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Abstract

This article is concerned with the numerical solutions for initial value problems of nonlinear impulsive fractional differential
equations which are actively studied recently. In this paper we construct numerical schemes for solving initial value problems
of I-type impulsive fractional differential equation and II-type impulsive fractional differential equation and estimate their
convergence and stability.
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1. Introduction

Fractional differential equations have recently proved to be commonly used in different research areas
such as engineering, physics, chemistry, economics, etc. Especially, they draw a great application in
nonlinear oscillations of earthquakes, see page flow in porous media and in fluid dynamic traffic model,
and many physical phenomena [6, 10, 11, 13, 14, 17, 21].

Recently, Mahto et al. [12] investigated the existence and uniqueness of solutions of Caputo impulsive
fractional differential equations with 0 < « < 1 as below.

CD*x(t) = f(t,x(t)), tel=101],t#ty,

AX(Dle—y, = Le(x(ty)), k=1,2,...,m,
x(0) =0,
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Chang [5] studied the existence of solution for the impulsive fractional differential equations with
integral boundary condition as follows.

cDxy(t) = f(t,y(t), te]=100,1],t#t,
Ay(U)li—, = L(y(ty)), k=T1,m,
y(0) = [ g(s)y(s)ds,

In a recent work [3], Belmekki et al. studied the existence of solution to the following periodic bound-
ary value problem for a nonlinear impulsive fractional differential equation by Schaeffer’s fixed point
theorem.

D u(t) —Au(t) = f(t, n(t), t € (e, tiern) k=0,1,...,p,
hmt-}tz (t _tk)lis(u(t) - H(tk)) = Ik(li(tk))/k = ]-1 2/ ... /p;
limg o, t12u(t) = p(1).

And they [1, 2, 4, 7, 22, 23] also investigated the existence and uniqueness of solutions for impulsive
fractional differential equations.

While almost papers about the impulsive fractional differential equations were written in respect to
the existence and uniqueness of solutions, few papers treated the numerical method for solving impulsive
fractional differential equations.

Randelovic et al. [18] studied a difference approximation algorithm for the integer order impulsive
differential equation with initial condition and gave an example, but they did not investigate the numerical
analysis for their method.

Yang et al. [24] proposed an effective numerical method for time-space fractional Fokker-Planck equa-
tion and proved the stability and convergence of their method, but it is easy to see that the constants of
stability and convergence grow as the iteration number increases.

%ulx,t) [0 V'(x) e oM
otx | Ox mng XX
u(a,t) =u(b,t) =0,0<t <,

u(x,0) = pwo(x),a<x <b.

rix, t) +S(u(x, t),x, 1),

Hariharan et al. [9] showed broadly that Haar wavelet method is a very effective and powerful tool
in solving linear and nonlinear differential equations. Habibollah saeedi et al. [20]reduced the fractional
Volterra and Abel integral equations to a system of algebraic equations, estimated a global error bound
and gave some numerical examples by using Haar wavelet operational matrix. Neamaty et al. [15]
proposed a solving method for fractional partial differential equation with Caputo fractional derivative
by using Haar wavelet operational matrix and gave a numerical example.

Motivated by the above researches we firstly study the effective difference scheme for the following
impulsive fractional differential equation (II-type impulsive fractional differential equation) and estimated
the stability and convergence of our scheme

CD‘(LXkX(t) = f(t, X(t)), te (tkl tk+1)/ k = 0/ ]-/ cee, M,
Ax(t”t:tk = Ik(u(tg))/ k= 1/ 2/ cee, MM,
x(0) =0.
And we propose the wavelet operational matrix method for the other kind of impulsive fractional differ-

ential equation (I-type impulsive fractional differential equation), analyze the convergence of our method,
and give an numerical example.

‘Dgx(t) =f(t,x(t)),t e (0,1],t #ty € (0,1)
Ax(t)i=t, = Ie(ulty)), k=1,2,...,1,
x(0) = xo.
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In above two equations, we assume that
feClIxXX), Ix: X=X, 0O<a<l,
and put as follows.

O=to<t1 < - <tm <tms1=1,
AX(t) =, = x(T¥) —x(ty),
)= i t +h),x(ty) == li tx —h).
x(ty) thlOX( k+h),x(t) thlOX( r—h)

2. II-type impulsive fractional differential equation and the effective difference scheme

2.1. II-type impulsive fractional differential equation

Definition 2.1. The equation (2.1) is said to be an II-type impulsive fractional differential equation.

CD%( ()—f( ,x(t)),t € (tk, tky1),k=0,1,...,m
Ax(t”t:tk = ( ( ))/kzllzl"'/ml (21)
x(0) =0,

where

fe C(IxX,X),
Ik X=X,
0:t0<t1<"'<tm<tm+1:1,
Ax(t)e—r, =x(t]) —x(t;),
+ _ . J— _ . _
x(ty) = hlgrlox(tk +h),x(t,) = hlgrlox(tk h).

In this section, we assume that 1/2 < « < 1.

2.2. The effective difference scheme

Denote as follows:
Te =tk —tx, Tk :=Ti/Ny, tTkl =t +nt, N eN,n=0N,k=0m

Firstly, adopting the L1-algorithm [16], we discretize the Caputo time fractional derivative as

n
‘D% X(tn—H 2 OC Zb) tTL+1 ] (tn—j))+o( 1+T) (2'2)
j=

where T =T/N,t, =nt,n=0Nand b; = (j + 1)1=% —jl=* The nonlinear function f can be discretized
as

(R, x(t8 1)) = F(EE, x(t5)) + O(Ty). (2.3)

Therefore, using (2.2)-(2.3), we have

S Y byt g) = x(ts 1)) = f(ty, x(t)) + O(n). (2.4)
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Put py := 13T (2 — «). From (2.4) we can get

n—1
X(tho1) = bax(t§) + Y (bj —bja)x(th ;) + mf(th, x(t5)) + R¥ 4, (2.5)
j=0

where there exists a positive constant c; such that IRn +1| C1Tk %, Let xk be the numerical approximation
of x(tX), and fX the numerical approximation of f(tX,x(tX)). Then we obtain the following effective
difference scheme for the first equation of problem (2.1):

n—1
X1 =baxf + ) (b — by )xk ek, X =boxf + ey, n=LNy—Lk=0m. (2.6)
j=0

The second expression of problem (2.1) can be written as follows:

X(txy1 +0) = x(txs1 —0) + Ijq (x(ty1 —0)), k=0, m.

