Available online at www.isr-publications.com/jnsa
J. Nonlinear Sci. Appl., 11 (2018), 1015-1030

Research Article

ISSN : 2008-1898

Scie
22 Oces
& 2
o'
<

Journal of Nonlinear Sciences and Applications

Q
€)
Suopeond®

PuEicanoss
Journal Homepage: www.isr-publications.com/jnsa

Nonlocal initial and boundary value problems via fractional

M) Check for updates
calculus with exponential singular kernel

Sotiris K. Ntouyas?®P, Jessada Tariboon®%* Chalong Sawaddee®

4Department of Mathematics, University of loannina, 451 10 loannina, Greece.

bNonlinear Analysis and Applied Mathematics (NAAM)-Research Group, Department of Mathematics, Faculty of Science, King
Abdulaziz University, P. O. Box 80203, Jeddah 21589, Saudi Arabia.

®Nonlinear Dynamic Analysis Research Center, Department of Mathematics, Faculty of Applied Science, King Mongkut’s University of
Technology North Bangkok, Bangkok 10800, Thailand.

9dCentre of Excellence in Mathematics, CHE, Sri Ayutthaya Rd., Bangkok 10400, Thailand.

¢Department of Applied Mathematics and Statistics, Faculty of Sciences and Liberal Arts, Rajamangala University of Technology Isan,
Nakhon Ratchasima 30000, Thailand.

Communicated by N. Shahzad

Abstract

In this paper, we investigate the existence and uniqueness of solutions for nonlocal initial and boundary value problems
of exponential fractional differential equations, by applying standard fixed point theorems. Enlightening examples are also
presented.

Keywords: Exponential fractional integral, exponential fractional derivative, nonlocal initial value problems, nonlocal
boundary value problems, fixed point theorems.

2010 MSC: 34A08, 34A12, 34B15.
(©2018 All rights reserved.

1. Introduction

In recent years, the theory of fractional differential equations has been widely used in various fields,
such as physics, mechanics, chemistry, engineering, etc., see [10, 13, 15, 16, 19, 20]. Initial and boundary
value problems of nonlinear fractional differential equations have been addressed by several researchers
and has been growing rapidly, see [1-6, 11, 17, 18, 21, 22, 24, 25] and the references cited therein.

In [13, Section 5.2] fractional integrals and fractional derivatives of a function with respect to another
function were defined as the following.
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For an increasing and positive monotone function g : (a,b) -+ R (—oco0 < a < b < oo0) having a
continuous derivative g’(x) on (a,b), the left and right-sided fractional integrals of order «, R(«) > 0, of
a function f with respect to another function g on [a, b] are defined by

(Iat,gf)(x) = F(loc)J [g(x) —g(s)]1* 1g’(s)f(s) ds, x> aq, (1.1)
and
[od 1 ° x—1_7
(Ip—,gf)(x) = I“(oc)J [g(s) —g(x)]* "g'(s)f(s)ds, x <D, (1.2)

respectively. When a = 0 and b = oo, then

(1,471 = o | lo00) = gs)™ g/ (5)1(s) ds, x>0, 13
and -

(1Z4F)0x) = F(oc)J [g(s) —g(x)]* g’ (s)f(s) ds, x>0, (1.4)
while, for a = —oo and b = oo then

(1,61 (x) = F(lcx) J_ [g(x) —g(s)]* g’(s)f(s) ds, x € R, (1.5)
and -

(IZ 4 f)(x) = F((X)J [g(s) — g(x)]*g’(s)f(s)ds, x € R. (1.6)

It is well known that if g(x) = x then all results in (1.1)-(1.6) are reduced to the Riemann-Liouville
fractional integrals, and if g(x) = log, x then the above formulas (1.1)-(1.6) are reduced to the Hadamard
fractional integrals. In the case when g(x) = e* we have new kind of fractional calculus which is based on
exponential fractional integrals defined as the following.

Definition 1.1. The exponential left and right-sided fractional integral of a function f : R — R of order
o > 0 are defined by

1 [

eIx, f(x) = o (eX — et)oc_1 f(t)etdt, x>a, a>0, (1.7)
Ja
and
1 ® a—1
°Ix_f(x) = o) (e*—e" )™ f(t)e'dt, x<b, a>0, (1.8)
JX
respectively and eI‘()_)f (x) = f(x).
If a=0and b = oo, then
1 x oa—1
eIg f(x) = F((X)J (e*—e")™ f(t)e'dt, x>0, «>0, (1.9)
0
and s
I%f(x) = F(oc)J (e — et)(xil f(t)etdt, x€eR, a>0, (1.10)
X
while, if a = —oo, then

X
‘IEf(x) = J (e —et)* Tf(t)etdt, xR, a>0. (1.11)
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Let ACZ[a,b] = {g : [a,b] — C: eD"1g(x) € ACla,b],°D = e*"d%(}. For f € AC7[a,b], where
—o0o < a < b < oo, we define the exponential fractional derivatives of Riemann-Liouville and Caputo
types as follow.

