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Olivares-Peregrinoc
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Abstract

In this paper, we analyze the fractional modeling of the giving up the smoking using the definitions of Liouville-Caputo
and Atangana-Baleanu-Caputo fractional derivatives. Applying the homotopy analysis method and the Laplace transform with
polynomial homotopy, the analytical solution of the smoking dynamics has obtained. Furthermore, using an iterative scheme by
the Laplace transform, and the Atangana-Baleanu fractional integral, special solutions of the model are obtained. Uniqueness
and existence of the solutions by the fixed-point theorem and Picard-Lindelof approach are studied. Finally, some numerical
simulations are carried out for illustrating the results obtained.
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1. Introduction

Smoking is one of the main causes of health problems in the world. According to the world health
organization tobacco smoking is the prodigious cause of the cancer, heart disease, stomach ulcers, asthma,
stained teeth, high blood pressure, vascular diseases and chronic obstructive lung diseases among others.
All these harmful diseases are caused because a cigarette contains thousands of chemical compounds and
toxins. To give the best representation of the cigarette smoking phenomena, mathematicians tried to make
different effective smoking models. In [5], the authors proposed for the first time a simple mathematical
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model for giving up smoking. Sharomi and Gumel based on the model developed by Castillo-Garsow
proposed a novel model introducing mild and chain classes [30]. Optimal control theory was proposed
in [36], the control variables were given in the form of education campaign, anti-smoking gum, and anti-
nicotive drugs/medicine, also were proposed for the eradication of smoking in a community. The optimal
levels of the controls were characterized and the existence and uniqueness of these controls were estab-
lished. In [35], the giving up smoking model taking into account the occasional smoker comportment. In
[34], mathematical models were presented to study the dynamics of smoking behavior under the influ-
ence of educational programs and individual’s determination to quit smoking. In [1], a smoking model
that considers the number of individuals who are aware of the bad effects of smoking through education
or media campaign was presented. Din [8] studied a smoking model considering non-smokers, smokers,
people who temporarily or permanently quit smoking and people who are associated with illness due to
smoking.

Fractional calculus (FC) is known to be a generalization of the integer-order calculus [6, 16–19, 22–
27, 32]. FC has attracted great attention from researchers, since fractional mathematical models are more
realistic and practical than the classical integer order models. In general, the integer order model does
not carry any information about the memory and learning mechanism. Otherwise, the fractional order
derivatives and integrals of have nonlocal properties, so consider the past and distributed effects of any
model. The nonlocal property means that the next state of a model depends not only upon its current
state but also upon all its preceding states [4, 11, 12, 28, 29, 33, 38]. Therefore, any dynamical process
modeled through fractional order differential equations has a memory effect. Considering the Caputo-
Fabrizio-Caputo fractional derivative, the authors in [31] presented a new fractional giving up smoking
model, the existence and uniqueness of the solution were discussed by the fixed point postulate. Zeb in
[37] proposed a fractional smoking dynamic model considering adolescent nicotine dependence. In [10],
the authors studied the giving up smoking dynamics using a fractional order model; approximate solu-
tions via Laplace Adomian decomposition method were obtained. The multi-step generalized differential
transform method was employed in [9] to obtain accurate solutions to a giving up smoking model of
fractional order. The giving up smoking dynamics models have been extended to the scope of fractional
derivatives using power law and exponential decay law.

By establishing fractional order derivative into the classical model presented in [31], we obtain the
following fractional order model:

Dαt P(t) = a− aP(t) − bP(t)S(t),
Dαt L(t) = −aL(t) + bP(t)L(t) − cL(t)S(t),
Dαt S(t) = −η1S(t) + cL(t)S(t) + fQ(t),
DαtQ(t) = −η2Q(t) + η3S(t),
Dαt R(t) = −aR(t) + η4S(t),

(1.1)

with initial conditions

P(0) = δ1, L(0) = δ2, S(0) = δ3, Q(0) = δ4, R(0) = δ5, (1.2)

where Dαt denotes the fractional derivative of the system, which in this work will be in the sense of
Liouville-Caputo and Atangana-Baleanu-Caputo, α is a parameter that describes the order of the frac-
tional time derivative with 0 < α 6 1, subject to initial conditions given in Eq. (1.2). The variables{
P(t),L(t),S(t),Q(t),R(t)

}
represent the potential smokers, occasional smokers, heavy smokers, tempo-

rary quitters smokers, and smokers who quit permanently. In Table 1, we present the parameters involved
in the model, all parameters are positive constants reported in [31].

The modified homotopy analysis method (MHATM) was proposed in [14], this method is an analytical
technique based in the combination of the homotopy analysis method and Laplace transform with homo-
topy polynomial. In [14], considering the Liouville-Caputo fractional derivative, the authors developed
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the MHATM method to solve time-fractional Keller-Segel model. A convergence analysis of MHATM was
obtained by the proposed method and verified through different graphical representations.

Table 1: Description of parameters in system (1.1).

Parameter Description
a Rate of natural death
b Contact rate between smokers who smoke occasionally and potential smokers
c Contact rate between smokers who smoke occasionally and temporary quitters
d Rate of giving up smoking
e Remaining fraction of smokers who give up smoking forever (at a rate d)
f Contact rate between temporary quitters who return back to smoking and smokers

(1 − e) Fraction of smokers who temporarily give up smoking (at a rate d)

So, we will apply the modified homotopy analysis transform method (MHATM) in Liouville-Caputo
and Atangana-Baleanu-Caputo sense to compute accurate solutions of the fractional giving up smoking
model. Additionally, we present special solutions of the model (1.1) which are obtained using an iterative
scheme applying the Laplace transform, and the Atangana-Baleanu fractional integral. Furthermore, we
analyze the uniqueness and existence of the solutions by the fixed-point theorem and Picard-Lindelof
approach.

This paper is organized as follows. In Section 2, fractional order derivatives are discussed. In Section
3, there are discussed the approximate solutions for the fractional smoking model using the ATM in
Liouville-Caputo and Atangana-Baleanu-Caputo sense; also, in this section we present special solutions
of the model smoking model. Uniqueness and existence of the solutions system are demonstrated by
the fixed point theorem. In Section 4, numerical simulations are graphically presented. Finally, the
conclusions are given in Section 5.

2. Preliminaries

The Liouville-Caputo fractional derivative (C) is presented as

C
t0
Dαt {f(t)} =

1
Γ(1 −α)

∫t
t0

d

dt
f(τ)(t− τ)−αdτ, n− 1 < α 6 n,

where Γ(·) denotes the Gamma function.
Laplace transform to Liouville-Caputo fractional-order derivative is [27]

L
{
C
0 Dαt {f(t)}

}
(s) = SαF(S) −

m−1∑
k=0

Sα−k−1f(k)(0). (2.1)

Recently, Atangana and Baleanu proposed a fractional derivative with Mittag-Leffler function as the
kernel of differentiation. This kernel is non-singular and nonlocal and preserves the benefits of the above
Liouville-Caputo derivative [3].