Thus, we obtain the approximation

xg=x5 0, (K ) k=1,2,...,m, xj=x. 2.7)

Finally, we can get the effective difference scheme (2.6)-(2.7).
In the sequel, we assume that the functions f and Iy are Lipschitz continuous, that is,

JL > 0;Vx,y € R, If(t,x) —f(t,y)| < Lix—vyl, (2.8)
JLk > 0;Vx,y € R, [Ix(x) — Ik (y)| < Lglx —yl. (2.9)

2.3. Stability of the effective difference scheme

Let xX and Xk be the approximate solutions of (2.6)-(2.7) with different initial conditions x§ = x and
%8 =xg + 0.
Denote as follows:
ok = xRk, ko ek, xR, fR =

k <~k
N = f(t, xn)-

Definition 2.2. The effective difference scheme (2.6)-(2.7) is said to be stable if

Jcp > 0; maxlpnl colpd-

Lemma 2.3. The effective difference scheme (2.6)-(2.7) is stable if

]. 1 o : 11—« 5 11—« 1—x
W mm{ bje” (nTy) (e((n—JH)Tk) _ eln=j)m) ), (e T —1)},
re- ]Z1 (2.10)
n=1,Ng k=0,m.
Proof. Put B :=1—ocand ||pX ||k := e~ ()P |o¥|. It is obvious that
e Mpnl < 0%l 2.11)

holds.
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i) The case of k = 0.
At first we can get || p8|]0,0 = [0, when n = 0. For n = 1, after some manipulation, we obtain

_ B
1091 < bolpdl + poLlpdl, 10910 < e~ ™ (bo + woL)[pJ)-
From (2.10) we have

B B 1 1o
“To (b L)<e ™ (14+T2— ) =—— (e~
e (Do +pgl) < e (L4 T2~ o) =
Thus we can see easily that
1091110 < lleGllo-
Now suppose that

102 Ino < 0000, =2,3,...,1,

when n =1+ 1, from (2.6) we have

|pl+1| bl|po|+z ]+1 |pl )H‘H()Upﬂ
Therefore, we obtain
Ips1llir0 = — (1)) g0 11l
B
< bre (HDw)P 0 |+Z by 1) (Dm0l 0 illi=3.0

—|—p.gLe ((1+1)79) P+ ( l'rg Hp ”10

1-1
ble*((1+1)’fo)ﬁ +Z(b]. _bj+1)e*((l+l)T0)ﬁ+((l*j)TO)B + l,LOI_e*((lJrl)To)ﬁJr(lToJf3 ||98H0,0
=0

N

1-1

_ B _ B . B B
= |bre (17o) +§ (bj—bj+1)e (Lto)P+((1—j) 7o) =by—by+uol| e —((14+1) o) P+(1 o) ”po||00
j=1

-1
< blef(m)ﬁ+Z(bj—b]’+1)67(h°)ﬁﬂ(l D700 by 4 oL+ 1 (1S l00.
=1

Define C := bie™ (tro)P —i—Z]—ll 1(b —bji1)e” (170)P+((1—j) 7o) —b1—|—p{)L Then we have

1-1
C=bre (ltg) B +Zb e (L) P+ ((1—j) )P Zb'He (L) P+((1—j) )P — by + oL
j=1
1 1-1
:Zb).e*(lToJBﬂL((l*j)To)B_Ze*(lTo)BJr((l*j)To]B_l_uO]_
£ oo
1 1
= ije—(lTo)B-F((l—i)To)B _ije—(l’fo)ﬁ-i-((l—)'-i-l)”fo)ﬁ + oL
i1 i1

_Zb e (lt0)P < ((1— ;)ro)ﬁ_e((lle)To)B) + L.
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Using (2.10), we obtain
C<—T(2—a)Lltf+pl=0.

Thus we get

le+1”1+10 HpOHOO

Consequently, we can see that

o5 In0 < leQlloo, m =1, No. (2.12)
Substituting (2.11) into (2.12) shows that

0% < ellpdlino < ellpglloo = eldl.

ii) The case of k = 1.
From (2.7), we have

xg]‘ —XN —i—Ik(

1), xg:xN —i—Ik(i}i}kll) k=1m.

Thus we can see that
00 = P, +110,) —Ti(x,),  Ieol < 1o%, |+ LalpR, | < (14 Lo)lpR, | < (1+ Ly)elpg|-
Similarly to i), we have
lonl < (1+L1)e?lpg-

iii) The case of k > 2
For any k > 2, we can see easily that

k
onl < e T J(1+10) - Ifl
i=1

The proof of Lemma 2.3 is completed. O
Lemma 2.4 ([25]). The coefficients b; satisfy
(i)
VjeN,b; >0;
(if)
1=by>by>:--->by,bn—>0 as n— oo
(iii) when 0 < ax < 1,

b;l i1 1
lim — = 1i = .
e T e T I g

Thus there is a positive constant C such that
b1 <CJ%j=0,1,2,....