Definition 1.2. The exponential left and right-sided fractional derivatives of Riemann-Liouville type of
order o« > 0 for a function f : R — R are defined by

epx f - 1 “x a\"x x t 'rx—oc—lf dt 0
x (X)_il“(n—oc) e a(e —e') (t)—e_t, x>a, «>0,
1 L d\T (P a1 dt
eD%_f(X) = m <€ de> Jx (ex — et)n x f(t);, X < b, o> 0.

If a=0and b = oo, then

1 . d mox x n—a—1 dt
"D = gy () [, €= 0 520 a0

e _ 1 _ —Xi "
D=flx) = MNn—o«) ( ¢ dx)

while, if a = —o0, then

tl

o0 Co dt
J (ex—eh)™ % 1f(t); x€R, a>0,

1 N R R —o—1 . dt
DI = g () L e T 0 rer w0

and ¢D%(x) = f(x), where n is the smallest integer greater than or equal to .

Definition 1.3. The exponential left and right-sided fractional derivatives of Caputo type of order o« > 0
for a function f: R — R is defined as

EDY, f(x) = 1 JX (X — et)n_(x_1 e_t—d " f(t)—dt x>a, o«>0
CZat Mn—o) Jq dt e t’ ’ ’
and .
]. n—x—1 _ d n dt
e (04 X t t
EDY_f(x) = o L (e*—e') (e dt> f(t)—e_t, x<b, a>0,

and %D?.)f(x) = f(x), where n is the smallest integer greater than or equal to «. The cases a =0,b = oo
and a = —oo, b = oo are defined analogously as in Definition 1.2.

Next, we state some important properties of exponential fractional calculus and also use the notations
°Ig, ¢Dg, and ¢Dg for the left-side exponential fractional integral and derivatives of Riemann-Liouville
and Caputo, respectively, which have the lower limit at a point a, where a € R U{—o0} as

eTx 1 * X 1) x—1 t
IXf(x) = —— | (eX—e")"  f(t)e'dt,

Me) Ja
ey« _ # 7x£ ™ x n—a—1 E
Daflx) = MNn— «) <e dx> Ja (e et) f(t) p—
and
e« 1 * x n—o— . d " dt
CDaf(X) = l“(n—oc)L (e —et) ! <€ tdt) f(t);.

The fractional integration and differentiation of the power function (e* — e®)P is given below.
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Property 1.4. If «, 3 > 0O, then following relations hold for

et (,x _ ,a\B _ rp+1) x __ jayx+p
Ia(e 6) _F(OC—FB—F].) (e ) ’
e (X ,a\B _ rp+1) x __ ja\B—«
D& (e* —e“) TR —at 1) (e*—e?) , x€la,bl

Theorem 1.5 (Semigroup property). If «, 3 > 0, then the equations
CIF(CIBF)(x) = °IB (°I3F) (x) = CIFTPH(x),
are satisfied for all x € [a, b].

The relation between exponential fractional derivatives of Riemann-Liouville and Caputo types is
given by

n—1 ek
D*f(a)
EDEF0) =D ()= ) — 7 (e'—e)"| (v),
k=0
—x d
where €D = ¢ I

Theorem 1.6. If0 < 3 < &, and 1 < p < oo, then for f € LP(a, b),
DE(CIEN() = “I§PF(x) and EDE((IFA(x) = IgPF(x).

In addition, we have
DA(CIgF)(x) =f(x) and EDZ(CIFF)(x) = f(x).
Theorem 1.7. Let o > 0 and n = [x] + 1, then the following formulas are true:
() 1§ (D& (x) = f(x) = iy FrS5ay D™ (T37F) (a);

(ii) °1% (2D&F) (x) = f(x) — X1y 5V eDif(a).

Recently in [23] we studied initial and boundary value problems for exponential fractional differential
equations. Here we extend the results in [23] to cover nonlocal initial and boundary value problems
for exponential fractional differential equations. We consider a variety of initial and boundary value
problems of exponential fractional differential equations. Existence and uniqueness results are obtained
by using standard fixed point theorems, such as Banach’s contraction mapping principle, Krasnoselskii’s
fixed point theorem, and Leray-Schauder nonlinear alternative.

