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Abstract

For n € N and p € R the nth partial sum of the alternating p-series, known also as alternating generalized harmonic

number of order p,
n

* i 1
H*(n,p) = i;H) “5

is given in the form

H* (nlp) = Sq (kln/p) +TT] (k/n/p)r
where k, g € IN with k < [n/2] are parameters, controlling the magnitude of the error term r,*1 (k,m,p). The function Sq(k,n,p)
consists of 2(k + 1) + q simple summands and Ta (k,n,p) is estimated for ¢ > —p +1, as

[pllpl+1) - (fpl + g — )P+
3(p+q—(2kmpra

’r’; (k,n,p)| <

Additionally, for p € Rt and k, g € N, we have

p(p+1)---(p+q—2)nPH!
3(2km)p+a-1 '

|rg (k, 00,p)| <
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1. Introduction

The finite p-series
k

1
H(k,p) := Z g peR,

i=1

known also as the kth (generalized) harmonic number of order p, has been studied recently by Abalo [1],
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Hansheng [7], Chlebus [3], and Lampret [9]. Also, a great deal of authors have been investigating the
properties of these numbers involved in a wide range of mathematics, see for example [4-6, 8, 15, 16, 21,
22,25, 26].

However, the finite alternating p-series

K
Hi(kp)i=) (1), peR,
i=1

known also as the alternating (generalized) kth harmonic number of order p, has been studied less inten-
sively. Actually, some papers investigate several properties of alternating (generalized) harmonic num-
bers, see e.g. [18-20, 23].

Twelve years ago, it was shown in [23] that for the nth alternating harmonic number (in short the nth
alternating harmonic) H*(n, 1) the best constants a and b, satisfying the double inequality

1 1
< [H* (00, 1) = H*(n, 1) <
2n+a ‘ (00, 1) (n,1) 2n+b
1

for every n € N, are a = 5-— and b = 1. Recently, Sintamarian [17] published the paper approximating
the sequence of partial sums H*(k, 1) of alternating harmonic series:

H*(oo,l)—(—nk*li—lnz < 1 k € N.

2k S 4k2 4177,

242"

An extremely accurate estimate of the sequence of alternating harmonic numbers H*(n, 1), derived using
the Euler-Mascheroni constant, was presented recently in [11].

In [12] the sum of conditionally convergent Leibniz series was estimated by collecting its positive and
negative summands. This way the sum of Leibniz series becomes equal to the sum of some absolutely
convergent series, which can be approximated using standard Euler-Maclaurin summation formula. The
similar technique was used also in [14].

Fortunately, we have at our disposal the Euler-Boole summation formula which is suitable precisely
for alternating series. Using this formula we shall accurately estimate the sums of finite and infinite
alternating p-series; also in case p > 0 and p =~ 0 when the convergence is very slow. We remark that
some treatments of alternating sums of powers can also be found in [8].

2. Preliminaries (summation formulas)

For finite and infinite alternating p-series we shall use the Euler-Boole summation formula presented
in [13, Lemma 3].

Lemma 2.1 (The Euler-Boole summation formula). For integers 1 < m < nand q > 1, and for a function
f € C9[2m, 2n], the following summation formula® holds:

2n—1 1 Lg/2] B,
> (FUF) = S [f2n) —fm)] - Y (41 -1) (23| [f(ﬁ—“(zm—f(zi—”(zm) +Rq(m,m),
i=2m i=1 ’

where the remainder Ry (m,n) is given as

Lo [ Tw (L) —w (Lt — 1y st
Rq(mmn) =3 (-2) . [Wq(zt) Wy (5t 2)}1‘ (t)dt

and is roughly estimated in the following way

2n 1 2n
Rq (m,n)| < 2° -vqj ’f(q)(t)’ dt< - J ‘f(q)(t)‘ dt. @.1)
2m 3ma-2

1By definition we have 3 I* | x; =0 for m > n.