Lemma 2.5. The coefficients bj satisfy
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(i) Vj € N,bjb; < bj_1bji1;
2 —
(ii) min;cgqo = by, ,m=2n'n"€eN,
Je{ % ,...,TL} bTL/bTL/"‘l’n = an + 1,n/ 6 N;

(111) by <2%bp3 < 3%y < --- < n"‘an <L .-
Proof.
(). We can get

b1 _ G+DP—G-DP _ (1+2/j)P —(1+1/j)P

by (G+DP—jE (1+1/j)F -1

Let F(h) i= (1+2h)B—(1+h)P

G1mF 1 - Lhen we obtain

BIR2(1I+2n)PT—(14+n)P 1) (1+h)B-)—((14+2n)P —(1+h)B)(1+h)B1]
(1+h)P—1)2
BR(1+2h)P114+h)P —2(1+2n)BP1+(1+h)P1 —(1+2n)B(1+h)RP1]
(1+h)P—1)2
Bll+ (1+2n)1PB —2(1+h)1—F]

C (1T+h)P=1)2(1 +2h)=B(14h)1—F
CBlI(A+2r) P —(14+n)F) — (1 +h) P —1)]

(1+h)P —1)2(14+2h)1-B(1+h)1-B
~ Bh(1—B)1/(14+h+61)P —1/(1+6,h)P]
(1 4+h)B=1)2(14+2n)1-B(1+h)1-B

F'(h) =

<0,

where 0 < 01,0, < 1.
Therefore we can see that

F(1/(G—1)) <F(1/j).

Consequently, we have

by _ bj
< byt 2.13

(ii). In the case of n =2n/,n’ € N, we get
n
U bjb, 5 ={b1bn_1,b2bn2,...bpbrs, bribrrgg, .., bubo} = {bobn, bibn_1,bobn 2,..., br/byr}
j=1

On the other hand, using (2.13), for k = 1,n’/ — 1 we obtain

b b bk b (k— b b b

X — X XX X XX
bk b

bn’fk bn’fk

bn/71 bn’+k

b/ (k-1

Hence it is obvious that

bk b < b (kg 1) - b (k1)

holds.
Therefore, we get

min{b;b,_j} =b%,.
)
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In the case of n =2n’+1,n' € N, we have
n
U b]bn—) = {blbnfll beTL—ZI ey bn’bn’+1/ bn’JrleL’/ ey bnbo} = {bobnl blbnfll beTL—Z/ ey bn’bn’+1}'
j=1

Using (2.13), we obtain

b, b, b
n < n,+1 < n +2‘
bn1 b/, bnr

Thus, we can get
b bnrpr < bnreg - burgo.
Similarly to the case of n = 2n’, it should be proved that

mjin{bjbn—j} =bns - bprga.

(iii). Obviously, we have

1—x 1—
N = n (4 2)1 % ()i = BEHM T L/

1/n
Let E(h) := (HZh)l%}r(Hh)l%, then we get
, 2(1-«)/(1+2h)* — (1 —a)/(1+h)*Th—[(1+2h)1 =% — (1 +h)1—=«]
E'(h) = .

Rl—a)—(1—e)((1+2h)/(1+h)*Th—[(1+2h)— (1 +h)((1+2h)/(1+h))¥]

N h2(1+ 2h)«
R2(1—x)h—(1+2h)]+[(14+h)—(1—a)h]((1+2h)/(1+h))*

N h2(1 4 2h)«
(=1 —2ch)+ (1 + oh)(1+h/(1+h))*

h2(1+ 2h)«
Since (1+h/(14+h))* <1+ «h/(1+h), we have

(=1 —2ah) + (14 oh)(1+oh/(1+h))  ah(=1+(1+oh)/(1+h))
h2(1+2h)« N h%(1+2h)x

E'(h) < < 0.

Thus it is obvious that n*b,, 1 is an increasing sequence.
The proof of Lemma 2.5 is completed. O
Theorem 2.6. Inequality (2.10) holds if the following condition is satisfied:

el'(2 — o)L )
2(317(7( _ Zlfoc)z N

(2.14)

Proof. We will prove this theorem in three steps.

(i). Inequality (2.10) holds if the following condition is satisfied.

20c—1 N1—
Tkoc < er mln{Z b _] + 1 (h_]) OC)/ 1}/ n= 1/Nk/k — O/ m. (215)
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In fact, from (2.15) we have

1—o n
K & ; —3 - _l-«
T S M;b)((n 11— (n— )i
1 ke . . X
= e a2 P H R (=
1 ke -
SFmwr e T T m) T = (e j)m) ).

1

)

Sincex >y >0 — e*—eY >x—y, we get

« 1

<7
TS TR aL

Zb e~ (1)1 (1T _ (=)t
j=1
On the other hand, from (2.15) we can get

1—x 1—x 1—x 1-«x 1—

o T]1<foc _ ]1( Xo—Ty _ (lelcfoc T]1< oc)efrc]l:“ _ (esz — ek )e*Tk _ etk L —1 .
kS erM2—o)L © T(2—a)L N2 — o)L = N2 —o)L N2 —o)L
(ii). Inequality (2.15) holds if the following condition is satisfied.
2N1—2(xb2
200—1 k 2
—_—= 2.16
B SRl (2.16)
It is obvious that
n
Y bi((n—j+1)"*—(n Zb bn_j > n-min{bjb,_;}.
, j
j=1
Using Lemmas 2.4 and 2.5, we can get
mm{b bn_jt > n om’ =Mn/2l.
Thus we have
n
D bi((n—j+ 1= (m—j)'"%) >nbd, b3, >2n'b%, (2.17)
j=1
If n =1, then we can see that
n
D bi((n—j+ 1) — (n—j)'"%) =by > by > 2bj > 2Nj2*b3.

j=1
And if n > 2, by using Lemma 2.5 and (2.17) we get
D bi(n—j+ 1) —(m—j)) =20, > 20’ (n)2%b5 =2(n/)'2%b5 > 2Nj %3
j=1
On the other hand, since T = T /Ny < 1, we can see easily that

2 1
el g,

Therefore, if the inequality (2.16) is satisfied, then the expression (2.15) holds.
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(iii). Inequality (2.16) holds if the condition (2.14) is satisfied.
It can be easily shown that
2N 1720(b2
20c—1 < (1/N 200—1 _ Nl—Zoc < k 2 )
Tk (1/N) K el(2— o)L
Thus we can see that if the condition (2.14) is satisfied, then inequality (2.10) holds. This completes the
proof. O

Then we conclude the following.

