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Abstract

Let dp(xq,...,xn) = dpg(x1) - - - dpn(xn) be a product measure which is not necessarily doubling in IR™ (only assuming
dp; is doubling on R for i =2,...,n), and MHH be the strong maximal function defined by

Ny — b
Mg = sup o [ tyauty)

where R is the collection of rectangles with sides parallel to the coordinate axes in R™, and w, v are two nonnegative functions.
We give a sufficient condition on w, v for which the operator MHM is bounded from L(1 + (log"')n*l)(vdu) to L1 (wdp). By
interpolation, MHH is bounded from LP(vdu) to LP(wdu), 1 < p < oo.

Keywords: Fefferman-Stein inequality, strong maximal function, nondoubling measure, A*° weights, reverse Holder’s
inequality.
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1. Introduction

Since the classical theory of harmonic analysis may be described as centering around the Hardy-
Littlewood maximal operator and its relationship with certain singular integral operators, the maximal
function have attracted the attention of a lot of researchers, such as [1, 3-5, 8-10, 13, 16, 22, 30].

Let By be a collection of bounded sets containing x € R™, and v be a positive measure. Given a locally
integrable function f, denote

1
Mf(x) = su J [f(y)ldv(y).
e, VIR J
If By is the collection of all the cubes containing x € IR™ and whose sides parallel to the coordinate axes,
dv(x) = dx, then we obtain the usual Hardy-Littlewood maximal function Mf(x). When B denotes the
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collection of all rectangles R containing x € R™ whose sides parallel to the coordinate axes, M £ M1, is
the strong maximal operator with respect to measure dv. If dv(x) = dx, denote M™ = M7 .

For every non-negative, locally integrable weight w, Fefferman and Stein in [11] proved the following
well known inequality

J (MA)P(x)w(x)dx < J (f(x)IPMw(x)dx, 1 < p < oo.

n

Inequalities of this type are important, for example, they can be used to derive the boundedness of vector-
valued maximal operators. More details can be seen in [11-13]. Similar inequalities were also obtained for
singular integral operators in [5]. In this situation, Mw(x) in the right hand was replaced by M(w™)V/T.
The above inequality is also true for the strong maximal function M™ if w € AZ [19, 21].

For the usual Hardy-Littlewood maximal function Mf(x), the form of the endpoint Fefferman-Stein
inequality is the following

w({x e R™: Mf(x) > A} < ;J [f(x)|[Mw(x)dx, A > 0.

n

For strong maximal function M™f(x), it is more complicated. When n = 2, Mitsis in [21] has obtained
that

w(fx: M2(f)(x) > A)) < J 'f(;‘” (1 +log* ”()z‘”)MZw(x)dx, A0,

ifwe A%, for some 1 < p < co. Recently, Luque and Parissis in [19] improved this result to any dimension
n > 2 provided only w € AT. We want to point out that there is no assumption on the weight to establish
Fefferman-Stein inequality for the Hardy-Littlewood maximal function.

The classical theory of one-parameter harmonic analysis for maximal functions and singular integrals
on (R™; u) has been developed under the assumption that the underlying measure p satisfies the doubling
property, i.e., there exists a constant C > 0 such that u(B(x;2r)) < Cu(B(x;1)) for every x € R™ and
r > 0. However, some recent results [20, 23, 25, 31] show that it is possible to dispense with the doubling
condition for most of the classical theory. It is well known that the use of doubling measure has two
main advantages. One is that we can work with nested property. Another one is that the faces of the
cubes have measure zero. As in the paper [20, 25], we will only maintain the last property. If u is a
nonnegative Radon measure without mass-points, one can choose an orthonormal system in R™ so that
any cube Q with sides parallel to the coordinate axes satisfies the property n(0Q) = 0 ([20, Theorem 2]).
The profit of this property is the continuity of the measure u on cubes which can ensure that there is a
Calderén-Zygmund decomposition [20, 25]. For the development of multi-parameter harmonic analysis,
we refer the readers to the works in [2, 9, 14, 15, 17].

Therefore, there is a nature question: can the Fefferman-Stein inequality be established with a general
measure v for the strong maximal operator My ?