2. Main results

We study existence and uniqueness results for nonlocal initial and boundary value problems for ex-
ponential fractional differential equations.

2.1. Nonlocal initial value problems

In this subsection we consider the following initial value problem for fractional differential equations
with nonlocal initial conditions

eDgx(t) =f(t,x(t)), 0<t<T, 0<q<1,
x(0)+ > v
j=1

ix(t5) =0, (2.1)

where eCDg is the exponential derivative of Caputo type of order q, f: [0, T xR — R, t;,j =1,2,...,m
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are given points with 0 <t; <... <ty < T, and y; are real numbers with

m
1+ ) vj #0.
j=1
The problem (2.1) was studied in [8] for q = 1, in [7] in time scales setting, and in [9] for Caputo
fractional differential equations. Here we extend the results of [7-9] to the exponential derivative of
Caputo type.

Let X = C([0, T],R) denote the Banach space of all continuous functions from [0, T] into R with the
norm
x|l = sup [x(t)].
t€(0,T]
The notation L'([0, T],R) denotes the Banach space of measurable functions x : [0, T] — IR which are
Lebesgue integrable and normed by

-
IIx][ 1 :J Ix(t)|dt forall x e L'([0,T],R).
0
In order to define the solution of the problem (2.1), we consider the following lemma.

m
Lemma 2.1. Assume that 14 ) +y; # 0. For a given function p € X, the unique solution of the nonlocal initial
=1

j
value problem

‘éDS‘x(tﬂL: p(t), 0<t<T, 0<q<1,
x(0)+ Y yix(t) =0, 0Kty <+~ <t < T, 22)
j=1
is given by
1 t t s 1 s 1 s 1 K t syg—1 s
x(t) = ) (et —e®)9 tp(s)esds — = ZYJF( ) (e —e®)971p(s)esds. (2.3)
47 Jo 1+ 2 vji= L
j=1
Proof. For any constant & € R, we have
1 r t -1
x(t) = == (e" —e®)d s)e*ds —&. 24
(t) F(q)o( )9 p(s) (2.4)

Then we obtain

Applying the initial condition for (2.2), we find that

1 = 1 (Y, 4 _
E—mZYiF(q)Jo (Y —e®)9 " p(s)e’ds.

1+ v;i=t
j=1

Substituting the value of £ in (2.4), we obtain the unique solution of (2.2) given by (2.3). This completes
the proof. O

m
We shall assume throughout the remainder of the paper that 1+ 3 v; # 0, and put, for brevity,
j=1

m -1 m
a=(1+) v| ,A=1+ld) hyl
j=1 j=1
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In view of Lemma 2.1, solutions of (2.1) are fixed points of the operator F : X — X, defined by

(Fx)(t) = r(lq) Jot (" —e%) 971 (s, x(s))e* ds — “;w J:(etf —e*) 97 (s, x(s))e ds. (2.5)

Our first existence and uniqueness result is based on Banach’s fixed point theorem.
Theorem 2.2. Assume that f: [0, T] x R — R is a continuous function and satisfies the assumption:
(Aq) If(t,x)—f(t,y)l<Llx—y|, vtel0,T], L>0, x,yeR

If
MNq+1)
AleT —1)a’

then the nonlocal initial value problem (2.1) has a unique solution on [0, T].

L<

Proof. In view of Lemma 2.1, solutions of (2.1) are fixed points of the operator F : X — X, defined by (2.5).
Ale’ —1)9M

Fq+1) —Ale —1)L’ we show that FB, C B, where

Setting sup, (o 1) If(t,0)] = M and choosing r >

B, ={x € X:||x|| < r}. For x € B, we have:

1 t m t;
[(Fx)(t)| = | =— J (et —e%)971f(s, x(s))eSds — ocZyj J (eY —e®)97 1 (s,x(s))esds
=1 70

I'(q) Jo

1 t
- t_ _syq—1 B .
< rq) Jo(e e®) (If(s,x(s)) —f(s,0)|+ [f(s,0)]) e* ds

+lod Y Ivle (Y —e®) 97 (If(s, x(s)) — f(s,0)| +|f(s,0)]) e° ds
j=1

< (LT+M)L {

t m tj
et —e%)9 7 1eS ds + | - J el —es)dles g5
o | e ol - 1| e —e)

0 i=1

B S P T 1N
<L+ M) {(e 1)9 1 ad(e 1)qu1%]
AT —1)9(Lr + M)
- Tq+1)
Now, for x,y € X and for each t € [0, T], we obtain
t
(Fx) (1) — (Fy) ()] < r(lq)L (e — )9 1If(s, x(s)) — (s, y(s))le® ds

m 1
+lod ) I%"r(lq) L (eb —e*) I M#(s,x(s)) — (s, y(s))[e® dsds
j=1

1 ¢ t syq—1_s — 1 k t; syq—1_s
<L”X_9HW Jo(e —e®)97 e ds—l—lochh/jj (el —e®)97 e ds
j=1

r'a) Jo
< M [x =y
ST+ Yl
. Le"—=1)9A . . . .
Since ————— < 1 it follows that F is a contraction. Thus, the conclusion of the theorem follows

Mq+1)
by the contraction mapping principle (Banach fixed point theorem). O
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Now we establish an existence result for the nonlocal initial value problem (2.9), via Leray-Schauder
nonlinear alternative.