Theorem 2.7. Assuming that the functions f and Iy satisfy Lipschitz conditions (2.8)-(2.9)and the condition (2.14)
is satisfied, the EDS defined by (2.6)-(2.7) is stable.

2.4. Convergence of the effective difference scheme

Let x(tX) be the exact solution of the problem (2.1) at mesh point tX, and xX the numerical solution of

the problem (2.1) computed by using the EDS (2.6)-(2.7).

Denote nk := x(tX) —xX.

Subtracting (2.6) from (2.5) leads to

n—1
Mkor =banf + D (b — bjaankj + w (e, x(th) — f(t}, XK+ Rk, n=LNg—1k=0m.
j=0

From the Lipschitz continuity of the function f, we get

n—1

MKl < balnfl+ D (b —bj)nk 5l + Lkl + RE 4.
j=1

Following a similar argument to that presented above for the stability analysis of the EDS (2.6)-(2.7), we
have

¥l < bom| + w L]+ [RY],

¥l < [ llo + e % [REL,
< binfl+ (bo — by)n¥| + e Lin¥| -+ [R,

i
[3
InKll2x < bre™ ™% [nélox + (bo — by + yL)e ™) +Tan1Hlk+€ (270)° |RK|
< [bre ™" 4 (bg — by + peL)e @ Rk g + (by — by + i L)e 27 RY| 4 e~ 27" RE|.

Since from (2.10) the coefficients of |nf|jo,x and e~ (2P [R¥| are smaller than 1, we get

5[l < [ llox + e ™" (IRE|+ RK]) .

By induction, it can be easily shown that

I e < Sl + €= 5 RE
j=1

Hence we can get

1—|—oc

B
il < [ llox + e~ ™ ner T e <

HngHOk-i—TlClTk HHEJ(HO,k‘FClT%.
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Therefore, it is obvious that
max ny| < e (] +e17§)
holds. In the case of k = 0, by using n = 0 we have
max Innl ciety.

Let T ax := maxy Tx. Then we obtain

max Innl C1eThax-

When k > 1, in the similar way to the above we get

g

< (1 + Ll)cle’rffwx,
max | < e
n

|
| <el(14L)eret® o + 1t o] < (24 L)ere?t® .,

max | < 2 (Inf] +e17f) < e el (24 L) -t

max
Denote ¢, := echlﬂ{’;l(Z + L;). Then we have

max Innl T ok

Thus we conclude the following.

Theorem 2.8. Assuming that the functions f and Iy satisfy the Lipschitz conditions (2.8)-(2.9) and inequality
(2.14) holds, the EDS defined by (2.6)-(2.7) is convergent and there exists a positive constant cy such that

max Innl CoTY oxr

3. I-type impulsive fractional differential equation and decomposition-operational matrix method

3.1. I-type impulsive fractional differential equation
Definition 3.1. The equation (3.1) is said to be an I-type impulsive fractional differential equation.

CDgﬂ)—f(x(Dte(Olt#tkeml)
Ax(t)li=¢, = LI(x(t )),k =12,...,1, (3.1)
x(0) = xo,

where
feC(IxX,X),
k: X=X,
O=to<t1 < --- <t <tiz1=1,
Ax(t)le=t, = x(t) —x(t,),
x(tz) = hleriOx(tk +h),x(t,) = hleriOx(tk —h).

Lemma 3.2. Assume that g € C(0,1)(L(0,1) with a n*™ derivative that belongs C(0,1) (\L(0,1). Then,
I DY, =g(t) +cg+cat+est?> +---+cnt"™

wherec; € R,i=1,...,n,n =[] +1.
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Lemma 3.3. Let q € (0,1) and h : ] — R be continuous. A function u € C(],R) is a solution of the fractional
integral equation

= _L ¢ _g)a-1 L ‘ _ 91
u(t) = yo r(q)L (a—s) h(s)ds+r(q)J0(t s)97 h(s)ds,

if and only if w is a solution of the following fractional Cauchy problems
‘Din(t) =h(t),te],
u(a) = po,a>0.

For the convenience, put 1 = 1.
And then the problem we considered is

°D&x(t) = f(t,x(t),t € (0,1],t # tg € (0,1), (3.2)
Ax(t)le, = Le(x(t,)), (3.3)
x(0) = xo, (3.4)

where f € C((0,1] x R,R).
Operating the fractional integral operator I§ on both sides of (3.2), we get

I o¢ D&x(t) = I o f(t,x(t)),t € (0,1],t # t. € (0,1).
Then from 0 < « < 1 and Lemma 3.2 we have
I55 °Dx(t) = x(t) +c1.
Therefore we can obtain
x(t) = Ig o f(t,x(t)) —c1,t €90,1],t # t,. € (0,1),

where x(t) satisfies (3.3) and (3.4).
When t € (0, t,), from initial condition (3.4) we have

x(0) = I o f(t, x(t))lt=04+ — €1 = X0
Since I o f(t, x(t))lt—o+ = 0, we get
C1 = —Xp.
Thus, we have
x(t) = I§f(t, x(t)) + xo. (3.5)
On the other hand, when t € (t,, 1), from (3.3) we obtain
Ax(te) = x(t)) —x(t,) = L(x(t,)),  x(t)) =x(t;) + L(x(t,).