The Atangana-Baleanu-Caputo fractional derivative (ABC) is presented as

ABC
t0

Dαt {f(t)} =
B(α)

1 −α

∫t
t0

d

dt
f(τ)Eα

[
−α

(t− τ)α

1 −α

]
dτ, n− 1 < α(t) 6 n, (2.2)

where α ∈ R, B(α) denotes a normalization function B(0) = B(1) = 1 and Eα(·) denotes the Mittag-Leffler
function.

The Laplace transform of Eq. (2.2) is defined as follows

L
{
ABC
0 Dαt f(t)

}
(s) =

B(α)

1 −α
L
[ ∫t
a

d

dt
f(τ)Eα

[
−α

(t− τ)α

1 −α

]
dτ
]
(s) =

B(α)

1 −α

sαL [f(t)](s) − sα−1f(0)
sα + α

1−α
. (2.3)
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The fractional integral associated to the Atangana-Baleanu derivative with non-local kernel is defined
as

AB
t0
Iαt {f(t)} =

1 −α

B(α)
f(t) +

α

B(α)Γ(α)

∫t
t0

f(τ)(t− τ)α−1dτ, (2.4)

when α is equal to zero the initial function is recovered and when α = 1, the classical ordinary integral is
obtained.

3. Fractional-order smoking model

In this section, we obtain the analytical solution of the smoking model via MHATM with Liouville-
Caputo and Atangana-Baleanu fractional order derivatives in Liouville-Caputo sense. Also, we obtain
special solutions using an iterative scheme via Laplace transform.

3.1. Liouville-Caputo sense
The modified homotopy analysis transform method (MHATM) was proposed in [14]. The method is

an analytical technique based in the combination of the homotopy analysis method and Laplace transform
with homotopy polynomial. The main steps of this method are described as follows:
Step 1. Let us consider the following equation

Dαt {f(x, t)}+ Ξ[x]f(x, t) +Λ[x]f(x, t) = Ψ(x, t), t > 0, x ∈ <, 0 < α 6 1, (3.1)

where Ξ[x] is a bounded linear operator in x. While the non-linear operator Λ[x] in x is Lipschitz con-
tinuous and satisfying |Λ(f) −Λ(φ)| 6 ϑ|f− φ|, where ϑ > 0 and Ψ(x, t) is a continuous function. The
boundary and initial conditions can be treated in a similar way.
Step 2. Applying the methodology proposed in [13] and [15] we get the following m-th order deformation
equation

fm(x, t) = (χm +  h)fm−1 −  h(1 − χm)

j−1∑
i=0

tif(i−1)(0)

+  hL−1
( 1
sα

L
(
Ξm−1[x]fm−1(x) +

m−1∑
k=0

Pk(f0, f1, . . . , fm) −Ψ(x, t)
))

,

(3.2)

where the Laplace transform is applied in Caputo sense (2.1) and Pk is the homotopy polynomial defined
by Odibat in [21].
Step 3. The non-linear term Λ[x]f(x, t) is expanded in terms of homotopy polynomials as

Λ[f(x, t)] = Λ

(
m−1∑
k=0

fm(x, t)

)
=

∞∑
m=0

Pm fm.

Step 4. Expanding the non-linear term in (3.2) as a series of homotopy polynomials, we can calculate the
various fm(x, t) for m > 1 and the solutions of Eq. (3.1) is considered as the summation of an infinite
series which usually converges rapidly to the exact solutions

f(x, t) =
∞∑
m=0

fm(x, t).

Following this methodology, we solved the following time-fractional smoking model via Liouville-
Caputo fractional order derivative [31]

C
0 Dαt P(t) = a− aP(t) − bP(t)S(t),
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C
0 Dαt L(t) = −aL(t) + bP(t)L(t) − cL(t)S(t),
C
0 Dαt S(t) = −η1S(t) + cL(t)S(t) + fQ(t), (3.3)
C
0 DαtQ(t) = −η2Q(t) + η3S(t),
C
0 Dαt R(t) = −aR(t) + η4S(t),

with initial conditions

P(0) = δ1, L(0) = δ2, S(0) = δ3, Q(0) = δ4, R(0) = δ5,

where η1 = a− d, η2 = a+ f, η3 = d(1 − e), η4 = ed.
Solution. Applying the Laplace transform (2.1) to the first equation of the system (3.3), we have

sαP̃(s) − sα−1P(0) =
a

s
−L
{
aP(t) + bP(t)S(t)

}
.

Taking initial conditions and simplifying the above equation, we get

P̃(s) =
P(0)
s

+
a

sα+1 −
1
sα

L
{
aP(t) + bP(t)S(t)

}
, (3.4)

applying the inverse Laplace transform to Eq. (3.4), we obtain

P(t) = δ1 +
atα

Γ(α+ 1)
−L−1

{ 1
sα

L
{
aP(t) + bP(t)S(t)

}}
,

for the other equations shown in Eq. (3.3), we have

L(t) = δ2 −L−1
{ 1
sα

L
{
aL(t) − bP(t)L(t) + cL(t)S(t)

}}
,

S(t) = δ3 −L−1
{ 1
sα

L
{
η1S(t) − cL(t)S(t) − fQ(t)

}}
,

Q(t) = δ4 −L−1
{ 1
sα

{
η2Q(t) − η3S(t)

}}
,

R(t) = δ5 −L−1
{ 1
sα

{
aR(t) − η4S(t)

}}
.

In this case, we choose a linear operator of the type

F
[
φj(t;q)

]
= L

[
φj(t;q)

]
, j = 1, 2,

with property F(c) = 0, where c is constant. Next, defining the following system

N
[
φ1(t;q)

]
= L

[
φ1(t;q)

]
− δ1 −

1
sα

L
[
a φ1 + b φ1Φ3

]
,

N
[
Φ2(t;q)

]
= L

[
Φ2(t;q)

]
− δ2 −

1
sα

L
[
a Φ2 − b φ1Φ2 + c Φ2Φ3

]
,

N
[
Φ3(t;q)

]
= L

[
Φ3(t;q)

]
− δ3 −

1
sα

L
[
η1 Φ3 − c Φ2Φ3 − f Φ4

]
,

N
[
Φ4(t;q)

]
= L

[
Φ4(t;q)

]
− δ4 −

1
sα

L
[
η2Φ4 − η3 Φ3

]
,

N
[
Φ5(t;q)

]
= L

[
Φ5(t;q)

]
− δ5 −

1
sα

L
[
a Φ5 − η4 Φ3

]
.

