
q

dt

t
.
∫∞

2r

‖f‖Lp(B(g0,t))

t
Q
q

dt

t
.

(3.2)

Then

‖ILβ(f2)‖Lq(B(g0,r)) . r
Q
q

∫∞
2r

‖f‖Lp(B(g0,t))

t
Q
q

dt

t
(3.3)

holds for 1 6 p < Q/β. Therefore, by (3.1) and (3.3) we get

‖ILβ(f)‖Lq(B(g0,r)) . r
Q
q

∫∞
2r

‖f‖Lp(B(g0,t))

t
Q
q

dt

t

holds for 1 6 p < Q/β.
When p = 1, by the boundedness of ILβ from L1(Hn) to WL Q

Q−β
(Hn) (see [23, 27]), we get

‖ILβ(f1)‖WL Q
Q−β

(B(g0,r)) . ‖f‖L1(B(g0,2r)) . r
Q−β

∫∞
2r

‖f‖L1(B(g0,t))

tQ−β

dt

t
.

By (3.3) we have

‖ILβ(f2)‖WL Q
Q−β

(B(g0,r)) 6 ‖ILβ(f2)‖L Q
Q−β

(B(g0,2r)) . r
Q−β

∫∞
2r

‖f‖L1(B(g0,t))

tQ−β

dt

t
.

Then

‖ILβ(f)‖WL Q
Q−β

(B(g0,r)) . r
Q−β

∫∞
2r

‖f‖L1(B(g0,t))

tQ−β

dt

t
.

Our main results are as follows.

Theorem 3.2. Let V ∈ RHQ/2, α > 0, 1 < p < Q/β, 1/q = 1/p− β/Q and ϕ1 ∈ Ωα,V
p,loc, ϕ2 ∈ Ωα,V

q,loc satisfy
the condition ∫∞

r

ess inf
t<s<∞ϕ1(s)s

Q
p

t
Q
q

dt

t
6 c0ϕ2(r), (3.4)

where c0 does not depend on r. Then the operator ILβ is bounded on LMα,V
p,ϕ1

(Hn) to LMα,V
q,ϕ2

(Hn) for p > 1 and



A. Eroglu, T. Gadjiev, F. Namazov, J. Nonlinear Sci. Appl., 11 (2018), 984–993 990

from LMα,V
1,ϕ1

(Hn) to LWMα,V
Q
Q−β ,ϕ2

(Hn).

Proof. From Lemma 2.6, we have

1

ess inf
t<s<∞ϕ1(s)s

Q
p

= ess sup
t<s<∞

1

ϕ1(s)s
Q
p

.

Note the fact that ‖f‖Lp(B(e,r)) is a nondecreasing function of r, and f ∈ LMα,V
p,ϕ1

(Hn), then(
1 + r

ρ(e)

)α
‖f‖Lp(B(e,r))

ess inf
r<s<∞ϕ1(s)s

Q
p

. ess sup
r<s<∞

(
1 + r

ρ(e)

)α
‖f‖Lp(B(e,r))

ϕ1(s)s
Q
p

. sup
0<s<∞

(
1 + s

ρ(e)

)α
‖f‖Lp(B(e,s))

ϕ1(s)s
Q
p

. ‖f‖
LMα,V

p,ϕ1
.

Since α > 0, and (ϕ1,ϕ2) satisfies the condition (3.4), then

∫∞
2r

‖f‖Lp(B(e,τ))

τ
Q
q

dτ

τ
=

∫∞
2r

(
1 + τ

ρ(e)

)α
‖f‖Lp(B(e,τ))

ess inf
τ<s<∞ϕ1(s)s

Q
p

ess inf
τ<s<∞ϕ1(s)s

Q
p(

1 + τ
ρ(e)

)α
τ
Q
q

dτ

τ

. ‖f‖
LMα,V

p,ϕ1

∫∞
2r

ess inf
τ<s<∞ϕ1(s)s

Q
p(

1 + τ
ρ(e)

)α
τ
Q
q

dτ

τ

. ‖f‖
LMα,V

p,ϕ1

(
1 +

r

ρ(e)

)−α

×
∫∞
r

ess inf
τ<s<∞ϕ1(s)s

Q
p

τ
Q
q

dτ

τ
. ‖f‖

LMα,V
p,ϕ1

(
1 +

r

ρ(e)

)−α
ϕ2(r).

(3.5)

Then by Theorem 3.1 we get

‖ILβ(f)‖LMα,V
q,ϕ2

. sup
r>0

(
1 +

r

ρ(e)

)α
ϕ2(r)

−1r−Q/q‖ILβ(f)‖Lp(B(e,r))

. sup
r>0

(
1 +

r

ρ(e)

)α
ϕ2(r)

−1
∫∞

2r

‖f‖Lp(B(e,t))

t
Q
q

dt

t
. ‖f‖

LMα,V
p,ϕ1

.