Using Lemma 3.3 we get

x(t) = xo + Lo (x(t)) + I§F(t, x(1)). (3.6)
From (3.5) and (3.6) we can obtain the following integral equation
x(t) = xo + L (x(t, ))x(t —t.) + 15 o f(t, x(t)), (3.7)
1,t>0 xp, t < ty,
h t) = , Xpr 1=
where () =30 <o T Yot s .

Therefore we can see that if we can solve the integral equation (3.7), we can also get a solution of the
problem (3.2)-(3.4).

The purpose of this paper is to propose a decomposition-operational matrix method that is a fast
computing method by which we can compute a numerical solution of (3.7) at some discrete points.
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3.2. Decomposition-operational matrix method
f, L. are nonlinear functions, so we will use decomposition method.

(H3.1) x(t):=) xa(t). (3.8)
n=0

Equation (3.8) is satisfied if f is an analytic function in respect to second parameter.
From (3.7) we get

D xnlt) =x0+ L) xn(t)x(t—t) +IF o f(t, Y xn(t)).
= n=0 n=0
And then we can rewrite above expression as
D xnlt) =x0+ L) xn(t))x(t—t) +IF o f(t, D xnlt))xo
n=0 n=0 n=0
00 n n—1
+ 3 (L %) =LY x5t )x(t—t.)
n=1  j=0 j=0
+ L (xo(t; ))x(t —to) + IS o Z le f(t, Zx] ) + IS o £(t, xo(1)).
n=1
From this we construct the following decomposition algorithm.
XO(t) - XO/t S (O/ 1]/
x1(t) = Ig" o f(t, xo(t)) 4 L (x0(t, )X (t t),
n— n n—1
Xnp1(t) f(t, ZXJ Z (LY _xj(t) —L()_xt))xt—t),n=12,....
j=0 j=0 j=0

Define At:=1/m =1/2",r € N, tx := (k —0.5)At, k = 1, m. For the convenience, put t. = t,, /5.

Definition 3.4 ([8]). The m-set of Block-Pulse functions(BPF) is given by

by (t) = 1, <t<ili=0m-1,
v 0, otherw1se.

Definition 3.5 ([8]). A pair of integers (j, k) satisfying the following conditions is said to be a integer
decomposition of index i .

i=k+2 -1, 0<j<i, 1<k<2+1.

Definition 3.6 ([9]). The Haar wavelet function is given by

i k—1 k—1/2
22, 5 <t< =5,
hot) = —, hu(t) = =42t M2 ik
- m/ 1 - m - 2/ 2j < t <\ ﬁ/
0, otherwise,

where (j, k) is a integer decomposition of i.
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Definition 3.7. The Haar wavelet matrix for a set of collocation points (ty) is given by

ho(t1) ho(t2) -+ ho(tm)
hy(t1) hi(t2) -+ hy(tm)
Hmatrix = ' ' . '
hmo1(t1) hmoi(t2) - hpoi(tm)

Similarly we can define Block-Pulse function matrix. From the definition of Block-Pulse function, we can
easily see that Bpatrix = L.

Lemma 3.8 ([8]). F3, the operational matrix of Block-Pulse function vector B(t) = (B1(t), Bo(t),..., Bm(t)7,is
given by

1 & & -+ &ma
01 & - &mo
po_ 11 00 1 - &g
B maT(a+2) L '
0 0 0 1

where & = (k4 1)*FT — 2K+ 4 (k — 1)+,

Theorem 3.9. FyY, the operational matrix of Haar wavelet function vector H(t) = (ho(t), hi(t),... 1y,

is given by
Flcfl = HmatrixFl%(HrTnatrix'
Proof. We have
AC € R™*™; H(t) = CB(t).
Then we can easily get
Hmatrix = CBmatrix-
Since Bmatix = I, we have
C = Hmatrix-

We obtain

I[H(t) = IFB(t) = CIyB(t) = CFgB(t) = HmatixFgB(t), IgH(t) = FiiH(t).
And we get

FRH(t) = HmanixFgB(t).
Therefore we can see
FRiHmatix = HmatrixF§ Bmatrix = HmawixF§,  Ff{ = HumatrixF§ Hiatrix-

The proof is completed. [
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Denote as follows:

Hm(t) = (h’O(t)/h]. (t)/ o /hm—l (t))T/ C;I'—n_ = (COI Clyeees Cm—l)-

If y(t) is a piecewise constant function, y(t) can be approximated by a number of Haar functions. That is,
we have

Therefore collocation equation is as follows:

y(tx) = Cl Hm (t), k=1, m.
Put Y := (y(t1),y(t2),...,y(tm)). Then, we obtain
Y = (U (tl)/y(tZ)/ v /y(tm)) = C;(Hm(tl)/hm(tZ)/ ceey Hm(tm))

And we can rewrite this as

Y= C;IT—IHmatrix-
So, we have

C—Trn = YHI—II—latI‘iX'
On the other hand, using I§y(t) = IS‘CTTnHm(t) = CLF,‘i‘IHm(t), we can get

(I(()XU (tl)r I(()Xy(tZJ/ sy Iéxy (tm)) = C;F]O—C[Hmatrix-

Denote Y := (xg,X0,...,X0), Cg =YoH!

matrix- 1hen Xo(t), a collocation approximation of xg(t) is given
by

Xo(t) = CJ o H(t).
Put as follows:
Yl = (f(tl, 720(1:1))/ f(tZ/ %\O(tZ))/ ey f(tm/ QO(tm)))/
YZ = (I*(QO(tl)) : X(tl - t*)/ L (QO(tZ)) : X(tZ - t*)/ sy L (io(tm)) : X(tm - t*)/
Cir =Y H;lllatrixFlcfl + YZH;;atrixl
R1(t) = ClT o H(t).
Then %4 (t) is a collocation approximation of x;(t).