Let p = py x gp X --- X pun, be a product measure, where p;,i = 1,...,n are all nonnegative Radon
measures without mass-points and complete. The assumption that p; are complete is just a technical
requirement to allow exchange integral order. For a rectangle R C IR™, we mean a rectangle whose sides
parallel to the coordinate axes. Under this kind of product measure, in [7], we investigated the LP (wdp)

boundedness of strong maximal functions M 4, and M, when w € AL defined by the following.

Definition 1.1. Let 1 < p < co and p’ = p/(p —1). We say that a weight w satisfies the Ag(p) condition if

~ sup (L R R B
(@lap = 9P (e J, wanr | ' awr <o

where R is a collection of all rectangles R whose sides parallel to the coordinate axes.
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We say w € AT'(p) if there exists a constant C > 0 such that
duw(x) < Cw(x)

for almost every x € R™.
Define AT (1) by
Atw=|J Aptw.

1<p<oo

Notice that AT (pn) C Ag(u) when r > q, and if w € A% (p), then w € A7 (u) for some 1 < p < co. It
is easy to see that if w € AT () for some 1 < p < o0, wi(xi) = W(X1,...,Xi—1, Xit1,.--,Xn) € A]lo(pi)
uniformly with respect to xq,...,Xi—1,Xi+1,...,Xn. It has been proved in [7] that the behavior of A% (u)
and the relationship between AJ(u) weights and the strong maximal function My, are very similar to
the classical case when we add some conditions to the product measure p.

There are also some interesting results about two weights. We refer the reader to the work in [6, 24, 26—
28]. In [26, 27], Pérez provided a sufficient condition on weights w,v to ensure the boundedness of the
general maximal functions M, including the boundedness of M7}, from LP(w) to L9(v). More precisely,
if the couple of weights (w, v) satisfies the following condition: there are constants 0 <A < 1,0 < c =
¢(A) < oo such that for all measurable sets E

w({x: Mp(x) > A)) < cw(E),

which is weaker than the A7 condition, and
1 1 ,
sup J w(y)dy(sup J v(g)(l_p )Tdy)(p_l)/r < 00
B |B| B B |B| B

for some 1 < r < oo, then M, is bounded from LP (w) to L9(v).
This idea can be used to our strong maximal function Mj . A couple of weights (w,v) is said to be

satisfied condition (A), if
1 J 3
— | wdp)-supv (x) <c
(u(R) . H sup (x)

for all rectangles R in R™. Then the main result of the current paper is the following.

Theorem 1.2. Assume that p(x) = py(x1) - H2(x2) - - - Un(xn) is a product measure where wi, i =1,...,n are all
nonnegative Radon measures in R without mass-points and complete. Assume also that each i for 2 < i< nis
doubling on R. If (w, v) is a couple of weights such that w € A% = A% (u) and that the condition (A) holds, then

w(pes M (00 > W) S [0 (14 tog™ ) vy autm), 11

where w(E) denotes IE w(x)du(x) for every p-measurable set E.

By interpolation, the above endpoint two weights Fefferman-Stein inequality implies the strong two
weights Fefferman-Stein inequality.

Theorem 1.3. Assume that p(x) = py(x1) - H2(x2) - - - un(xn) is a product measure where ni, i =1,...,n are all
nonnegative Radon measures in R without mass-points and complete. Assume also that each p; for 2 < i< nis
doubling on R. If (w, v) is a couple of weights such that w € AT, and that the condition (A) holds, then

HMHu(ﬂHLP(wdu] g HMgu(ﬂ”LP(vdp)r 1< P < o0.

It is easy to check that (w, M, w) satisfies condition (A), and then we have.
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Corollary 1.4. Assume that p(x) = pi(x1) - p2(x2) - - - in(xn) is a product measure where pi,i=1,...,n are all
nonnegative Radon measures in R without mass-points and complete. Assume also that each p; for 2 < i < nis
doubling on R, and w € AL, then

[f(x)]
A

If(x)]

(1+(log+ T)”*) dpw(x)du(x),

wl(fxs M3 (0)06) > N) 5 |

and
M (Dllr(wap) S IMEOlle My, waw), 1 <p < oo.