The so-called zeroth-order deformation equation is given by

(1 − q) F[φj(t;q) − u0(t)] = q  h N[φj(t;q)], j = 1, 2,
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when q = 0 and q = 1, we have

φj(t; 0) = u0(t), φj(t; 1) = u(t), j = 1, 2,

where the mth-order deformation equations are given as

L[Pm(t) − χmPm−1(t)] =  h Rm
(
P→m−1, t

)
,

L[Lm(t) − χmLm−1(t)] =  h Rm
(
L→m−1, t

)
,

L[Sm(t) − χmSm−1(t)] =  h Rm
(
S→m−1, t

)
,

L[Qm(t) − χmQm−1(t)] =  h Rm
(
Q→m−1, t

)
,

L[Rm(t) − χmRm−1(t)] =  h Rm
(
R→m−1, t

)
,

(3.5)

applying the inverse Laplace transform to the Eq. (3.5) we have

Pm(t) = χmPm−1(t) +  h Rm
(
P→m−1, t

)
,

Lm(t) = χmLm−1(t) +  h Rm
(
L→m−1, t

)
,

Sm(t) = χmSm−1(t) +  h Rm
(
S→m−1, t

)
,

Qm(t) = χmQm−1(t) +  h Rm
(
Q→m−1, t

)
,

Rm(t) = χmRm−1(t) +  h Rm
(
R→m−1, t

)
,

where

Rm
(
P→m−1, t

)
= L[Pm−1(t)] − (1 − χm)

(
δ1 +

atα

Γ(α+ 1)

)
−

1
sα

L
[
a Pm−1 + b Hm

]
,

Rm
(
L→m−1, t

)
= L[Lm−1(t)] − (1 − χm)δ2 −

1
sα

L
[
a Lm−1 − b K

1
m + c K2

m

]
,

Rm
(
S→m−1, t

)
= L[Sm−1(t)] − (1 − χm)δ3 −

1
sα

L
[
η1 Sm−1 − c Mm − f Qm−1

]
,

Rm
(
Q→m−1, t

)
= L[Qm−1(t)] − (1 − χm)δ4 −

1
sα

L
[
η2 Qm−1 − η3 Sm−1

]
,

Rm
(
R→m−1, t

)
= L[Rm−1(t)] − (1 − χm)δ5 −

1
sα

L
[
a Rm−1 − η4 Sm−1

]
.

The solution of mth-order deformation equation (3.5) is given as

Pm(t) = (χm +  h)Pm−1 −  h(1 − χm)
(
δ1 +

atα

Γ(α+ 1)
)
−  h L−1

{ 1
sα

L
[
a Pm−1 + b Hm

]}
,

Lm(t) = (χm +  h)Lm−1 −  h(1 − χm) δ2 −  h L−1
{ 1
sα

L
[
a Lm−1 − b K

1
m + c K2

m

]}
,

Sm(t) = (χm +  h)Sm−1 −  h(1 − χm) δ3 −  h L−1
{ 1
sα

L
[
η1 Sm−1 − c Mm − f Qm−1

]
},

Qm(t) = (χm +  h)Qm−1 −  h(1 − χm) δ4 −  h L−1
{ 1
sα

L
[
η2 Qm−1 − η3 Sm−1

]}
,

Rm(t) = (χm +  h)Rm−1 −  h(1 − χm) δ5 −  h L−1
{ 1
sα

L
[
a Rm−1 − η4 Sm−1

]}
,

(3.6)

where

Hm =
1

Γ(m+ 1)

[ dm
dqm

N
[
(q φ1(t;q)) (q Φ3(t;q))

]]
q=0

,

K1
m =

1
Γ(m+ 1)

[ dm
dqm

N
[
(q φ1(t;q)) (q Φ2(t;q))

]]
q=0

,

K2
m =

1
Γ(m+ 1)

[ dm
dqm

N
[
(q Φ2(t;q)) (q Φ3(t;q))

]]
q=0

,

Mm =
1

Γ(m+ 1)

[ dm
dqm

N
[
(q Φ2(t;q)) (q Φ3(t;q))

]]
q=0

.
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Taking the initial conditions and the iterative scheme (3.6), we obtain the following iterations

p0 : P0(t) = δ1 +
atα

Γ(α+ 1)
, L0(t) = δ2, S0(t) = δ3, Q0(t) = δ4, R0(t) = δ5,

p1 : P1(x, t) = m1
 ht2α

Γ(2α+ 1)
+m2

 htα

Γ(α+ 1)
,

L1(t) = m3
 htα

Γ(α+ 1)
−m4

 ht2α

Γ(2α+ 1)
,

S1(t) = m5
 htα

Γ(α+ 1)
,

Q1(t) = m6
 htα

Γ(α+ 1)
,

R1(t) = m7
 htα

Γ(α+ 1)
,

p2 : P2(t) = m1
 h(1 +  h)t2α

Γ(2α+ 1)
+m2

 h(1 +  h)tα

Γ(α+ 1)
+
(
am2 + b

(
δ1m5 + δ3m2

))  h2t2α

Γ(2α+ 1)

+
(
am1 + b

( am5

Γ(α+ 1)
+ δ3m1

))  h2t3α

Γ(3α+ 1)
,

L2(t) = m3
 h(1 +  h)tα

Γ(α+ 1)
−m4

 h(1 +  h)t2α

Γ(2α+ 1)

+
(
am3 − b

(
δ1m3 + δ2m2

)
+ c
(
δ3m3 + δ2m5

))  h2t2α

Γ(2α+ 1)

+
(
am4 −

(
δ1m4 − am3 − δ2m1

)
+ cδ3m4

)  h2t3α

Γ(3α+ 1)

−
abm4 Γ(3α+ 1)
Γ(α+ 1)Γ(2α+ 1)

 h2t4α

Γ(4α+ 1)
,

S2(t) = m5
 h(1 +  h)tα

Γ(α+ 1)
+
(
m5η1 − c

(
δ3m3 + δ2m5

)
− fm6

)  h2t2α

Γ(2α+ 1)
+ cδ3m4

 h2t3α

Γ(3α+ 1)
,

Q2(t) = m6
 h(1 +  h)tα

Γ(α+ 1)
+
(
η2m6 − η3m5

)  h2t2α

Γ(2α+ 1)
,

R2(t) = m7
 h(1 +  h)tα

Γ(α+ 1)
+
(
am7 − η4m5

)  h2t2α

Γ(2α+ 1)
,

...

where mj, j = 1, 2 . . . , 7, are given by

m1 = a2 + abδ3, m2 = a δ1 + bδ1δ3, m3 = δ2
(
a− bδ1 + cδ3

)
,

m4 = abδ2, m5 =
(
η1δ3 − cδ2δ3 − fδ4

)
, m6 =

(
η2δ4 − δ3δ3

)
,

m7 =
(
aδ5 − δ4δ3

)
.

Finally, the solutions of the Eq. (3.3) are given by

P(t) = P0(t) + P1(t) + P2(t) + · · · =
∞∑
m=0

Pm(t),

L(t) = L0(t) + L1(t) + L2(t) + · · · =
∞∑
m=0

Lm(t),
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S(t) = S0(t) + S1(t) + S2(t) + · · · =
∞∑
m=0

Sm(t), (3.7)

Q(t) = Q0(t) +Q1(t) +Q2(t) + · · · =
∞∑
m=0

Qm(t),

R(t) = R0(t) + R1(t) + R2(t) + · · · =
∞∑
m=0

Rm(t).