Lemma 2.3 ([12, Nonlinear alternative for single valued maps]). Let E be a Banach space, C a closed, convex
subset of E, U an open subset of C, and 0 € U. Suppose that F : U — C is a continuous and compact (that is, F(U)
is a relatively compact subset of C) map. Then either

(i) F has a fixed point in U; or
(ii) thereis a u € OU (the boundary of U in C) and A € (0,1) with uw = AF(u).
Theorem 2.4. Let f: [0, T] x R — R be a continuous function. Assume that:

(Ap) There exist a function p € LY([0,T,R"), and Q : Rt — RT nondecreasing such that |f(t,x)| <
p()Q(x])), V(t,x) € [0, T xR.
(A3) There exists a constant K > 0 such that

K

T > 1.
AQK)=— | (e" —e®)9p(s)eds
K |, (e =) pls)
Then the initial value problem (2.1) has at least one solution on [0, T].

Proof. We show the boundendness of the set of all solutions to equations x = AFx for A € [0,1], where F is
defined by (2.5). Let x be a solution of x = AFx for A € [0, 1]. Then for t € [0, T] we have

- L et —esya . S byl L [ et esya :
()] = M) ()] < s | (et =)0 o(s e d”""'};'yl'r(q)L (6% — &%) 975, xls))e*ds

Ltt_sq—l s s .Ltj tj _ ,syq9—1 s
< rq) Jo(e e$) T p(s)Q(|x])e ds+|oc|j;h/)r(q) JO (ef — )9 1p(s)Q(|x] e ds

1 T
_ AQ(HXH)r(q)L (€T )9 Tp(s)esds,

and consequently

1 T
AQ(||X|)F(q)L (€7 — )9 Tp(s)esds

In view of (A3), there is no solution x such that ||x|| # K. Let us set

U={xeX:|x]| <KL

The operator F : U — X is continuous and completely continuous. Indeed, the continuity is obvious since
f is continuous, and for completely continuous we remark that it is uniformly bounded, since

[Fx(t)| = 1Jt(et—es)q1f(s x(s))esds—aiy-ljtj(eti —e%)97 (s, x(s))eds
r(q) Jo ' & @) Jo '
< 1r(et e ()0 xleds 1 lod 3 |v-|1JT(eT — )T ()0 x| e ds
S T(@ o M) Jo

1 T
= AQ(T)W Jo (e" —e*)97p(s)esds,
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and equicontinuous, since

1

[Fx(t2) — Fx(t1)| = W

0

Jtl [(et2 —es)a7l (el — es)q_1] f(s,x(s))e*ds

1%)
—i—J (e2 —e%)971f(s, x(s))e%ds
t

< ?(2”)) Lt [(etz —ef)a (et —eS)“]p(s)eSds
Qfr) b2 t,  ,syq—1 s
+rM)Lfe VTPl

From the choice of U, there is no u € oU such that u = AF(u) for some A € (0,1). Consequently, by
the nonlinear alternative of Leray-Schauder type (Lemma 2.3), we deduce that F has a fixed pointu € U
which is a solution of the problem (2.1). This completes the proof. O

In the special case when p(t) =1 and Q(||x||) = k||x|| + N, we have the following corollary.

Corollary 2.5. Let f: [0, T] x R — R be a continuous function. Assume that
IMNq+1)
AleT —1)a’
Then the initial value problem (2.1) has at least one solution.

(Ay) there exist constants 0 < k < and N > 0 such that [f(t,x)| < kx| + N forall t € [0, T], x € R.

Example 2.6. Consider the following nonlinear exponential fractional differential equation with nonlocal
(multi-point) initial condition of the form

1/2

cDy x(t) = f(t,x(t)), 0<t<3,
0 20 (1) e 4 (3) 2522 5 (2) —o (2.6)
X +3x<2>—4x —i-gx <2>_6X —i—;x <2> = 0.