Put X, 1(t) := CTThLl o H(t). And then we have

Unsa(t) =) #5(t)=(D_C])-H(1),
j=0 j=0

7A(n—i—l (t) = un+1 (t) - un(t)
U1 (t) = Un (1) + I o (f(t

7
7

Un (1)) = f(t, Un—1(t)) + (L (Un (t))) = L(Un (£))x(t —ti),m=1,2,....

Denote Sy, 11 := Z]TLZO C]-T. From this we have

Upn1(t) = Snp1oH(t).
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Define Uy, 41 := (Upn41(t1), ..., Un1(tm)). We can easily see that
UnJrl = Sn+1 © Hmatrix-

In order to obtain P which satisfies that I§f o f(t, U, (t)) = P o H(t), denote f(t, Un(t)) = CTo H(t).
Then we can get

(f(tlr un(tl))/ f(tZI un(tZ))/ sy f(tm/ un(tm))) = GT © Hmatrix-

So we have
CT = (f(ts, Un(t1)), f(t2, Un(t2)), - ., F(tm, Un(tm))) © Hbrivs
I8 0 f(t, Un(t)) = CT o IFH(t) = CTFRH(1),
I 0 f(t, Un (1)) = CT o ISH(t) = CTFXH(1),

P = GTF%[ = (f(tllun(t )) (tZI (tZ)) v rf(tm/ un(tm))) o H;Il—latrix o F](i([/
§ o f(t, Un (1) = (f(ty, Un(t1)), f(t2, Un(t2)), ..., fltm, Un(tm))) o Hyaix © Fii 0 H(t),

that is,

(IGF(t, Un (t) ey, LG F(, Un (8))ly, - -+, TG F(E, Un (1)) le,,)
= (f(tll un(tl))/ f(tZ/ un(tZ))l ceey f(tm/ un(tm))) o HrTnatrix o F]o—([ o Hmatrix-

For the convenience, denote
F(Un) = (f(tr, Un(t1)), f(tz, Un(t2)), ..., fltm, Un(tm))) - I(Un) := L(Un(ts)).
On the other hand we should get QT that satisfies
x(t—t.) = QT o H(t).
Since (x(t1 —t4), X(t2 —ts), ..., X(tm —t4)) = QT 0 Hpawix, we have
Q" = (x(t1 — o), x(t2 — t), .., X(tm — ) 0 Haprine
Thus, we get
X(t—t) = (x(t1 = t), X(t2 = ta), o X(tm — 1)) © Hipagix 0 H():
Now, put X := (x(t1 —t«), x(t2 —t«), ..., X(tm — ti)). Then we get
Un 1 = U + (F(Un) = F(Un-1)) © Hiatrix © Himatrix © Ffi © Himatrix + (1(Un) = I(Un—1)) o X-
From this, we have

Sn+1 - S + ( (ﬁ ) (UTI71)) S Hr_;atr]x o Fr(ﬁatrlx (I(Uﬂ) - I(ﬁnfl)) o X o Hmatrlxl
F(Un) = (f(t1, Un(t1)), f(t2, Un(t2)), ..., ftm, Un(tm))).

Considering that Uy (ti) = Sn o H(ti) = Sp o H! we can obtain

matrix’

F(Un) - (f(tl, S o Hmatnx) f(tZI STL o Hmatrlx) (tml S o HTnTatrlx)) = F(Sn)

Similarly, we have
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Using the assumption that t. = t,, », we get

[(Up) = (S o H™2 ) = 1(Sy).

matrix

Therefore, we have
Sn+1 = Sn + (?(Sn) - ?(Snfl)) © H111—1atrix o F%{ + (T(Sn) _T(Snfl)) 0)7( o Hllatrix'

Algorithm (decomposition-operational matrix method):
Step 1. Compute Sp := CJ = (x0,%0,...,%0) o H}

matrix*

Step 2. Compute S; := C§ + C{ = CJ + (YiH] i F& + Y2aHT 1), where

matrix matrix

;(\O(t) = Cg © Hmatrixs
Yy := (f(t1, Ro(t1)), ft2, Ro(t2)), ..., f(tm, %o(tm))),
Yz i= (Le(Ro(t1)) - x(t1 — ts), L (Ro(t2)) - X(t2 — ts), ..., L (Ro(tm)) - X (tm —ts).

Step 3. Compute N times

Sn+1 = Sn + (?(STL) _?(Snfl)) o Hr-;atrixF]o—(l + (T(STL) - I(Snfl) OXO Hr—lr—mtrix'
Step 4. Compute Uy, = Sy 0 Hmatrix-

3.3. Convergence of the approximate solution

Lemma 3.10 ([6]). Assume that M := sup [f(t,x)|, t2 > t1. Then the following inequality holds:
s At x<1,
|I(()X (t,X(t)Ntl - I(c)xf(t/ X(t))|t2| <

%((tz—h)“v%ﬁ‘—tf‘), oo > 1.

H 3.2 Vxq,x2 € R, [f(t,x1) — f(t,x2)| < L¢lxq —x2l.
H 3.3 Vx1,x € R, [Li(x1) — Li(x2)| < Lilxq —xal.

H 3.4 w::ﬁ+LI*,O<w<1.

Theorem 3.11. The following inequality holds.

2M <At

X
N
_u .
1+ a)(1—w) 2) +wTx ollperoa

[x = UnNlperoa) < X

Proof. Put Vt € [0,1], Fty : tic € Uae(t), [x(t) — Un(t)] = [x(t) —x(ti) +x(tx) — Un(ti) + Un (t) — Un ().