V. Lampret, ]. Nonlinear Sci. Appl., 11 (2018), 1250-1261 1252

Above, By = By (0) are known as kth Bernoulli coefficient (or Bernoulli number), where the symbol

Bk (x) denotes the kth Bernoulli polynomial (k > 0), defined by using the identity etfitl =350 Bk(x)%

(It < 2m). The symbol W (x) stands for the standardized qth Bernoulli 1-periodic function, i.e. the
1-periodic continuation of %Bq (x)| 0,1) (a restriction) from the interval [0,1) to IR. More precisely?, for

q > 0, we have Wy (x) = %Bq(x— [x]).

Lemma 2.2. Let f be a polynomial of degree v € IN. Then the remainder in Lemma 2.1 is equal to zero, Rq(m,n) =
0, for any m,n,q € Nwith m <nand q > v.

Proof. If f is a polynomial of degree v € IN, then f(4)(t) = const, (possibly 0), for ¢ > v. Therefore,
according to Lemma 2.1, we have

n n
Rq(m,n):C“ Wq(x)dx—J Wq (x—1) dx| =C(0—0)=0
m m
for some constant C. Indeed, W (x) is 1-periodic and fé Wq(x)dx = fé Bq(x)dx =0. O

Direct consequence of Lemma 2.1, considering the identity 5 25, x; = 2! x; 4 xax, is the following

lemma.

Lemma 2.3. Let m and q be positive integers and let f € C9[1, co) satisfies the following three conditions:

L 79 (x)] dx < oo;
2. lim f(2n) =0;

neN, n—oo

3. Finite Adyi_1 := lim -1 (2n) exists for every integer i, 1 <1i < L%J
neN, n—oo

Then Y 2, (—1)"H1(1) converges and the equality®

0 2m—1

La/2] . .
> (D) = ) (D) - f(zzm) -y @1 ggl(xzu —f(zl—”(zm)) +rq(m)
i=1 i=1 i=1 ’

holds with the remainder estimated as

3. Approximating the alternating pseries

For x € R and k € Ny := {0} UIN, we define the upper (rising) Pochhammer [10] product x*) as

k—1
x©:=1 and x® .= H(x+i) =x(x+1)-...-(x+k—=1) (ke N). (3.1)
i=0
Forp € R, q € N and x € R* we also define the auxiliary sums*
lq/2] 2i—1)
. _ i By -p®
oq(x,p) = Z (41 _ 1) ROES TS SR (3.2)
i=1

Lemma 3.1. For p € R and for positive integers k, 1, and q, where k < 1, we have

1

21—-1 1 1 ,
it _ 1 ‘ol B — o* (2K .
i—ZZk( " T2 <(21)P (Zk)P> +05(2L,p) — 0 (2k, p) +74(k, 1, p),

where

2Here |x| denotes the floor of x, i.e. the greatest integer less than or equal to x.
3See footnote 1.
4See footnote 1.
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‘p(qJ|
3p+q—1m9a—2
(q)

<(21)|p+qf1\ _ (2k)|p+qfll>, if q<-—p+1,
’Tq (krllp)‘ <

L ! - ! if q>-p+1
3(p+q—1)ma—2 \ (2kpra—1  (aupra—1 ) P47 TPTL
Additionally, we have, as the consequence of Lemma 2.2, vq(k,1,p) = 0 forall p € Z~ U{0} and q > max{1, [pl[}.

Proof. The derivatives of the function f,(t) := t~P are given as

(q)
dqu — (—1)d pld
dtd tpP+q

(peR, geN, x e RY),

where p(9) is the upper Pochhammer product defined in (3.1). Consequently, invoking Lemmas 2.1 and
2.2, and referring to the definition (3.2), the proof completes, for q # —p + 1, the estimates

21 4q 21| 49 21 | (4a)
[ o)< | |G| as | L
2k dtd 2k | dtd 2k tPFA

_ =Pl ‘[tp qu _ P r 1 O
p+q—1 2k p+q—1\(2k)pra-1 (21)p+a-]

Referring to the obvious identity5

n 2k—1 2| (n+1)/2]—-1 1
2e=3 o+ 3 e+ 1+ (1" eMm),
i=1 i=1 i=2k

3, we derive from Lemma 3.1, considering also the clear identity

true for a function ¢ and n > 2k+1 >
) = %(— )"+l (2| 2L ), the following theorem.