Another solution of the model (3.3) can be obtained coupling the Laplace transform (2.1) and its
inverse. The iterative scheme is given by

P(n)(t) = δ1 +L −1
{ 1
sγ

L
[
a(1 − P(n−1)(t)) − bP(n−1)(t)S(n−1)(t)

]
(s)
}
(t),

L(n)(t) = δ2 +L −1
{ 1
sγ

L
[
− aL(n−1)(t) + bP(n−1)(t)L(n−1)(t) − cL(n−1)(t)S(n−1)(t)

]
(s)
}
(t),

S(n)(t) = δ3 +L −1
{ 1
sγ

L
[
− η1S(n−1)(t) + cL(n−1)(t)S(n−1)(t) + fQ(n−1)(t)

]
(s)
}
(t),

Q(n)(t) = δ4 +L −1
{ 1
sγ

L
[
− η2Q(n−1)(t) + η3S(n−1)(t)

]
(s)
}
(t),

R1(n)(t) = δ5 +L −1
{ 1
sγ

L
[
− aR(n−1)(t) + η4S(n−1)(t)

]
(s)
}
(t),

(3.8)

where δ1, δ2, δ3, δ4 and δ1 are the initial conditions.
The solution is assumed to be obtain as a limit when n tends to infinity

P(t) = lim
n→∞P(n)(t); L(t) = lim

n→∞L(n)(t); S(t) = lim
n→∞S(n)(t);

Q(t) = lim
n→∞Q(n)(t); R1(t) = lim

n→∞R1(n)(t).

Theorem 3.1. The recursive method given by Eq. (3.8) is stable.

Proof. We assume the following. It is possible to find five positive constants A, B, C, D, and E such that
for all 0 6 t 6 T 6∞,

||P(t)|| < A; ||L(t)|| < B; ||S(t)|| < C; ||Q(t)|| < D; and ||R(t)|| < E.

Now, we consider a subset of L2((a,b)(0, T)) defined by

Ξ =
{
η : (a,b)(0, T)→ Ξ,

1
Γ(α)

∫
(t− η)α−1v(η)u(η)dη <∞},

considering the following operator Θ is defined as

Θ(P,L,S,Q,R) =


a(1 − P(t)) − bP(t)S(t),
−aL(t) + bP(t)L(t) − cL(t)S(t),
−η1S(t) + cL(t)S(t) + fQ(t),
−η2Q(t) + η3S(t),
−aR(t) + η4S(t).

Then

=



< Θ(P,L,S,Q,R) −Θ(P1,L1,S1,Q1,R1),(P− P1,L− L1,S− S1,Q−Q1,R− R1) >,
< a(1 − (P(t) − P1(t))) − b(P(t) − P1(t))(S(t) − S1(t)), (P(t) − P1(t)) >,
< −a(L(t) − L1(t)) + b(P(t) − P1(t))(L(t) − L1(t)) − c(L(t) − L1(t))(S(t) − S1(t)), (L(t) − L1(t)) >,
< −η1(S(t) − S1(t)) + c(L(t) − L1(t))(S(t) − S1(t)) + f(Q(t) −Q1(t)), (S(t) − S1(t)) >,
< −η2(Q(t) −Q1(t)) + η3(S(t) − S1(t)), (Q(t) −Q1(t)) >,
< −a(R(t) − R1(t)) + η4(S(t) − S1(t)) >,
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where,
P(t) 6= P1(t); L(t) 6= L1(t); S(t) 6= S1(t); Q(t) 6= Q1(t); R(t) 6= R1(t).

Thus, applying the norm and the absolute value in both sides, we have

< Θ(P,L,S,Q,R) −Θ(P1,L1,S1,Q1,R1), (P− P1,L− L1,S− S1,Q−Q1,R− R1) >,

<



{
a

||P(t)−P1(t)||
− 1 − b||S(t) − S1(t)||

}
||P(t) − P1(t)||

2,{
− a+ b||P(t) − P1(t)||− c||S(t) − S1(t)||

}
||L(t) − L1(t)||

2,{
− η1 + c||L(t) − L1(t)||+ f

||Q(t)−Q1(t)||
||S(t)−S1(t)||

}
||S(t) − S1(t)||

2,{
− η2 + η3

||S(t)−S1(t)||
||Q(t)−Q1(t)||

}
||Q(t) −Q1(t)||

2,{
− a+ η4

||S(t)−S1(t)||
||R(t)−R1(t)||

}
||R(t) − R1(t)||

2,

where
< Θ(P,L,S,Q,R) −Θ(P1,L1,S1,Q1,R1), (P− P1,L− L1,S− S1,Q−Q1,R− R1) >,

<


M||P(t) − P1(t)||

2,
N||L(t) − L1(t)||

2,
O||S(t) − S1(t)||

2,
T ||Q(t) −Q1(t)||

2,
V ||R(t) − R1(t)||

2,

(3.9)

with
M =

a

||P(t) − P1(t)||
− 1 − b||S(t) − S1(t)||,

N = −a+ b||P(t) − P1(t)||− c||S(t) − S1(t)||,

O = −η1 + c||L(t) − L1(t)||+ f
||Q(t) −Q1(t)||

||S(t) − S1(t)||
,

T = −η2 + η3
||S(t) − S1(t)||

||Q(t) −Q1(t)||
,

Q = −a+ η4
||S(t) − S1(t)||

||R(t) − R1(t)||
.

Also if we consider a given non-null vector (P1,L1,S1,Q1,R1), using some routine as above case, we
obtain

< Θ(P,L,S,Q,R) −Ω(P1,L1,S1,Q1,R1), (P− P1,L− L1,S− S1,Q−Q1,R− R1) >,

<


M||P(t) − P1(t)||||P(t)||,
N||L(t) − L1(t)||||L(t)||,
O||S(t) − S1(t)||||S(t)||,
T ||Q(t) −Q1(t)||||Q(t)||,
V ||R(t) − R1(t)||||R(t)||,

(3.10)

from the results obtained in Eqs. (3.9) and (3.10), we conclude that the used iterative method is stable.

Now we can propose a solution for system given by Eq. (3.3) using the predictor-corrector Adams-
Bashforth-Moulton method as follows [20] and [7]

P(t) =

n−1∑
u=0

δu1
tu

u!
+

1
Γ(α)

t∫
0

(t− τ)α−1
[
a(1 − P(τ)) − bP(τ)S(τ)

]
du,

L(t) =

n−1∑
u=0

δu2
tu

u!
+

1
Γ(α)

t∫
0

(t− τ)α−1
[
− aL(τ) + bP(τ)L(τ) − cL(τ)S(τ)

]
du,
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S(t) =

n−1∑
u=0

δu3
tu

u!
+

1
Γ(α)

t∫
0

(t− τ)α−1
[
− η1S(τ) + cL(τ)S(τ) + fQ(τ)

]
du, (3.11)

Q(t) =

n−1∑
u=0

δu4
tu

u!
+

1
Γ(α)

t∫
0

(t− τ)α−1
[
− η2Q(τ) + η3S(τ)

]
du,

R(t) =

n−1∑
u=0

δu5
tu

u!
+

1
Γ(α)

t∫
0

(t− τ)α−1
[
− aR(τ) + η4S(τ)

]
du.

3.2. Atangana-Baleanu-Caputo sense
Following the methodology described in [14] we solve the following time-fractional smoking model

via Atangana-Baleanu-Caputo fractional order derivative

ABC
0 Dαt P(t) = a− aP(t) − bP(t)S(t),
ABC
0 Dαt L(t) = −aL(t) + bP(t)L(t) − cL(t)S(t),
ABC
0 Dαt S(t) = −η1S(t) + cL(t)S(t) + fQ(t), (3.12)
ABC
0 DαtQ(t) = −η2Q(t) + η3S(t),
ABC
0 Dαt R(t) = −aR(t) + η4S(t),

with initial conditions

P(0) = δ1, L(0) = δ2, S(0) = δ3, Q(0) = δ4, R(0) = δ5,

where η1 = a− d, η2 = a+ f, η3 = d(1 − e), η4 = ed.

solution. Applying the Laplace transform (2.3) to the first equation of the system (3.12), we have

B(α)

1 −α

sαP̃(s) − sα−1P(0)
sα + α

1−α
=
a

s
−L
{
aP(t) + bP(t)S(t)

}
.