Here q =1/2, T=3, m=5,vy =2/3,v2=-3/4,v3 =4/5, v4 = —5/6, v5s =6/7, t1 =1/2, t =1,
t3 =3/2,t4 =2, and ts = 5/2. So, we can check that 1+ Z?:1 v; = 1.740476190 # 0 and A = 3.244870042.

(i) Let the function f is defined by

) 2
1
flt,x) = 3sin“t <x +|x|>

—. 2.7
M0+02\ 1+ /) 2 2.7)

It is easy to compute that
Mq+1)
AleT —1)d
Since |f(t,x) — f(t,y)| < (6/100)[x —y|, we set a constant L = 3/50 < 0.06251661312. Hence all conditions
of Theorem 2.2 are satisfied. Therefore, the problem (2.6) with (2.7) has a unique solution.

= 0.06251661312.

(ii) Let the function f is presented by

1 3x° 1
f(t,x) = - 1. 2.8
(t/x) 1+t<mu+w&)+8> 28
By showing
1 3 1
< _ - | = Z
f(t, %) < Tt <1OIX+ 8> ,

we set p(t) =1/(1+1) and Q(u) = (3u/10) + (1/8) which leads to a constant K > 22.90686633 satisfying
inequality in (A3z). By applying Theorem 2.4, we get that the problem (2.6) with (2.8) has at least one
solution on [0, 3].



S. K. Ntouyas, J. Tariboon, C. Sawaddee, J. Nonlinear Sci. Appl., 11 (2018), 1015-1030 1023

2.2. Nonlocal boundary value problems

In this subsection we study some nonlocal boundary value problems for exponential fractional differ-
ential equations. First we consider the following nonlocal boundary value problem

{%Dgyﬁ)fﬁaﬂﬂL te T,
(2.9)

y(0) =gly), °Dy(T) =h(y),

where &D§ is the exponential derivative of Caputo type which has fractional order 1 < « < 2, f €
C([0,TI x R,R) and g,h: C([0, T],R) — R are given continuous functions.

Lemma 2.7. The nonlocal boundary value problem (2.9) is equivalent to the following integral equation

(x—1)

ma=mm+wt4(mw—r1 O

-
J (eT —e%)*2f(s,y(s))e ds>
(2.10)

I
+—— | (et —e%)* (s, y(s))e® ds.
i ) (et e s ()
Proof. Applying the exponential fractional integral of order o to both sides of the equation in (2.9) and
using Theorem 1.7, we obtain

t

ylt)=c1+ (e —1er+ 1J (et —e®)* (s, y(s))eds.
M) Jo

Substituting boundary conditions, it follows that the integral equation (2.10) holds. On the other hand, by

taking the exponential Caputo fractional derivative of order « to both sides of (2.10), we get &D§y(t) =

f(t,y(t)). Also, we have y(0) = g(y) and

T t
“Dy(8) = hly) — oy | (67 =841 2Hs,y(s)e® ds gy [ 1ot =)™ (s ylsesds
from which we get *Dy(T) = h(y). The proof is completed. O

Theorem 2.8. Let f: [0, T] x R — R be a continuous function. Assume that:
(Ho) there exists L > 0 such that

If(t,x) —f(t,y)| < Lix—ylfort € [0, Tl and x,y € R;
(Hq) there exist k, € > 0 such that
190x) —g(y)l < kix —yl, [h(x) =h(y)l <lx—yl for x,y € R.
If

k+€(eT—l)+L(a+1)M<l (2.11)
MNa+1) ! '

then the nonlocal boundary value problem (2.9) has a unique solution on [0, T].

Proof. We transform the boundary value problem (2.9) into the operator equation y = Ay, where the
operator A : X — X is defined by

1

MNo—1)

Ay(t)zg(yH(etl)(h(y) ,

.
J (eT — %)% 2f(s,y(s))e® ds)
(2.12)
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Next, we use the Banach contraction principle to prove that the operator A has a unique fixed point.
To accomplish this we define a ball radius r with
19(0)| + (eT = 1)Ih(0)| + (M(a+1)(e" —1)%/T(x+1))
o 1—(L(ax+1)(eT —=1D)*/T(ax+1)) —k—L(eT —1)
by B ={y € X: |ly|| <, v > 0}. Now, let sup{f(t,0) : t € [0, T]} = M. For any y € B, and using the fact
that |g(y)| = |g(y) — g(0) + g(0)| < k|ly|| + Ig(0)| and [h(y)| < {||y|| + [h(0)], we have

1
MNo—1)

N
L (e —s%)*2(If(s,y(s)) — f(s,0)| + If(s,O)I)est>

Ay(t)] < lg(y)l+ (e" —1) (Ih(y)l +

1 t
+ J (et —e*)* 1 (If(s,y(s)) — (s, 0)| + If(s,0))e*ds

(e —1)