2021751 ]) =3[+ (D en

Theorem 3.2 (Estimating the alternating generalized harmonics). Considering (3.2), for p € R and for any
k,m, q € N, where n > 2k + 1 > 3, we have

H*(n,p) = Hg (k,n,p) + 74 (k,n,p),
where

H; (k,m, p) = A% (k,p) + B3 (n, p),

A’a(k,p) =H"(2k—1,p)— 2(21k)p — GZ (2k,p),
B* (TL )_ (_1)n+l * (0 n+1 )
q\n Pl = 2(2LHTHJ)p+Gq( [%5=1p),

and vy (k,n,p) =14 (k, [2£1],p) is bounded in Lemma 3.1, consequently we roughly estimate

[p(@)] - (2| g1 )) P
3(lpl+1— q)mlpl-1

q)| . 1-Ipl
i, p)| < L
3(q —Ip| —1)(2km)a—IpI=

3(2km)P+a—1’ for p >

, for pe R™and q <Ipl+1,

for pe R and q > Ip|+1,

Oand q >

where vy (k,n, p) = 0 for integer p < 0 and q > max{1, [pl}.

53ee footnote 2.
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Corollary 3.3. For p € R and for every k,m, q € N withn > 2k +1, the approximation H*(n, p) ~ Hg (k,n,p) =
Aj (k,p)+ BY (n, p) has the relative error

H*(n, p) —Hg(k,n, p)
H (k,n,p) ’

pj;l (k/ nrp) =

bounded as

[pt] (2| 51 ))

3(lpl+1—q)mP=1 [Hx(k,n,p)]

(p<0, g<lIpl+1),

0% (k )| < ‘p(q)‘ 1—Ip| 1
e <0, g>Ipl+1),
q 3[Hz (k,n,p) [(q —Ipl — 1) (2km)a—IpI—1 (p<0, q>Ipl+1)

(p=0,q=>1).

3[Hg (k,m, p)] (2km)p a1

According to the equality H*(n,p) = Hg(k,n—1,p) +rg(k,n—1,p) + (—1)“”% we obtain from
Theorem 3.2 its different form presented as the next corollary.

Corollary 3.4. For p € R and for any k,n,q € N with n > 2k +1 > 3 the sum H*(n,p) is given also by the
formula
H*(n,p) = Hg" (k,n, p) + 75" (k, n, p)

with
Hg" (kny p) i=Ag (k,p) + ((—1) <W — np) +0g (2L2J,p)> (3.3)
* —1 * n n 1
=Ag(k,p)+ ( (2L%J)p + 0y 21%],p) + <1 +(=1) +1)2np>
and

r’a*(k, n,p) ::rg (k,n—1,p).
Setting q = 2 in Corollary 3.4 we obtain the following corollary.

Corollary 3.5. For p € R and for any k,n € N with n > 2k + 1 we have

* * 1
HY(n,p) =H* (2K~ 1,p) ~ 50— 4(2]Sp+1
(3.4)
n 1 1 P * %
4 S D k,n,p),
+<( ) <2(2L3J)p np>+4(2Ln/2J)p+l)+T2 ( TL'P)
where p|—1
Iplip+11- (2[n/2)) " B
i
(k,n, < Pilp . 3.5
el S p) ST EEP el Y
3(2K)p forp =
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The approximation H*(n, p) ~ H’a*(k, n,p), see (3.3), has the relative error

H* (nlp) - H:;]*(kl nrp)
Hi*(k,m, p) ’

Py (k,m,p) =

bounded in the following two examples.