Taking initial conditions and simplifying the above equation, we get

P̃(s) =
P(0)
s

+
a(1 −α)

B(α)s
+

aα

B(α)sα+1 −
(1 −α)sα +α

B(α)sα
L
{
aP(t) + bP(t)S(t)

}
, (3.13)

applying the inverse Laplace transform to Eq. (3.13), we obtain

P(t) = δ1 +
a(1 −α)

B(α)
+

aαtα

B(α) Γ(α+ 1)
−L−1

{(1 −α)sα +α

B(α) sα
L
{
aP(t) + bP(t)S(t)

}}
,

for the other equations shown in (3.12), we have

L(t) = δ2 −L−1
{(1 −α)sα +α

B(α) sα
L
{
aL(t) − bP(t)L(t) + cL(t)S(t)

}}
,

S(t) = δ3 −L−1
{(1 −α)sα +α

B(α) sα
L
{
η1S(t) − cL(t)S(t) − fQ(t)

}}
,

Q(t) = δ4 −L−1
{(1 −α)sα +α

B(α) sα

{
η2Q(t) − η3S(t)

}}
,

R(t) = δ5 −L−1
{(1 −α)sα +α

B(α) sα

{
aR(t) − η4S(t)

}}
.
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In this case, we choose a linear operator of the type

F
[
φj(t;q)

]
= L

[
φj(t;q)

]
, j = 1, 2

with property F(c) = 0, where c is constant. Next, we define the following system

N
[
φ1(t;q)

]
= L

[
φ1(t;q)

]
− δ1 −

(1 −α)sα +α

B(α) sα
L
[
a φ1 + b φ1Φ3

]
,

N
[
Φ2(t;q)

]
= L

[
Φ2(t;q)

]
− δ2 −

(1 −α)sα +α

B(α) sα
L
[
a Φ2 − b φ1Φ2 + c Φ2Φ3

]
,

N
[
Φ3(t;q)

]
= L

[
Φ3(t;q)

]
− δ3 −

(1 −α)sα +α

B(α) sα
L
[
η1 Φ3 − c Φ2Φ3 − f Φ4

]
,

N
[
Φ4(t;q)

]
= L

[
Φ4(t;q)

]
− δ4 −

(1 −α)sα +α

B(α) sα
L
[
η2Φ4 − η3 Φ3

]
,

N
[
Φ5(t;q)

]
= L

[
Φ5(t;q)

]
− δ5 −

(1 −α)sα +α

B(α) sα
L
[
a Φ5 − η4 Φ3

]
.

The so-called zeroth-order deformation equation is given by

(1 − q) F[φj(t;q) − u0(t)] = q  h N[φj(t;q)], j = 1, 2,

when q = 0 and q = 1, we have

φj(t; 0) = u0(t), φj(t; 1) = u(t), j = 1, 2,

where the mth-order deformation equations are given as

L[Pm(t) − χmPm−1(t)] =  h Rm
(
P→m−1, t

)
,

L[Lm(t) − χmLm−1(t)] =  h Rm
(
L→m−1, t

)
,

L[Sm(t) − χmSm−1(t)] =  h Rm
(
S→m−1, t

)
, (3.14)

L[Qm(t) − χmQm−1(t)] =  h Rm
(
Q→m−1, t

)
,

L[Rm(t) − χmRm−1(t)] =  h Rm
(
R→m−1, t

)
,

applying the inverse Laplace transform to Eq. (3.14) we get

Pm(t) = χmPm−1(t) +  h Rm
(
P→m−1, t

)
,

Lm(t) = χmLm−1(t) +  h Rm
(
L→m−1, t

)
,

Sm(t) = χmSm−1(t) +  h Rm
(
S→m−1, t

)
,

Qm(t) = χmQm−1(t) +  h Rm
(
Q→m−1, t

)
,

Rm(t) = χmRm−1(t) +  h Rm
(
R→m−1, t

)
,

where

Rm
(
P→m−1, t

)
= L[Pm−1(t)] − (1 − χm)

(
δ1 +

a(1 −α)

B(α)
+

aαtα

B(α) Γ(α+ 1)

)
−

(1 −α)sα +α

B(α) sα
L
[
a Pm−1 + b Hm

]
,

Rm
(
L→m−1, t

)
= L[Lm−1(t)] − (1 − χm)δ2 −

(1 −α)sα +α

B(α) sα
L
[
a Lm−1 − b K

1
m + c K2

m

]
,

Rm
(
S→m−1, t

)
= L[Sm−1(t)] − (1 − χm)δ3 −

(1 −α)sα +α

B(α) sα
L
[
η1 Sm−1 − c Mm − f Qm−1

]
,
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Rm
(
Q→m−1, t

)
= L[Qm−1(t)] − (1 − χm)δ4 −

(1 −α)sα +α

B(α) sα
L
[
η2 Qm−1 − η3 Sm−1

]
,

Rm
(
R→m−1, t

)
= L[Rm−1(t)] − (1 − χm)δ5 −

(1 −α)sα +α

B(α) sα
L
[
a Rm−1 − η4 Sm−1

]
.

The solution of mth-order deformation equations (3.14) are given as

Pm(t) = (χm +  h)Pm−1 −  h(1 − χm)
(
δ1 +

a(1 −α)

B(α)
+

aαtα

B(α) Γ(α+ 1)
)

−  h L−1
{(1 −α)sα +α

B(α) sα
L
[
a Pm−1 + b Hm

]}
,

Lm(t) = (χm +  h)Lm−1 −  h(1 − χm) δ2 −  h L−1
{(1 −α)sα +α

B(α) sα
L
[
a Lm−1 − b K

1
m + c K2

m

]}
,

Sm(t) = (χm +  h)Sm−1 −  h(1 − χm) δ3 −  h L−1
{(1 −α)sα +α

B(α) sα
L
[
η1 Sm−1 − c Mm − f Qm−1

]
},

Qm(t) = (χm +  h)Qm−1 −  h(1 − χm) δ4 −  h L−1
{(1 −α)sα +α

B(α) sα
L
[
η2 Qm−1 − η3 Sm−1

]}
,

Rm(t) = (χm +  h)Rm−1 −  h(1 − χm) δ5 −  h L−1
{(1 −α)sα +α

B(α) sα
L
[
a Rm−1 − η4 Sm−1

]}
,

(3.15)

where

Hm =
1

Γ(m+ 1)

[ dm
dqm

N
[
(q φ1(t;q)) (q Φ3(t;q))

]]
q=0

,

K1
m =

1
Γ(m+ 1)

[ dm
dqm

N
[
(q φ1(t;q)) (q Φ2(t;q))

]]
q=0

,

K2
m =

1
Γ(m+ 1)

[ dm
dqm

N
[
(q Φ2(t;q)) (q Φ3(t;q))

]]
q=0

,

Mm =
1

Γ(m+ 1)

[ dm
dqm

N
[
(q Φ2(t;q)) (q Φ3(t;q))

]]
q=0

.