(eT _ 1)oc—1
Moa+1)

o) ) + (Lr+ M)

<kr+|9(0)|+(eT—1)<€r+|h(0)|+(Lr+M)
[ <r
Moa+1) =7

which implies that AB, C B;. Now, we show that the operator A is a contraction operator. Let x,y € B;.
Then we have

< (k+ (eT —1)€>r+ 19(0)] + (T — 1)Ih(0)] + (ot 1)(Lr + M)

IAx(t) = Ay(t)] < lg(x) — g(y)l + (e = 1) <lh(X) —h(yl

L[N (T o) 25(s, x(5)) — (5, y(s))le"d
+r(cx—l)L ¢ e VRS TESARIIEE

1 t
J (et — %)% If(s, x(s)) — F(s,y(s))le* ds
0

(T )ocl

e’ —1)% (el —1)x
— [~ jx—
g yl!) + ey [x—yll

< — T_ — R

T_ 1\«
_ <k+e(eT—1) +L(cx+1)(;f(a+11))> Ix—=yll,

T 1\«
which yields that ||[Ax — Ay|| < <k+ te" —1)+ L(a+ 1)([?(0(_‘_11))) |x —yl|. From (2.11), the operator A

is a contraction which implies that A has a unique fixed point by Banach’s contraction principle. This, in
turn, shows that the problem (2.9) has a unique solution on [0, T]. This completes the proof. O

Now we establish an existence result for the nonlocal boundary value problem (2.9), via Leray-
Schauder nonlinear alternative.

Theorem 2.9. Let f: ] x R = Rand g,h : C([0, T],R) — R be continuous functions. Assume that (Hy) holds.
In addition we suppose that:

(Hap) there exist a continuous nondecreasing function \ : [0,00) — (0, 00) and a function p € C([0, TI, R") such
that
If(t,w) < pOW([[ul) foreach (t,u) € 0,T] x R;

(Hs) there exists a constant M > 0 such that
[1—(k+Le’ —1)M
19(0)| + (eT — DIR(0)] + (o + 1) ([[p[p(M)(eT —1)*/T (e +1))
withk + (e —1) < 1.

>1,
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Then the nonlocal boundary value problem (2.9) has at least one solution on [0, T].

Proof. We shall show that the operator A : X — X defined by (2.12) is continuous and completely contin-
uous. Obviously A is continuous since f, g, h are continuous. We show that A maps bounded sets into
bounded sets in X. It is enough to show that for any r > 0 there exists a positive constant { such that for
eachy € B, ={y € X: |ly|| < r}, we have ||Ay]| < I. By (H;) and (Hy), for each t € [0, T], we have

)
Ay(0] < Kyl +19(0)] + (" — 1) (eryu+|h(0)|+”p”“)“'””)L (eT—es)“zesds>

Mo—1)
.
+ HPH;JEC(XH)E]H) JO (eT _eS)oc—lesds
oyl =15 | oyl ~ 1
< K|ly|| +1g(0 )+ (eT —1) )| Lyl + h(0)] + M) )+ Mo+ 1)
T_ 1\«
< (e t(e” — 1))r-+19(0)]+ (7 ~ 1n(0)] + (e ) [PLEENE LT,

e Il r)(e”
— 1)«
Ayll < (k+e(e" —1 T_1h gy Iplwir)te =
[Ayll < (k+t(e” =1))r+1g(0)[+ (e’ =DM(0)|+ (x+1) Mot 1)
Next we show that A maps bounded sets into equicontinuous sets of X. Let t1,t, € [0, T] with t; < tp,
B, be a bounded set of X as above. Then, for any y € B, we have

o1

_ 1)1
|Ay(t2) —Ay(t1)| < |et2 tl|<€1‘—|— |h( ) HPHII) r(e(x) 1) )
+ L Jtl[(etz _ eS)cxfl . (e‘q _ eS)OL*le(s U(S))\esds
F(O() 0 7
+ L Jtz(etz _ 65)04—1”(8 y(s))lesds
M) Jy, ’
_ 1)1
< |et2 tl|<€1‘—|—|h( ) Hp||1l) r(e(x) 1) )
* HEEIL)_ B { J [(e - es)a_l - (etl — 6S)a_1]esds + J: |(et2 _ eS)cx—1|esds}
2_ et L Iplvr(e’ 1)

As t; — t, the right-hand side of the above inequality tends to zero. In consequence, the Arzeld-Ascoli
theorem follows that A : X — X is continuous and completely continuous.