Example 3.6. For p € R and for any k,n € IN with n > 2k + 1, the approximation

H (n/p) ~ H2 (k/n/p) =H (Zk 1/P) Z(Zk)p 4(2k)p+1
1 P 1\ 1
— + +(1+ (D)™ ) —,
2(2[n/2])" 4(2Ln/2J)P+1 ( >2np
has
Ipl—1
2|In/2
plip+1  (@n/2)" forp < 1,
3(lpl=1)  |[H3*(k,n,p)
pi‘*(k,n,P)‘ < pllp +1] , for —1<p<0,
3\H§*(k,n,pp) |(1—Ipl) (2Kk)1= Il
, f > 0.
3‘H§‘*(k,n,p) ‘(2k)p+1 orp
Example 3.7. For p € R and k,n € N satisfying n > 2k + 1 the approximation
. o . 1 p pp+1(p+2)
H ~H =H — — —
(mp)~ e o p) ==L p) = omuge ~ aigrst T ds(2i)pes
1 p plp+1)(p+2) 1)1
- + - +(=0M) o
2(2[n/2))"  42[n/2))Pt 48(2(n/2))P "0 ( )an
has
-3
PR +DE+2)p+3) I@n2)"
5 . — , forp< =3,
- plp+1)(p+2)
ps"(k,m,p)| < , for —3<p <0,
i tonp) 372 (3— [pl) [Hy* (k,n, p) | (2Kk)3~ I or P
lp(p+1)(p+2)(p+3)| ;
, orp = 0.
372 |H;*(k,n, p) | (2k)P+3
For example, forn > 2-5+1 =11 and p > 0, we estimate
o (p+2)* 1 6 x107*
5n, < . < .
pi’(5m p)‘ 3m210°43  [Hi*(k,n,p) | [Hi*(km,p)]
Thus, for n > 11 and p > 0, we have
(1—6x10*)H;*(3,n,p) < H**(n,p) < (1+6 x 10~ *)H;*(3,n, p). (3.6)

4. Estimating H*(n, p) for p <0

If p < 0, the sequence of generalized alternating harmonics alternate in sign. Indeed, we have the next
proposition.

Proposition 4.1. For every p € R™ and every integer 1 > 2 there holds the double inequality
0 < (=)™ H*(n,p) < n/Pl. (4.1)
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Proof by induction. We have (—1)2*1H*(2,p) = —(1 —2/Pl) = —1 + 2P|, Hence 0 < (—1)2*1H*(2,p) < 27!,

Say that the estimate (4.1) is true for some n > 2. Then

(~D™2H 4+ 1,p) = (1™ (R, p) + (~1)™ 2+ 1))
= — (=D H*(n,p) + (n+ )P > —(=1)™*H*(n,p) +nPl > 0
and also
— (D)™ (n+1Lp) + (n+ 1P = (—1)n ! (H*(n,p) + (=) (n+ 1)“") +m+1)P
= (-1 H* (n, p)=(+1TPT + (n 41T > 0. 0

Referring to Corollary 3.5, using k = 2 in (3.4) and (3.5), we obtain the next proposition.

Proposition 4.2. For any p € R™ and for every integer n > 5 we have

1

H(n,p) =1 — 2P 43Pl — L gipt [P gipl

16
+<(_1)n(§(2 Ln/zJ)ho|_n|p|) Ipl( 2n /2J)'p'1>+r§*(2,n,p),

where .
02 3(p— 1)

Ir3*(2,n,p)l < pll 1]
12(1 —Ipl)

Corollary 4.3. For any even n. > 6 and for every p < —1 there holds the double inequality
al(nlp) < H*(nlp) < bl(n/p)/ (42)

where

1 1 1
ai(n,p):=H"(3,p) + 3 <|g| — 1> 4lpl Enlpl Ipl (3—|— 4Pt |> nlpl=1,

Ipl—1
L 1 (Ipl i _ L ipl |p‘ 4P 1N plt
b1(n,p) :=H (3,p)+2<8 1>4 v T\ Ipl—l o

Figure 1 illustrates the estimate (4.2) by plotting®, for p = —37 and p = —m/3, the graphs of the
functions (n even) n — a;(n,p), n — by(n,p) (continuous lines) and the graphs of the sequences (n even)
n— H*(n,p).

© 20 40 60 100 st
~1x10" | 10t
210" ¢ -15¢
[ —20F
~3x10'% | p=—3m 25
i -30¢

Figure 1: The graphs of the functions (n even) n — a;(n,p), n — by(n,p) (continuous lines) and the graphs of the sequences (n
even) n — H*(n,p).