Let dp = dx, then the above corollary is the main theorem of [19]. By changing variables, in the above
results, the product measure p can be assumed that pi,i = 1,...,n are all nonnegative Radon measures
in R without mass-points and complete, permitted only one direction with non-doubling condition.

The organization of the paper is as follows. Section 2 gives some auxiliary lemmas, such as reverse
Holder’s inequality of weights A% (u) , and the asymptotic estimate of the LP(dp) norm of My, as
p — 1. In last section, we give the proof of Theorem 1.2.

Finally, we make some conventions. Throughout the paper, ¢ denotes a positive constant that is
independent of the main parameters involved, but whose value may vary from line to line. Constants
with subscript, such as c;, do not change in different occurrences. We denote f <cgby f Sg. If f S g Sf,
we write f &~ g. In order to indicate the dependence of the constant on some parameter n (say), we write
A <n B.

2. Auxiliary lemmas

In this section, firstly we give some lemmas about weights AT (1) obtained in [7].

Lemma 2.1. Let p be a nonnegative Radon measure. If w € Al (w), then for V.0 < « < 1, there is a positive
constant 3 < 1 such that whenever F is a measurable set of a rectangle R, we have

w(F) . w(P
m < o implies W < B,

which is equivalent to say that for V 0 < «’ < 1, there is a positive constant B’ < 1 such that whenever F is a
measurable set of a rectangle R,

H((F) > o implies w(F) > B

g=

(
) w(R)

~

Lemma 2.2. Assume that | = [y X Hp X - - X Wy is a product measure, where i, i =1,...,n are all nonnegative
Radon measures without mass-points and complete. If w € AL (W), then w satisfies a reverse Holder’s inequality,
that is, there exist two positive constants ¢ and & such that for every rectangle R

1
L

Jw1+5du)1/(1+5]< c deu’
R 1(R) Jr

and ¢ may be taken as close to 1as & — 0.

All the proofs of above lemmas can be seen in [7], and we omit it. If w € AZ(u), p > 1, then

wlP € A;/(M)/ where 1/p +1/p’ = 1. Consequently, by Lemma 2.2, it is easy to deduce the following
result.

Lemma 2.3. Let p > 1, and w € AZ(w), then there is an ¢ > 0 such that w € A7 ().
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Let x = (x1,...,xn) and B = py X Up X --- X un. For convenience, fixed x, € R, denote dw’ =
w(x’, xn)dpy’, x" = (x1,...,xn—1) and dp’ = dpy - - - dpn—1. For some 0 < € < 1, let {Ry} be a sequence of
rectangles in R™. {Ry} is said to have property P;: if

1Rk N U Ri) < ep(Ry).

{Ry} is said to satisfy property P»: if its side lengths in the x,, direction are decreasing and

1(Ry N U Ri) < ep(Ry),

i<k

where R is the rectangle with the same center as R and whose sides parallel to the first n — 1 coordinate
axes have the same lengths as the corresponding sides of R, and the side of R which is parallel to the n-th
coordinate axis has length equal to three times the length of the corresponding side of R.

Lemma 2.4. Assume that u(x) = py(x1)p2(x2) - - - un(xn) is a product measure where wi,i = 1,...,n are all
nonnegative Radon measures in R. Let {Ry} be a sequence of rectangles in R™ satisfying property P, and Sy be
the slice of Ry at xn. Then {S{™} satisfies property Py for any xy, that is

w(SErn [ Si) < en/(SEm).
i<k

Proof. Since Ry is a rectangle in R™, we may assume Ry = Ix x Jx where Ji is the one-dimensional
projection to the x,, axes and Iy is a rectangle in R™!. The conclusion is obvious if x,, ¢ Jx. When
Xn € J, setting ] ={i <k, Sy N Si™ # (0}, one has

RN JRi CRen [ Ri
ieJ i<k
By the assumption that the side lengths of the x,, direction are decreasing in {Ry}, one has
R N U ﬁi = (U S)]i“ ﬂS?“) X J.
i€] i€]
Hence by the property P>, one has
w (L SEr NS (i) = (R N [ Ry < u(Rien [ Ri) < en(Ry),
i€J ieJ i<k
which yields our desired result immediately. O