Finally, we show that there exists an open set U C X with y # AAy for A € (0,1) and y € ol

Lety € X and y = AA(y) for some 0 < A < 1. Then, for each t € ], we have by the computations above

Iplw(lyl) (e’ — 1)
Ma+1) !

Iyl < (k+ele” =)yl +1g(0)] + (e = V)R(0)] + (o +1)

or
LU 1)l .
ST e RO o+ TR T 1 ©
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In view of (Hj3), there exists M such that ||y|| # M. Let us set
={y e X: [yl < M.

Note that the operator A : U — X is continuous and completely continuous. From the choice of U, there
isnoy € oU such that y = AAy for some A € (0,1). Consequently, by the nonlinear alternative of Leray-
Schauder type (Lemma 2.3), we deduce that A has a fixed point y € U which is a solution of the problem
(2.9). This completes the proof. O

The final existence result is based on Krasnoselskii’s fixed point theorem [14].

Lemma 2.10 ([14, Krasnoselskii’s fixed point theorem]). Let S be a closed, convex, and nonempty subset of a
Banach space X. Let A, B be the operators such that (a) Ax + By € S whenever x,y € S; (b) A is compact and
continuous; (c) B is a contraction mapping. Then there exists z € S such that z = Az + Bz.

Theorem 2.11. Assume that (Hy) holds. In addition we assume that:
(Hy) [f(t,y)l < u(t), Igy)l <A(), Myl <v(t), andp, A v e C([0,T],RT).
Then the nonlocal boundary problem (2.9) has at least one solution on [0, T], provided

(eT —1)

-
k+4€e' —1)+L o)

<1. (2.13)

Proof. To apply Lemma 2.10, we define the operators P and Q by

N
Py(t) = g(y) + (et —1) (h(y) — rl)L (eT —s%)% 2f(s,y(s))e® ds)

(x—1
and
L et e s ysnetas, te o
t) = —— e —e’ )" f(s,yls))e>ds, t€|0,1].
QY = F . Y
Setting sup, ¢ (o 11 [1(t)] = [[kll, sup (o 1 M) = [[All, sup (o 1) V()] = [|v]|, and choosing a constant

(el —1)*

> |IA -1 -,
o 2 Al +{e” =DVl + Il +1) T3

we define a ball B, ={y € C(J,R) : |Jy|| < p}. For any y,z € B,, we have

T_l ox—1 1 (o4
Py (6)+ Qa(t) < oty + 67 ~1) (Il + ) S ) =2
<A+ T v+ e 1 D0
S [ Mat1) S p-

Hence
IPy+Qz| < p
which shows that Py + Qz € B,. It is easy to see using (2.13) that P is a contraction mapping.
Continuity of f implies that the operator Q is continuous. Also, Q is uniformly bounded on B, as

1)x

1Qyll < HuHiJrl)

Also Q is equicontinuous, as proved in Theorem 2.9. So Q is relatively compact on B,. Hence, by the
Arzeld-Ascoli theorem, Q is compact on B,,. Thus all the assumptions of Lemma 2.10 are satisfied. So the
conclusion of Lemma 2.10 implies that the problem (2.9) has at least one solution on [0, T]. O
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Example 2.12. Consider the following nonlinear exponential fractional differential equation with nonlocal
boundary condition of the form

{ eDy Myt =flty(t)), 0<t<l, (2.14)

y(0) = gly), “Dy(T) = h(y).

Here q = 3/2 and T = 1. Next we give some cases of nonlinear function and nonlocal boundary
conditions.

(i) Let the functions f, g, and h are defined by

_ 1 Y +elyl) | 1 _ y(1/2)] 1 2
f(ty) = 0Vii3) ( 511yl >+2, gly) = 3ty (12 h(y) = ¢ sin <y <3>> (2.15)

Then we have
1 1 1
If(t,x) —f(t,y)l < Elx—yl, lg(x) —g(y)l < g\x—yl, and [h(x) —h(y)l < glx—y\, vx,y € R.

Setting L =1/15, k =1/3, and { = 1/6, we see that

(el —1)

——— =0.9021067798 < 1.
Mo+1) -

k+0e"—1)+L(ax+1)

By applying Theorem 2.8, the problem (2.14) with (2.15) has a unique solution.