Let q = Q
Q−β , similar to the estimates of (3.5) we have∫∞

2r

‖f‖L1(B(e,τ))

τQ−β

dτ

τ
. ‖f‖

LMα,V
1,ϕ1

(
1 +

r

ρ(e)

)−α
ϕ2(r).

Thus by Theorem 3.1 we get

‖ILβ(f)‖LWMα,V
Q
Q−β ,ϕ2

. sup
r>0

(
1 +

r

ρ(e)

)α
ϕ2(r)

−1rβ−Q‖ILβ(f)‖WL Q
Q−β

(B(e,r))

. sup
r>0

(
1 +

r

ρ(e)

)α
ϕ2(r)

−1
∫∞

2r

‖f‖L1(B(e,τ))

τQ−β

dτ

τ
. ‖f‖

LMα,V
1,ϕ1

.

Corollary 3.3. Let V ∈ RHQ/2, α > 0, 1 < p < Q/β, 1/q = 1/p−β/Q and ϕ1 ∈ Ωα,V
p , ϕ2 ∈ Ωα,V

q satisfy the
condition (3.4). Then the operator ILβ is bounded on Mα,V

p,ϕ1
(Hn) to Mα,V

q,ϕ2
(Hn) for p > 1 and from Mα,V

1,ϕ1
(Hn)

to WMα,V
Q
Q−β ,ϕ2

(Hn).
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Theorem 3.4. Let V ∈ RHQ/2, α > 0, 1 < p < Q/β, 1/q = 1/p− β/Q and ϕ1 ∈ Ωα,V
p,loc, ϕ2 ∈ Ωα,V

q,loc satisfy
the condition

∫∞
r

(
1 + ln

t

r

)ess inf
t<s<∞ϕ1(s)s

Q
p

t
Q
q

dt

t
6 c0ϕ2(r), (3.6)

where c0 does not depend on r. If b ∈ BMOθ(Hn, ρ), then the operator [b, ILβ] is bounded from LMα,V
p,ϕ1

(Hn) to
LMα,V

q,ϕ2
(Hn).

Corollary 3.5. Let V ∈ RHQ/2, α > 0, 1 < p < Q/β, 1/q = 1/p− β/Q and ϕ1 ∈ Ωα,V
p , ϕ2 ∈ Ωα,V

q satisfy
the condition (3.6). If b ∈ BMOθ(Hn, ρ), then the operator [b, ILβ] is bounded from Mα,V

p,ϕ1
(Hn) to Mα,V

q,ϕ2
(Hn).

As the proof of Theorem 3.4, it suffices to prove the following local Guliyev estimates (see [16]) for the
commutator operator [b, ILβ].

Theorem 3.6. Let V ∈ RHQ/2, b ∈ BMOθ(Hn, ρ). If 1 < p < Q/β, 1/q = 1/p−β/Q then the inequality

‖[b, ILβ](f)‖Lq(B(g0,r)) . [b]θr
Q
q

∫∞
2r

(
1 + ln

τ

r

)‖f‖Lp(B(g0,τ))

τ
Q
q

dτ

τ

holds for any f ∈ Lploc(Hn).

Proof. We write f as f = f1 + f2, where f1(h) = f(h)χB(g0,2r)(h). Then

‖[b, ILβ](f)‖Lq(B(g0,r)) 6 ‖[b, ILβ](f1)‖Lq(B(g0,r)) + ‖[b, ILβ](f2)‖Lq(B(g0,r)).

By the boundedness of [b, ILβ] on Lp(Hn) to Lq(Hn) (see [23, 27]) and (3.1) we get

‖[b, ILβ](f1)‖Lq(B(g0,r)) . [b]θ‖f‖Lp(B(g0,2r)) . [b]θr
Q
q

∫∞
2r

‖f‖Lp(B(g0,τ))

τ
Q
q

dτ

τ

. [b]θr
Q
q

∫∞
2r

(
1 + ln

τ

r

)‖f‖Lp(B(g0,τ))

τ
Q
q

dτ

τ
.

(3.7)

We now turn to deal with the term ‖[b, ILβ](f2)‖Lq(B(g0,r)). For any given g ∈ B(g0, r) we have

|[b, ILβ]f2(g)| 6 |b(g) − b2B| |I
L
β(f2)(g)|+ |ILβ((b− b2B)f2)(g)|.

Then by (3.2), Lemma 2.3, and taking N > (k0 + 1)θ we get

‖(b(g) − b2B)I
L
β(f2)‖Lq(B(g0,r)) . [b]θr

Q
q

(
1 +

2r
ρ(g0)

)θ−N/(k0+1)
∫∞

2r

‖f‖Lp(B(g0,τ))

τ
Q
q

dτ

τ

. [b]θr
Q
q

∫∞
2r

(
1 + ln

τ

r

)‖f‖Lp(B(g0,τ))

τ
Q
q

dτ

τ
.