Lemma 2.5. Assume that u(x) = py(x1)p2(x2) - - - un(xn) is a product measure where wi, i = 1,...,n are all
nonnegative Radon measures in R without mass-points and complete. Assume also that each n; for 2 < i< nis
doubling on R and w € AZ,. Let {Ry} be a sequence of rectangles in R™ satisfying property P1. Then if M 4, is
LP(wdp) bounded with norm at most O((p—1)"T"), 1 < p < 2, for some v > 0, one has

1Y Xkl (waw < COOITH(UR)YY, 1<p<2

Proof. Setting Ex = R\ J;_ Ri, one has p(Ey) > (1 — €)u(Ry) by property P; and the fact that the sets
{Ex} are pairwise disjoint. Since w € AT (i), one has w(Ey) > Bw(Rk) for some 0 < B < 1. Arguing by

. . . . . _ 1 1 _
duality we assume that ¢ is a function satisfying ||@||ir(wau) = 1, » T 57 =1, then one has

JZXRk@wdu => Lk pwdu=) ( w(ik) Lk pwdp)w(Ry)
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S 2 w(E) inf MG au(e)00)

N

JUE m (@) () w(x)du(x)

HME)du((p)”Lp(wdp.)w(URk)l/p/

<
<O((p" =DM w(UR)YP < O((p") Hw(UR) VP

by the assumption of the LP (wdu) norm of M7}, du- O

Lemma 2.6. Assume that u(x) = py(x1)p2(x2) - - - un(xn) is a product measure where wi,i = 1,...,m are all
nonnegative Radon measures in R without mass-points and complete. Assume also that each p; for 2 < i< nis
doubling on R and w € AT,. Let {Ry} be a sequence of rectangles in R™ satisfying property P,. Suppose also that
MZ;&H, is bounded on LP(R™!, w’dn’) with norm at most O((p —1)~"), 1 < p < 2, uniformly in a.e. xn for
some v > 0. Then there exists a constant C independent of {Ry} such that

1Y xRl (wap < CEOIHOURIYP,  1<p<2.

Proof. Let Si™ denote the slice of Ry by a hyperplane perpendicular to the x™-axis, at height x,,. Using

Lemma 2.4, we have
w(si o | s < s,
k . i 2 k
i<k

Since w € A%, one has w’ € A&fl uniformly in a.e. xn. Then by Lemma 2.5,

13 xspr v (wrawn < CPNTF/(USEMVP, - 1<p <2,

uniformly in a.e. xy,, which follows the desired result by taking the p’-th power on both sides of above
inequality and integrate in x,. O

Lemma 2.7. Assume that p(x) = pi(x1) - pa(x2) - - - n(xn) is a product measure where ni,i =1,...,n are all
nonnegative Radon measures in R without mass-points and complete. Assume also that each p; for 2 < i< nis

doubling on R and w € AL Then MG ay i LP (wdu) bounded with norm at most O((p—1)"™), 1 <p < 2.

Remark 2.8. The asymptotic estimate of M™ was obtained by Long and Shen in [18].

Proof. The proof is by induction on n. For n = 1, ML‘)dH is the classical Hardy-Littlewood maximal
operator M, 4, with respect to measure wdp. Let A > 0 and E) = {x : My au(f) > A}, then the main result
of [29] gives

W(Ex) < 5A J 00w () du(x).

By interpolation since M, q,, is L(wdp) to L*°(wdp) with norm 1, we obtain
Mwap(Flltr(wap) < clp— 1

Suppose that n > 1 and the lemma holds for n — 1. Since w € AL, one has w’ € A%L~! uniformly in
a.e. xn. By the inductive hypothesis, MTJ)T&H, is LP(w’dp’) bounded with norm at most O((p — 1)'™™),
l<p<2

Let A > 0 and and {Ry} be a cover of E) = {x: Mz)du(f) > A} such that

— Lk (0 lw () dulx) > A.
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With no loss of generality, we may assume that {Ry} is a finite sequence, and that Ry are arranged so that
the side length in x,, direction is decreasing. We now follow a well-known selecting procedure argument.
We choose R} = Ry, and assume R7, ..., R} have been selected. We obtain Ry ; as the first rectangle on
the list of Ry after Ry such that

. 1
u(RALJ R < FH(R).