Taking the initial conditions and the iterative scheme (3.15), we obtain the following iterations

p0 : P0(t) = δ1 +
a(1 −α)

B(α)
+

aαtα

B(α) Γ(α+ 1)
, L0(t) = δ2, S0(t) = δ3, Q0(t) = δ4, R0(t) = δ5,

p1 : P1(t) = m1

((1 −α) h tα

Γ(α+ 1)
+

α  ht2α

Γ(2α+ 1)

)
+m2

(
(1 −α) h+

α  htα

Γ(α+ 1)

)
,

L1(t) = m3

(
(1 −α) h+

α  htα

Γ(α+ 1)

)
−m4

((1 −α) h tα

Γ(α+ 1)
+

α  ht2α

Γ(2α+ 1)

)
,

S1(t) = m5

(
(1 −α) h+

α  htα

Γ(α+ 1)

)
,

Q1(t) = m6

(
(1 −α) h+

α  htα

Γ(α+ 1)

)
,

R1(t) = m7

(
(1 −α) h+

α  htα

Γ(α+ 1)

)
,

p2 : P2(t) = m1

[
(1 −α)

 h(1 +  h) tα

Γ(α+ 1)
+
α  h(1 +  h)t2α

Γ(2α+ 1)

]
+m2

[
(1 −α) h(1 +  h) +

α  h(1 +  h)tα

Γ(α+ 1)

]
+
b(1 −α)

B(α)

[
m5
(
δ1 +

a(1 −α)

B(α)
+m2δ3

)
+
am2(1 −α)

B(α)

] (
(1 −α) h2 +

α  h2tα

Γ(α+ 1)

)
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+
b

B(α)

[
m5
(
δ1 +

a(1 −α)

B(α)

)
α+m5

aα(1 −α)

B(α)
+m1δ3(1 −α) +m2δ3α+

am1(1 −α)

B(α)b

+
am2α

B(α)b

] ((1 −α) h2tα

Γ(α+ 1)
+
α  h2t2α

Γ(2α+ 1)

)
+

b

B(α)

[ m5aα
2Γ(2α+ 1)

B(α) Γ(α+ 1)Γ(α+ 1)
+m1αδ3 +

am1α

B(α) b

]((1 −α) h2t2α

Γ(2α+ 1)
+
α  h2t3α

Γ(3α+ 1)

)
,

L2(t) = m3

(
(1 −α) h(1 +  h) +

α  h(1 +  h)tα

Γ(α+ 1)

)
−m4

(
(1 −α)

 h(1 +  h) tα

Γ(α+ 1)
+
α  h(1 +  h)t2α

Γ(2α+ 1)

)
+

1
B(α)

[
am3(1 −α) − b(1 −α)

((
δ1 +

a(1 −α)

B(α)

)
m3 + δ2 +m2

)
+ c(1 −α)

(
m3δ3 +m5δ2

)](
(1 −α) h2 +

α  h2tα

Γ(α+ 1)

)
−

b

B(α)

[
m3α

(
δ1 +

a(1 −α)

B(α)

)
−m4(1 −α)

(
δ1 +

a(1 −α)

B(α)

)
+
m3αa(1 −α)

B(α)

+
(
m1(1 −α)δ2 +m2αδ2

)
− am3α+ am4(1 −α)

]((1 −α) h2tα

Γ(α+ 1)
+
α  h2t2α

Γ(2α+ 1)

)
+

b

B(α)

[
m4α

(
δ1 +

a(1 −α)

B(α)

)
−

m3aα
2

B(α) Γ(α+ 1)
+
m4(1 −α)aα

B(α) Γ(α+ 1)
−m1α+ am4α

− cδ3αm4

]((1 −α) h2t2α

Γ(2α+ 1)
+
α  h2t3α

Γ(3α+ 1)

)
+

abm4α
2

B(α)Γ(α+ 1)

((1 −α) h2t3α

Γ(3α+ 1)
+
α  h2t4α

Γ(4α+ 1)

)
,

S2(t) = m5

[
(1 −α) h(1 +  h) +

α  h(1 +  h)tα

Γ(α+ 1)

]
+

1
B(α)

[
η1m5(1 −α)

− c(1 −α)
(
m3δ3 +m5δ2 + fm6(1 −α)

)](
(1 −α) h2 +

α h2tα

Γ(α+ 1)

)
−

c

B(α)

[
m3δ3α−m4δ3(1 −α) +m5αδ2 −

η1m5α

c
+
fm6α

c

]((1 −α) h2tα

Γ(α+ 1)
+
α h2t2α

Γ(α+ 1)

)
+ cδ3αm4

((1 −α) h2t2α

Γ(2α+ 1)
+

α h2t3α

Γ(3α+ 1)

)
,

Q2(t) = m6

(
(1 −α) h(1 +  h) +

α  h(1 +  h)tα

Γ(α+ 1)

)
+ (1 −α)

(
η2m6 − η3m5

)(
(1 −α) h2 +

α h2tα

Γ(α+ 1)

)
+α

(
η2m6 − η3m5

) ((1 −α) h2tα

Γ(α+ 1)
+

α h2t2α

Γ(2α+ 1)

)
,

R2(t) = m7

(
(1 −α) h(1 +  h) +

α  h(1 +  h)tα

Γ(α+ 1)

)
+ (1 −α)

(
am7 − η4m5

)(
(1 −α) h2 +

α h2tα

Γ(α+ 1)

)
+α

(
am7 − η4m5

) ((1 −α) h2tα

Γ(α+ 1)
+

α h2t2α

Γ(2α+ 1)

)
,

...

where mj, j = 1, 2, . . . , 7, are given by

m1 =
1

B(α)

(
αa2 + abδ3α

)
, m2 =

1
B(α)

(
a δ1 +

a2(1 −α)

B(α)
+ bδ1δ3 +

ab(1 −α)

B(α)

)
,

m3 =
δ2

B(α)

(
a− b

(
δ1 +

a(1 −α)

B(α)

)
+ cδ3

)
, m4 =

abδ2α

B(α)
, m5 =

1
B(α)

(
η1δ3 − cδ2δ3 − fδ4

)
,

m6 =
1

B(α)

(
η2δ4 − η3δ3

)
, m7 =

1
B(α)

(
aδ5 − η4δ3

)
.
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Finally, the solutions of the system (3.12) are given by

P(t) = P0(t) + P1(t) + P2(t) + · · · =
∞∑
m=0

Pm(t),

L(t) = L0(t) + L1(t) + L2(t) + · · · =
∞∑
m=0

Lm(t),

S(t) = S0(t) + S1(t) + S2(t) + · · · =
∞∑
m=0

Sm(t),

Q(t) = Q0(t) +Q1(t) +Q2(t) + · · · =
∞∑
m=0

Qm(t),

R(t) = R0(t) + R1(t) + R2(t) + · · · =
∞∑
m=0

Rm(t).