From the construction of Uy (t), we get
[Un (i) — Un (1) = [Un (tk) — Un (t)] = 0.

We can easily see that

x(t) =xo + L (x(t, )x(t — tu) + 15 o F(t, x(1)),  x(tic) =x0 + L (x(t,))x(tic — ta) + Ig" o F(t, (1)), -

Using ty € U% (t) and Lemma 3.10, we have

(1) — x(tie)] = 18 o F(t, x(t)) — I o £(t, x())le, | < ”f% <A2t> .
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On the other hand, we have

N N-—-1 N-—-1
Z (ti) = x4 I&F thl tie)) + Le( Z )x(tk —t)
j=0 j=0

= xo + Igf(t, Un—1(ti)) + L (Un—1(t))x(te — ta).
Thus, we obtain the following estimate inequality:

x(tie) — Un (ti)l = 17 (F(t, x(1)) — F(t, Un—1 (8)) ey |+ [T (x(15)) — L (Un—a (£5))]

L¢
<7F(1+ [ —Un-1llpefo11 + L1, [Ix —UN—1llpcos
XM (At L
t)—-UNnWOI S =—=——— | =— ——|x—Un_ L —Un_
x(t) — Un (1) Fl o) <2> Ty [x —=Un-1llpero + L. [Ix = Un=1llpco1
M M ANE
- = —Un._ << —"" (== —u .
rirat + wllx =Un-1llpeoa] r(1+“)(1_w<2> + ™ [x —Uollpero
Therefore we get
2M At\NY
x—Uu < — | +wx—-Uu .
I~ Unlleion < rrrr o= () +e"Ix—Uolleon

The proof is completed.

3.4. Numerical example

3.4.1. Problem
Consider the following nonlinear impulsive fractional differential equation:

‘DEx(t) = f(t,x(t),t € (0,1],t #t. =1/2, Ax(t.) =-02x(t,), x(0)=1,

where o« = 0.8.
Put f(t,x(t)) as follows:

g1(t) = (22t —1)"%(4(2 — 1/t) %% + 2% (=1 + oc — 2t) (=1 +2t))) /(4T (1 — x) (2 + (=3 + o) x)),

go(t) = (—272F%3(—=1+2t)> %) /(N1 — o)* (6 — 1Tx + 60 — &%),
(2— ) _ 1
f1(t) = 2t /T(3—a), t<%,
gl(t) + 92(t)1 t > j/
(2 +1)?, t< 3,
2t = {(1—(t—1/z)), t>1

f(t, x(t)) = x*(t) + f1(t) — fa(t).

3.4.2. Results of computation
We put r = 7 and divided [0,1] into 2" = 27 = 128 equal parts.
The mesh points were taken as the midpoints of all subintervals and we used the 11* order of decom-
position.
The exact solution of this equation is as follows:
{t2 +1, t <
x(t) =
t>

4

1—(t—1/2)83,

NI= N|=



Y. Jin, C. Chol, P. Ae, J. Song, G. Lu, J. Nonlinear Sci. Appl., 11 (2018), 1129-1148 1147
Table 1: The maximum norm error of the exact solution and approximate solution.