(3.8)

Finally, let us estimate ‖ILβ((b− b2B)f2)‖Lq(B(g0,r)). By (2.2), Lemma 2.2, and (3.2) we have

sup
g∈B

|ILβ((b− b2B)f2)(g)| .
∫
(2B)c

1(
1 +

∣∣h−1g
∣∣

ρ(g)

)N |b(h) − b2B||f(h)|∣∣h−1g0
∣∣Q−β

dh

.
∞∑
k=1

1

(2kr)Q−β
(

1 + 2kr
ρ(g)

)N ∫
2k+1B

|b(h) − b2B||f(h)|dh
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.
∞∑
k=1

1

(2kr)Q−β
(

1 + 2kr
ρ(g0)

)N/(k0+1)

∫
2k+1B

|b(h) − b2B||f(h)|dh.

Note that ∫
2k+1B

|b(h) − b2B||f(h)|dh .
( ∫

2k+1B

|b(h) − b2B|
p ′
)1/p ′

‖f‖Lp(B(g0,2k+1r))

. [b]θk
(

1 +
2kr
ρ(g0)

)θ ′
(2kr)

Q
p ′ ‖f‖Lp(B(g0,2k+1r)).

Then

sup
g∈B

|ILβ((b− b2B)f2)(g)| . [b]θ

∞∑
k=1

k(2kr)−
Q
p+β(

1 + 2kr
ρ(g0)

)N/(k0+1)−θ ′ ‖f‖Lp(B(g0,2k+1r))

. [b]θ

∞∑
k=1

k(2kr)−
Q
q ‖f‖Lp(B(g0,2k+1r)) . [b]θ

∞∑
k=1

k

∫ 2k+1r

2kr

‖f‖Lp(B(g0,τ))

τ
Q
q

dτ

τ
.

Since 2kr 6 t 6 2k+1r, then k ≈ ln τr . Thus

sup
g∈B

|ILβ((b− b2B)f2)(g)| . [b]θ

∞∑
k=1

k

∫ 2k+1r

2kr

‖f‖Lp(B(g0,τ))

τ
Q
q

dτ

τ

. [b]θ

∞∑
k=1

∫ 2k+1r

2kr
ln
τ

r

‖f‖Lp(B(g0,τ))

τ
Q
q

dτ

τ
. [b]θ

∫∞
2r

(
1 + ln

τ

r

)‖f‖Lp(B(g0,τ))

τ
Q
q

dτ

τ
.

Then

‖ILβ((b− b2B)f2)‖Lq(B(g0,r)) . [b]θr
Q
q

∫∞
2r

(
1 + ln

τ

r

)‖f‖Lp(B(g0,τ))

τ
Q
q

dτ

τ
. (3.9)

Combining (3.7), (3.8), and (3.9), the proof of Theorem 3.6 is completed.

Proof of Theorem 3.4. Since f ∈ LMα,V
p,ϕ1

(Hn) and (ϕ1,ϕ2) satisfies the condition (3.6), by (3.5) we have

∫∞
2r

(
1 + ln

τ

r

)‖f‖Lp(B(e,τ))

τ
Q
q

dτ

τ
=

∫∞
2r

(
1 + τ

ρ(e)

)α
‖f‖Lp(B(e,τ))

ess inf
τ<s<∞ϕ1(s)s

Q
p

(
1 + ln

τ

r

) ess inf
τ<s<∞ϕ1(s)s

Q
p(

1 + τ
ρ(e)

)α
τ
Q
q

dτ

τ

. ‖f‖
Mα,V
p,ϕ1

∫∞
2r

(
1 + ln

τ

r

) ess inf
τ<s<∞ϕ1(s)s

Q
p(

1 + τ
ρ(e)

)α
τ
Q
q

dτ

τ

. ‖f‖
Mα,V
p,ϕ1

(
1 +

r

ρ(e)

)−α
∫∞
r

(
1 + ln

τ

r

) ess inf
τ<s<∞ϕ1(s)s

Q
p

τ
Q
q

dτ

τ

. ‖f‖
Mα,V
p,ϕ1

(
1 +

r

ρ(e)

)−α
ϕ2(r).

Then from Theorem 3.6 we get

‖[b, ILβ](f)‖LMα,V
q,ϕ2

. sup
r>0

(
1 +

r

ρ(e)

)α
ϕ2(r)

−1r−Q/q‖[b, ILβ](f)‖Lq(B(e,r))

. [b]θ sup
r>0

(
1 +

r

ρ(e)

)α
ϕ2(r)

−1
∫∞

2r

(
1 + ln

τ

r

)‖f‖Lp(B(e,τ))

τ
Q
q

dτ

τ
. [b]θ‖f‖LMα,V

p,ϕ1
.

Remark 3.7. Note that, Theorem 3.2 in the case of V ≡ 0 was proved in [18, Theorem 5.2].
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