(3.16)

Another solution of model (3.12) can be obtained involving Eq. (2.4). In the Atangana-Baleanu sense,
system (3.12) is equivalent to Volterra type. The following iterative scheme converges to the exact solution
taking the limit for a large value of n

P(n+1)(t) =
1 −α

B(α)

{
a− aPn(t) − bPn(t)Sn(t)

}
+

α

B(α)Γ(α)

∫t
0
(t− τ)α−1

{
a− aPn(τ) − bPn(τ)Sn(τ)

}
dτ,

L(n+1)(t) =
1 −α

B(α)

{
− aLn(t) + bPn(t)Ln(t) − cLn(t)Sn(t)

}
+

α

B(α)Γ(α)

∫t
0
(t− τ)α−1

{
− aLn(τ) + bPn(τ)Ln(τ) − cLn(τ)Sn(τ)

}
dτ,

S(n+1)(t) =
1 −α

B(α)

{
− η1Sn(t) + cLn(t)Sn(t) + fQn(t)

}
+

α

B(α)Γ(α)

∫t
0
(t− τ)α−1

{
− η1Sn(τ) + cLn(τ)Sn(τ) + fQn(τ)

}
dτ,

Q(n+1)(t) =
1 −α

B(α)

{
− η2Qn(t) + η3Sn(t)

}
+

α

B(α)Γ(α)

∫t
0
(t− τ)α−1

{
− η2Qn(τ) + η3Sn(τ)

}
dτ,

Rn(t) =
1 −α

B(α)

{
− aRn(t) + η4Sn(t)

}
+

α

B(α)Γ(α)

∫t
0
(t− τ)α−1

{
− aRn(τ) + η4Sn(τ)

}
dτ.

Theorem 3.2. We demonstrate the existence of the solution using Picard-Lindelof approach.

Proof. We consider the following operator

Ξ1(t, ζ) = a− aP(t) − bP(t)S(t),
Ξ2(t, ζ) = −aL(t) + bP(t)L(t) − cL(t)S(t),
Ξ3(t, ζ) = −η1S(t) + cL(t)S(t) + fQ(t),
Ξ4(t, ζ) = −η2Q(t) + η3S(t),
Ξ5(t, ζ) = −aR(t) + η4S(t),

(3.17)

where Ξ1(t, ζ), Ξ2(t, ζ), Ξ3(t, ζ), Ξ4(t, ζ), and Ξ5(t, ζ) are contraction respect to θ, ρ, υ, φ, and σ for the
first, second, third, fourth, and fifth functions, respectively.
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Let
Ω1 = sup||Υε,κ1

Ξ1(t, ζ)||; Ω2 = sup||Υε,κ2
Ξ2(t, ζ)||; Ω3 = sup||Υε,κ3

Ξ3(t, ζ)||;

Ω4 = sup||Υε,κ4
Ξ4(t, ζ)||; Ω5 = sup||Υε,κ5

Ξ5(t, ζ)||,

where,

Υε,κ1 = |t− a, t+ a|× [θ− b1, θ+ b1] = ε1 × κ1, Υε,κ2 = |t− a, t+ a|× [ρ− κ2, ρ+ κ2] = ε1 × κ2,
Υε,κ3 = |t− a, t+ a|× [υ− κ3,υ+ κ3] = ε1 × κ3, Υε,κ4 = |t− a, t+ a|× [φ− κ4,φ+ κ4] = ε1 × κ4,
Υε,κ5 = |t− a, t+ a|× [σ− κ5,σ+ κ5] = ε1 × κ5.

Considering the Picard’s operator, we have

Θ : Υ(ε1, κ1, κ2, κ3, κ4, κ5)→ Υ(ε1, κ1, κ2, κ3, κ4, κ5),

defined as follows

ΘΩ(t) = Ω0(t) +∆(t,Ω(t))
1 −α

B(α)
+

α

B(α)Γ(α)

∫t
0
(t− τ)α−1∆(τ,Ω(τ))dτ,

where Ω(t) = {P(t),L(t),S(t),Q(t),R(t)}, Ω0(t) = {g1,g2,g3,g4,g5}, and

∆(t,Ω(t)) = {Ξ1(t, θ(t)),Ξ2(t, ρ(t)),Ξ3(t,υ(t)),Ξ4(t,φ(t)),Ξ5(t,σ(t))}.

Now we assume that all the solutions are bounded within a period of time

||Ω(t)||∞ 6 max{κ1, κ2, κ3, κ4, κ5},

||Ω(t) −Ω0(t)|| =
∣∣∣∣∣∣∆(t,Ω(t))

1 −α

B(α)
+

α

B(α)Γ(α)

∫t
0
(t− τ)α−1∆(τ,Ω(τ))dτ

∣∣∣∣∣∣
6

1 −α

B(α)
||∆(t,Ω(t))||+

α

B(α)Γ(α)

∫t
0
(t− τ)α−1||∆(τ,Ω(τ))||dτ

6
1 −α

B(α)
χ = max{κ1, κ2, κ3, κ4, κ5}+

α

B(α)
ξϑα 6 ϑξ 6 κ = max{κ1, κ2, κ3, κ4, κ5}.

Here we request that
ϑ <

κ

ξ
.

Using the fixed point theorem of Banach space together with the metric, we have

||ΘΩ1 −ΘΩ2||∞ = sup||t∈ε|Ω1 −Ω2|,

||ΘΩ1 −ΘΩ2|| =
∣∣∣∣∣∣{∆(t,Ω1(t)) −∆(t,Ω2(t))}

1 −α

B(α)

+
α

B(α)Γ(α)

∫t
0
(t− τ)α−1{∆(τ,Ω1(t)) −∆(τ,Ω2(t))}dτ

∣∣∣∣∣∣,
6

1 −α

B(α)
||∆(t,Ω1(t)) −∆(t,Ω2(t))||+

α

B(α)Γ(α)

∫t
0
(t− τ)α−1||∆(τ,Ω1(t)) −∆(τ,Ω2(t))||dτ,

6
1 −α

B(α)
ω||Ω1(t) −Ω2(t)||+

α ω

B(α)Γ(α)

∫t
0
(t− τ)α−1||Ω1(t)) −Ω2(t))||dτ,

6
{1 −α

B(α)
ω+

α ω ϑα

B(α)Γ(α)

}
||Ω1(t)) −Ω2(t))||dτ,

6 ϑ ω||Ω1(t)) −Ω2(t))||,

with ω < 1. Since Ω is a contraction we have that ϑω < 1, thus the defined operator Θ is a contraction
too. We conclude that the system (3.17) as a unique set of solution.