Mesh Point Approximate ~ Exact Enor Mesh Point  Approximate  Exact Exror Mesh Point  Approsimate  Exact Enmor Mesh Point  Approwimate  Exact Error
L 0.003%1 1.00003 L.00002) 1. 384TIE-05 0. 263006 1.05449 1.06447 2.61114E-(R 0. 503906 1.0003 1 0.0003026 0. TE3006 0. 98<027 0.88363 0.I012863
L 0.01172 1.00015 L.00014) 0.000013649 0.261719 1.03852 1.0685 2.66B32E-(5 0.511719 1.00049 0. 992998 0.0004957 0. 761719 0. 983396 0.98207 0.001323
i 0.01853 1.0004 L.00038 1. 38303E-05 0. 268531 1.07267T 1.07266 2. T2693E-(5 0.518831 1. 00055 0.999993 0. 0005556 0. TES531 0. 981769 0.88042| 0.23013488
L 0.02734 1.00076 L.00075 ) 1.40846E-05 0.2773¢4 1.07695) 1.07692 2. T8TO3IE-(5 0. 527344 1.00058 0.99209% 0.000596 0. 777344 0. 980044 0.87867 0.23013771
_5_ 0.035615 1.00125 1.00124 1.43693E-05 0.286166 1.03134 1.08131 2. B4867E-[5 0. 535156 1.00059 0. 999957 0. 0006285 0. 785156 0. 978218 0.87681 0.1014047
L 0.04297 1.00186 L.00185 1.48713E-05 0.2982060 1,03586 1.08583 O0.000029119 0. 542969 1. 00058 0.992821  0.000657 0. 72069 0. 976287 0.97483 0.23014327
L 0.05073 1.00259 1.00258 1.49853E-05 0. 300781 1.1905 1.08047 0.000029T¢8 0. 550781 1.00055 0. 999869 0. 0006832 0.800781 0.9T7<249 0.87273 0.31014609
_ 8 | 0.05852 1.00345 1.00343 1.53084E-05 0.308504 1.09526 1.08523 0.0000304:4 0. 558594 1.00051 0.999798 0. 0007078 0. 8085594 0.972102 0.87061 0.3014895
_9_ 0.06641 1.00443 L. 00441 1. 56407E-05 0.316406 1.123014) 1.10011 3. 11179E-(5 0. 566406 1.00044 0.992707 0.000T316 0. 514406 0. 969842 0. 96832 0.J015184
_0_ 0,07422 1.00552 1.00651 1.59801E-05 0.324219 1,11515 1,10612 3. 18202E-[5 0.574219 1.00035 0,999581 0.0007546 0. 824219 0. 967466 0. 86692 0,1015478
_1_ 0.08203 1.00675 L.00673 1.63268E-05 0.332031| 1.11028] 1.1:024| 3.25415E-(5 0. 582031 1.00023 0.999<48 0.0007TT3 0. 832031 0. 964972 0.9634 0.23015772
__2_ 0.08081 1.00809 1.00807 1. GEBOGE-05 0.339824 1.11653 1.1:549 3. 32827E-[5 0. 5EBB44 1.00007 0.99927T6 0.000T9896 0. 838844 0. 962367 0.86073 0.001607
_3_ 0.098765 1.00955 L.00954) 1. TO416E-05 0. 347656 1.1209] 1. 12086 3.40443E-(5 0. 597666 0.999891 0.999069 0.0008218 0. 847666 0. 959615 0.85793) 0.23016372
_4_ 0.105647 1.01114 1.01112) 1. T4087E-05 0. 356468 1.12639 1.12636 3.48272E-(5 0. 605469 0. 5998671 0. 998827 0. 000844 0. 865469 0. 956761 0. 85503 0. J01667TA
(15 [ 0.11323 1.01285  [.01283 1. TTEGE3E-05 0.363281 1.13201 1.13197 3.B6321E-(B 0.613281  0.998412 0.998546 0. 0008661 0. 863281 0. 963766 0.85203 0.J0165984
_6_ 0.12103 1.01468 1.014A6 1. B168<E-05 0.371084 1.13775 1.153771 3.A4598E-(5 0.621084| 0.5995113 0. 998224 0. 0008882 0. 871094 0. 960626 0.9483 0.3017254
LT | 0.12801 1.01664 L.0D1662 1. 85593E-05 0. 378906 1.14361 1. 14367 0.000037311 0. 628906 0.998765 0.99T7§65 0.0005105 0. 878006 0.947361 0.9453 0.23017607
_8_ 0.13672 1.01871 1.018A9 1. BBGE2E-05 0. 386718 1.14955 1.14855 3.8186TE-[5 0.636719] 0.5998377 0.99T<d4 0. 0009328 0. 886719 0. 943958 0.584217 0.3017923
_9_ 0.14463 1.02091 L. 02089 1. 93653E-05 0.394631 1.13669 1. 15666 3.80876E-(B 0. 644531 0.997936 0. 996981 0. 0009553 0. 894531 0.940413 0.893853) 0.2J018241
A 0.1523 ) 1.02323 1.02321 0.000019781 0.4023¢4  1.135192 1. 16188 4.00147E-(5 0. 852344 0.997442 0. 996<64 0. 000978 0. 902344 0. 936725 0.93487 0.2J018562
A 0.16015 1.02667 L.02665 2. 02055E-05 0.410156 1.15827 1. 16823 4.09657E-(5 0. 660156 0.996893 0. 9953882 0.0010009 0.910166 0. 932889 0.931 0.J018885
LQ_ 0. 16797 1.02823 1.02821 2. 06392E-05 0417969 1.17474] 1.:747 4. 19506E-(5 0. 667969 0.996285 0. 995261 0.001024 0.917969 0. 928903 0.92693) 0.001821
A 0.17673 1.03092 1.0308 2. 10822E-05 0.426781 1.13133 1.18129 4.286813E-[5 0.676781 0.995616 0.994569 0.0010474 0.925781 0.924764 0.82281 0.1019537

24 | 0,18359 1.03373 1.03371 2. 15351E-08 0.433584 1. 13805 1.188 4.40018E-(5 0. 683594 0.994883 0.993512  0.001071 0.933594 0. 920469 0.91843 0.J019866
_25_ 0.19141 1. 03666 L.036A4 0. 0000218998 0.441406 1. 13488 1.18484  4.50723E-[5 0. 691406, 0. 5994082 0. 992088 0.0010549 0. 941406 0. 916016 0.914 0.3020187
_26_ 0.19822 1.03971 L. 03969 2, 2471<E-05 0.445219 1.23184 1.2018 4.61T4RE-(B 0. 698219 0.993212 0.992083 0.001119 0.948219/0. 911402 0.80933) 0.23020528
_2_ 0.20703 1.04288 1.04286 2., 20657E-05 0.457031 1.23892 1. 20888 4. T3088E-(5 0. 707031 0. 99227 0.991126 0.0011434 0. 957031 0. 906623 0.90454) 0. 020862
_2_8_ 0,21481 1.04618 1. 04616 2. 34512E-05 0.464824 1,21613 1, 2.608 0.0000484%6 0.714844 | 0,5991251 0.990083 0.0011681 0. 964844 0. 901676 0. 89953 0,10211896
_29_ 0.22265 1.0496 L.04958 2, 39683E-05 0.472666 1.22345| 1.2234 4. 96T69E-(5 0. 7226586 0.990155 0.988962 0.0011931 0. 972666 0.89656 0.89441 0.23021532
_Sl | 0.23047 1.05314 1.08312 2.447T4(E-05 0. 480469 1.2308 1.23085 0.000050912 0. 730469 0.988977 0.987768 0.0012185 0. 980469 0.89127 0.88903 0.J021868
l 0.23823 1.0868 L.0B678 0.000025009 0.488281 1.23847 1.23842 5.21819E-(5 0. 738281 0.987715 0.986<T1 0.0012441 0. 958281 0. 885805 0.88353 0.23022204
iz_ 0.24603 1. 06059 1.DADGA 2. KRA3GE-05 0.49608d4  1.24616 1. 2dA11| 5. 34869E-[5 0. 746084 | 0. 986366 0. 986086 0.0012701 0. 9960594 0. 880161 0.87791 0.1022541

Figure 1 shows the exact solution and approximate solution.
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Figure 1: Exact solution and approximate solution
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