®In this contribution all figures are produced by Mathematica [24].
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Corollary 4.4. For any even n. > 6 and for every p € (—1,0) we have the estimate
az(n, p) < H*(n,p) < ba(n,p) (4.3)
with

1 Pl o1 1 (Ipl plip +1]
—H* _ Znlpl lpl—1, = 1T =1 ylpl
az(n, p) (3,p) 2n 1 n + >\ g 6(1—[p) ’

1 Pl o1, 1 (Ipl plip +1]
R _ o pl=1 . 2 [ IFD [pl
by (n,p) :=H*(3,p) 5m A" +2 ( 5 1+6(1—|p|) 4Pl
Figure 2 illustrates the double inequality (4.3) by plotting, for p = —e/m and p = —1/m, the graphs
of the functions (n even) n — az(n,p), n — ba(n,p) (using continuous lines) and the graphs of the
sequences (n even) n — H*(n,p).

2F %10 20 30 40 50
—4F
_6;7
~10F
—12f
—14F

Figure 2: The graphs of the functions (n even) n — ax(n,p), n — ba(n,p) (continuous lines) and the graphs of the sequences (n
even) n — H*(n,p).

If p is negative integer and q > |p|, the error rj(k, n,p) is equal to zero. More precisely, we have the
next theorem.

Theorem 4.5 (Computing the alternating sums of powers with positive integer exponents). Foranyp € Z~
the following equalities, involving Bernoulli’s polynomials By (x), hold:

H*(n,p) =H: (k,n,p) (kn,qeN, k< [n/2], g > pl) (44)
(

=Aq(kp) +B5(n,p)

1
Tlpl+1 (B‘PIH(ZL“/ZJ +1) =2IPH1B L (In/2) +1) + (2‘P'+1 —1) B|p|+1)
+ % (1 4 (_1)n+1)n|‘P| (TL c N) (45)

Hence, the estimate (2.1) in Lemma 2.1 is sharp, because Rq(k,1) = 0 for q > [p|.

Proof. The equality (4.4) follows from Lemma 2.2. Moreover, for any m € N (m = |[n/2]) we transform

H*@2m,p)=) (2i—-1)P—) (2i) P = (H(Zm,p) — Z(Zi)p> —27PH(m,p)

i—1 i—1 im1 (4.6)
= H(zm/p) - 27p+1H(m/P);
where, according to [2, 23.1.4], we have
1 _
H(k,p) = m<3|p|+1(k+1)—3|p|+1) (keN, peZ). (4.7)

Now, referring to (4.6)-(4.7) we obtain

\ 1
H*(2m, p) ~or1 (Bp+1(2m+ 1) = 2P (m+ 1) + (2‘P'+1 —~ 1) B|p|+1>.

Consequently, using the identity H*(2m +1,p) = H*(2m,p) + (2m + 1)IPl, the equality (4.5) follows for
n > 2. But, since By (1) = Bk (0) = By for k > 2, the relation (4.5) is true also for n = 1. O
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5. Estimating H*(n,p) forp>0
Using Corollary 3.5 we derive several simple estimates for H*(n, p) presented in the next theorem.

Theorem 5.1. For every integer n > 5 and any p € R, the following inequalities hold:

. 1 1 7p\ 1
H*(n,p) >1— —+3—p <1—|—24)2 4p+6(n,p) (5.1)
1 1 7p\ 1
1
>1—2—p>0,
and
1 1 P 1
H* —y——(1-= .
) <1-s+ 00— (1- ) 5 +300P) (53)
1 1 P
<1_27p+37’p+12 4‘p<1’ (5.4)
where

Proof. Setting k =2 in (3.4) we get

H2(2/n/p) =H (3/p) - 2.4p - 16 - 4P + 6(n/p) +T2 (k/n/p) (55)
with ,
P
—ﬁ W, for n even
5(“1?) =
— L + L +i for n odd.