The numerical approximation of Atangana-Baleanu fractional integral (2.4) using the Adams-Moulton
rule is given by [2]



V. F. Morales-Delgado, et al., J. Nonlinear Sci. Appl., 11 (2018), 994–1014 1009

AB
0 Iαt [f(tn+1)] =

1 −α

B(α)

[f(tn+1) − f(tn)

2

]
+

α

Γ(α)

∞∑
k=0

[f(tk+1) − f(tk)

2

]
bαk ,

where bαk = (k+ 1)1−α − (k)1−α.
Using the above numerical scheme, we have

P(n+1)(t) − P(n)(t) = P
n
0 (t) +

{
1 −α

B(α)

[
a− a

(P(n+1)(t) − P(n)(t)

2

)
− b
(P(n+1)(t) − P(n)(t)

2

)
·
(S(n+1)(t) − S(n)(t)

2

)]}
+

α

B(α)

∞∑
k=0

(k+ 1)1−α − (k)1−α

[
a

− a
(P(k+1)(t) − P(k)(t)

2

)
− b
(P(k+1)(t) − P(k)(t)

2

)(S(k+1)(t) − S(k)(t)

2

)]
,

L(n+1)(t) − L(n)(t) = L
n
0 (t) +

{
1 −α

B(α)

[
− a
(L(n+1)(t) − L(n)(t)

2

)
+ b
(P(n+1)(t) − P(n)(t)

2

)
·
(L(n+1)(t) − L(n)(t)

2

)
− c
(L(n+1)(t) − L(n)(t)

2

)(S(n+1)(t) − S(n)(t)

2

)]}

+
α

B(α)

∞∑
k=0

(k+ 1)1−α − (k)1−α

[
− a
(L(k+1)(t) − L(k)(t)

2

)
+ b
(P(k+1)(t) − P(k)(t)

2

)
·
(L(k+1)(t) − L(k)(t)

2

)
− c
(L(k+1)(t) − L(k)(t)

2

)(S(k+1)(t) − S(k)(t)

2

)]
,

S(n+1)(t) − S(n)(t) = S
n
0 (t) +

{
1 −α

B(α)

[
− η1

(S(n+1)(t) − S(n)(t)

2

)
+ c
(L(n+1)(t) − L(n)(t)

2

)
·
(S(n+1)(t) − S(n)(t)

2

)
+ f
(Q(n+1)(t) −Q(n)(t)

2

)]}
(3.18)

+
α

B(α)

∞∑
k=0

(k+ 1)1−α − (k)1−α

[
− η1

(S(k+1)(t) − S(k)(t)

2

)
+ c
(L(k+1)(t) − L(k)(t)

2

)
·
(S(k+1)(t) − S(k)(t)

2

)
+ f
(Q(k+1)(t) −Q(k)(t)

2

)]
,

Q(n+1)(t) −Q(n)(t) = Q
n
0 (t) +

{
1 −α

B(α)

[
− η2

(Q(n+1)(t) −Q(n)(t)

2

)
+ η3

(S(n+1)(t) − S(n)(t)

2

)]}

+
α

B(α)

∞∑
k=0

(k+ 1)1−α − (k)1−α

[
− η2

(Q(k+1)(t) −Q(k)(t)

2

)
+ η3

(S(k+1)(t) − S(k)(t)

2

)]
,

R(n+1)(t) − R(n)(t) = R
n
0 (t) +

{
1 −α

B(α)

[
− a
(R(n+1)(t) − R(n)(t)

2

)
+ η4

(S(n+1)(t) − S(n)(t)

2

)]}

+
α

B(α)

∞∑
k=0

(k+ 1)1−α − (k)1−α

[
− a
(R(k+1)(t) − R(k)(t)

2

)
+ η4

(S(k+1)(t) − S(k)(t)

2

)]
.
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4. Numerical results and discussion

In this section, we present numerical simulations of the model given by Eq. (1.1) in the Liouville-
Caputo and Atangana-Baleanu-Caputyo sense. We utilize the values of the parameters a = 0.04, b = 0.23,
c = 0.3, d = 0.2, e = 0.4, and f = 0.25. The initial conditions are given by P(0) = 0.60301, L(0) = 0.24000,
S(0) = 0.10628, Q(0) = 0.03260, and R(0) = 0.0.01811. The simulation time is 500 seconds and the step
size used in evaluating the approximate solutions was h = 0.005. Figs 1a-2d show the numerical solutions
(3.7) and (3.16) obtained by application of the MHATM through a graphical representation.
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Figure 1: Numerical simulation for the potential smokers P(t), ocassional smokers L(t) and heavy smokers
S(t) vs. time t in days for distinct values of α arbitrary chosen. In (a), (c) and (e) numerical results
obtained with Liouville-Caputo fractional-order derivative. In (b), (d) and (f) numerical results obtained
with Atangana-Baleanu-Caputo fractional-order derivative.
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Figure 2: Numerical simulation for the temporary quiters Q(t) and permanent quitters R(t) vs. time t in
days for distinct values of α arbitrary chosen. In (a) and (c) numerical results obtained with Liouville-
Caputo fractional-order derivative. In (b) and (d) numerical results obtained with Atangana-Baleanu-
Caputo fractional-order derivative.

Figs 3a-4d show the phase diagram and the chaotic trajectories of the fractional-order smoking model
via Liouville-Caputo and atangana-Baleanu-Caputo fractional-order derivatives. The numerical simula-
tion has carried out using MATLABr subroutines written based on Eqs. (3.11) and (3.18) for the com-
mensurate order α = 0.90. The simulation time is 500 seconds and the step size used in evaluating the
approximate solutions was h = 0.005.
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Figure 3: Phase portraits and chaotic trajectories of the fractional-order smoking model via Liouville-
Caputo fractional-order derivative. In (a) Potential smokers P(t) vs. Heavy smokers S(t). In (b) Heavy
smokers S(t) vs. Ocassional smokers L(t). In (c) Temporary quiters vs. Heavy smokers S(t). In (d)
Potential smokers P(t) vs. Ocassional smokers L(t) vs. Heavy smokers S(t) for α = 0.90 arbitrary chosen.
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Figure 4: Phase portraits and chaotic trajectories of the fractional-order smoking model via Atangana-
Baleanu-Caputo fractional-order derivative. In (a) Potential smokers P(t) vs. Heavy smokers S(t). In (b)
Heavy smokers S(t) vs. Ocassional smokers L(t). In (c) Temporary quiters vs. Heavy smokers S(t). In (d)
Potential smokers P(t) vs. Ocassional smokers L(t) vs. Heavy smokers S(t) for α = 0.90 arbitrary chosen.

It is worth noting that, the prediction depends on the value of the fractional-order also beside the
theoretical parameters. The numerical results showed that the approximate solutions at different values
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of α are close to the values of the exact solution with high accuracy and the accuracy increases as the
order of approximation increases. In this sense, the parameter α plays a crucial role in the numerical
solution and it can be used to find new insights of the generalized biological models.

5. Conclusion

This work addresses a new mathematical model able to describe the smoking dynamic with the
Liouville-Caputo and Atangana-Baleanu fractional-order derivatives. The mathematical model is built
using a power law and the new fractional differentiation that involve the generalized Mittag-Leffler func-
tion as kernel due to the non-locality of the model. To demonstrate the existence and uniqueness of a
system of solutions the fixed point theorem and Picard-Lindelof approach are discussed. Analytical ap-
proximate solutions were obtained with the MHATM for the smoking model with two different fractional
derivatives. To present the effect of fractional order some numerical simulations are performed. These
Figures shown that the Liouville-Caputo fractional derivative is more affected by the past compared with
the new fractional operator based in the Mittag-Leffler function which shows a rapid stabilization. The
computer used for obtaining the results in this paper is an Intel Core i7, 2.6 GHz processor, 16.0-GB RAM
(Matlab R.2013a).
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