(ii) Let the given functions f, g, and h are defined as

(L w2 Lt (o (D)) Lt e OB 1
= (as) (st 3) o =g (5(5)) +5 w0 = * 5 @0

From the above information, we get

1 1 2
< [ — Z -
If(t,y)l < <t2+3> <6Iy|+3>,

and [g(x) — g(y)l < (1/4)x —yl and [h(x) —h(y)| < (1/7)x —yl. Then we choose p(t) = 1/(t* +3),
P(u) = (1/6)u+(2/3), k =1/4, £ =1/7, g(0) = 4/3, h(0) = 1/5. Consequently, we can find that there
exists a constant M > 9.726098262 satisfying the inequality in condition (H3). By mean of Theorem 2.9,
we have that the problem (2.14) with (2.16) has at least one solution on [0, 1].

(iii) Let the functions f, g, and h are given by

et 1 ly(1/4)] 1 5 1., (5
f(t = — -, =}, hy)=—=+-t - . 217
Now, we can show that
et 1 2 5+
< —— 4= <= <,
If(t,y)l < s 0 2 i<y hy) <3

and also [f(t,x) — f(t,y)| < (1/8)lx —yl, [g(x) —g(y)l < (1/3)lx —yl and |h(x) —h(y)| < (1/6)[x —yl. It
follows that 1)
el — 1)«

(o)
This implies by Theorem 2.11 that the problem (2.14) with (2.17) has at least one solution on [0, 1].

k+ee—1)+L = 0.9374059226 < 1.
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3. Remarks

Many other boundary value problems can be studied by using the methods of this paper. For example,
let us consider the following boundary value problem

{%Dé"y(t) = f(t,y(t), telo,T],
(3.1)

y(0) =g(y), “Dy(T)=Ay(m), ne(0,T),

where &D§ is the exponential derivative of Caputo type which has fractional order 1 < « < 2, f €
C([0,TI x R,R), g : C([0,T],R) — R is a given continuous function and A a real constant with A #
(e"—1)"1. This is a special case of the problem (2.9) with h(y) = Ay(n).

Lemma 3.1. The nonlocal boundary value problem (3.1) is equivalent to the following integral equation

t__ M
Yt = gly) + 1 (Ag(y) + AJ (€1 — e5)% (s, y(s) e ds

1—=Afen —1) Mec) Jo
_; ! T _ osya—2 s L t t syo—1 s
Mo—1) J;) (e’ —e®)* f(s,y(s))e ds) + Mo Jo(e e$)* 1f(s,y(s))e® ds.

We include without proofs the results.

Theorem 3.2. Let f: [0, T] x R — R be a continuous function. Assume that (Ho) and (Hy) hold. If

el —1

k_ -
T A 1)

(en — 1)« (eT—l)“l} L(eT_l)oc -1

{Ak“}‘ et 5 T(a) Mot 1)

then the nonlocal boundary value problem (3.1) has a unique solution on [0, T].

Theorem 3.3. Let f: J x R — Rand g,h : C([0, T],R) — R be continuous functions. Assume that (Hy) and
(Hz) hold. In addition we suppose that:

(Hs)" there exists a constant M > 0 such that

EM >1
Aqlg(0)| + Az|[p[b (M) ’
where
(eT—1) AlleT —1)
B=1—-k—kA|m——— >0, Ai=1+4 ———"—,
N e -1~ L= e o )|
(eT—1) A(en—1)* (e —1)= (eT —1)=
Az

TH=A"—1) Tat1) | T(l—Aen—1)  T(a+1)"

Then the nonlocal boundary value problem (3.1) has at least one solution on [0, T].

Theorem 3.4. Assume that (Ho) and (Ha) hold. Then the nonlocal boundary value problem (3.1) has at least one
solution on [0, T], provided

T_ n__1\x T _ 1yx—1
K “{Ak+L(e D* e =D }<1.

TS =) Mlat1) Mo
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As a second example, we consider the following boundary value problem with nonlocal boundary
conditions
eDgy(t) =fty(t), telo,T],

n (3.2)
y(0) =gly), y(M)= ;viy(éi), £.€(0,T),

where &D§ is the exponential derivative of Caputo type which has fractional order 1 < « < 2, f €
C([0,TI xR,R), g: C([0,T],R) — R is a given continuous function, and yi,i =1,2,...,n are real constants

n
with 5 yi(et —1) #e’ —1.
i=1
In the next lemma we give only the expression of the solution. The results can be obtained as in the
previous boundary value problems and are omitted.

Lemma 3.5. Assume that A :=e' —1—3 1" vi(e5 —1) # 0. Then the nonlocal boundary value problem (3.2)
is equivalent to the following integral equation

(e"—1)

n 1 &i
yt) =gy) + /\{ ;Yi [g(y) + o) JO (e —e®)* (s, y(s))e® dSI

o )—1JT(eT—eS)°‘1f(s (s))e* ds +1Jt(et—es)°‘1f(s (s))es ds
gty 'Y F(CX) 0 'Y :
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