A1 A=

Therefore, for n > 5, we roughly estimate

_ P 1

2‘4p<6(n,p)<16'4p+2'4p. (5.6)
Additionally, considering (3.5), we have
__P p
5.4 <ry(2,m,p)< .0 (5.7)
Now, using (5.5)-(5.7), we estimate as follows:
x . 1 P P
H(n,p) > H(3,p) — 515 l@;élﬁ+6(n’p) .
1 7p 1

> H*(3,p) —

2.4P  3.4PF2 2.4p
1 1 1 7p
=lm T 319_4P<1+48)

0D ()]

=l-g + 51—
>0

3p




V. Lampret, ]. Nonlinear Sci. Appl., 11 (2018), 1250-1261 1259

where, substituting p = 24t > 0, we have

7p\ (4\ " 8p 174\ P _ —6t
<1+48> <3> < (1+48> (e ) — (1+4t)e %t < 1.

From (5.5)-(5.7) we are also estimating, for n > 4, in the following way:

* * 1
R 1 P P 1
<H(3’p)_;/4v+48-4v+<16-4p+;/4/p)
1 1 P 1 1 P
1 — 1o — 4 —
» i T S Tt T
1 Py 3\ "
—1-5 1_<1+E> (2) ]<1,
>0
where, substituting p = 12t > 0, we have
LAWEAN P (1) P = —a
(1+12> <2) <(1+12) (e ) —(14t)e ¥t <1 0

Figure 3 illustrates the estimates (5.1) and (5.3), where the graphs of the lower/upper bounds are
plotted using dashed curves and the graph of the function p — H*(n, p) is presented by continuous line.

1.0 1.0
0.8 0.8
0.6 7 0.6
0.4 n = 10 000 0.4

0.2 0.2

1 2 3 4 5 (6] 1 2 3 4 5
Figure 3: The graphs of the lower/upper bounds (5.1) and (5.3) are represented by dashed curves and the graphs of the functions
p — H*(n, p) are continuous lines.

Figure 4 shows the estimates (5.2) and (5.4), where the graphs of the lower/upper bounds are plotted
using dashed curves and the graph of the function p — H*(n,p) is continuous line.

1.0 Fe - 1.0
o8} T = ———— 0.8
0.6 7 0.6
04r/ 7 n = 10 000 04p 7 n= 10001
0.2 /// 021l ///
A L/ ‘ ‘
05 10 15 20 25 30 05 10 15 20 25 30

Figure 4: The graphs of the lower/upper bounds (5.2) and (5.4) are represented by dashed curves and the graphs of the functions
p — H*(n,p) as continuous lines.

Using Lemma 2.1 or directly Theorem 3.2, together with the Leibniz alternating series convergence
criterion, we deduce the next theorem.
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Theorem 5.2 (Estimating the alternating Riemann’s zeta function”). For p € R and for any k,q € IN we
have (see (3.2)),

n(p) :== H*(oo,p) = H*(2k—1,p) — 2k, p) + eq(k, p),

2(2k)P B GZ(

where .

3ma—2(2k)P+a—1°

leq(k )| <

From Theorem 5.1 we obtain the next proposition.

Proposition 5.3. For every p € R™ there holds the following double inequality:

1 1 7P\ 1 11 py 1
-+ (1+22 1-—v-—(1-2 . .
2% 3 <+24>2-4P<“(p)< 2% 3 ( 24)2-41D 5:8)

This proposition estimates the speed of convergence for li%n(p) = % and lim n(p)=1.
P p—oo

Figure 5 shows the estimates (5.8), where the graphs of the lower/upper bounds are plotted using
dashed curves and the graphs of the eta function as continuous lines.
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Figure 5: The graphs of the lower/upper bounds (5.8) are plotted using dashed curves and the graphs of the eta function as
continuous lines.

Using the estimate (3.6) in Example 3.7, we plot Figure 6 presenting the graphs of the functions

p — H*(n,p) forn = 50, n = 51, n = 1000000 and n = 1000001 (dashed curves), and for n = oo

(continuous line, starting at the point (0, %).
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Figure 6: The graphs of the functions p +— H*(n,p) (dashed curves, for finite n, and continuous one, starting at the point (0, %),
for n = o).
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