i<k

That is {R} } satisfies the property P,. By Lemma 2.6, we obtain
1Y Xkl wag) < CRI@URIVY,  T<p<2 @)
Moreover, arguing as in the proof of Theorem 1.2, one has
w(URK) S w(URy), (2.2)

by the assumption that each ; for 2 < i < nis doubling on R and w € AJ,. Finally, by (2.1),

W(URY) § Y wiRy) < Y5 | If(0le(x)au(

1 _ /1
< XH ZXRiHLp’(wdu)||f”LP(wdu) < Clp )™ Tw(URE)VP XHfHLP(de),

from which it follows that ,
N P
w(URY) S (COI Sl (waw) -
Hence, by (2.2),

1 P
w(Er) 5 (CPN Sl (waw) 2.3)
From Lemma 2.3, since w € A7 (u), there is an ¢ > 0 such that w € Aj_ . (n). Then (2.3) holds for p —e.
It is also known that w € A7 . (n). By interpolation, we complete the proof. O

As a direct corollary of Lemma 2.6 and Lemma 2.7, we can obtain the following result.
Corollary 2.9. Assume that w € AL (n) and that {Ry} is a sequence of rectangles in R™ satisfying property P;.
Then if p is big enough,
| I Sptw(UR)P.
XRillLP (wdp) ~ P k

3. Endpoint Fefferman-Stein inequality

Proof of Theorem 1.2. 1t suffices to prove the theorem for A = 1. Denote E = {x : Mgu(f)(x) > 1}. Let {Ry}
be a cover of E such that

1
H(Rk)
Since we only need to prove (1.1) for any compact subset K of E, without loss of generality, we may

assume {Ry} is a finite sequence, and Ry are arranged so that the side length in x,, direction is decreasing.
We now choose a subset {R}} of {Ry} such that {R} } satisfies property P, and

JR If(x)|du(x) > 1. (3.1)

w(URk) < w(URY). (3.2)

Let R = Ry, and assume that R}, ..., Ry have been selected. We obtain Ry, ; as the first rectangle on
the list of R; after Ry such that

. 1
u(RALJ R < FH(R).

i<k



W. Ding, J. Nonlinear Sci. Appl., 11 (2018), 1271-1281 1278

This selection process will be end after a finite steps. It is obvious that {R} } satisfies the property P,. Now
assume that some R € {Ry} was not selected, then we can find some positive integer k such that

RO R > 2
i<k

which implies that for all x € R,

n

Fulx y 1))

WV

Hence

Since w € AL, then w € AZ () for some 1 < p < co. By the result of MQH being bounded on LP(wdu)
([7, Theorem 1.6]), we conclude that

w(URy) < w(URY). (3.3)

Let Si™ denote the slice of R} at x,, and then R} = S¥™ x Ji, RE =S¥ x Jy if xn € Jx. Using property
P> of {R} } and Lemma 2.4 we have

X X 1
w(sgrn | st <

i<k
Since w € AL, one has w’ € ATy~! uniformly in a.e. x,,. Then
w'(Sgrn ([ $im) < Bw'(Sy),
i<k

uniformly in a.e. xn, for some 0 < B < 1. Denote Fx = Si"\ ;-\ Si™. It is obvious that w’(Fx) >
(1—B)w’(Sg™). By classical result, when p,, is doubling, w(x’,xn)duy, is also doubling uniformly for
x’ € R"L. Therefore using (3.3)

w(URY) £ Y wR) =3 | (L W(x', Xn)dptn () i/ ()

k

<ZJ J Wl i (X Ndiun = | wix)d < w(UKRY)

UJk X Fx
which gives (3.2).
Observe that property P> of {R} } also implies that

UR < HRk)

i<k
It follows that w(RE N[ U Rf]) < PBw(RY) for some 0 < B < 1, since w € AL. Then setting Ex =

i<k
RIN[ U R}], we have
i<k

W(RE) 2 w(Ey) 2 (1-Plw(Ry),  w(Ry) = u(Ee) 2

Using (3.1) and (3.2), we obtain

WlE) S w(URY) < Y wikg) < 3 S0E | iftwlduty) = [0 Y Sk e w)duty)
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For locally integrable functions f and g, define the linear operators

1 ey 1
=3 Jo, foautyxe, 0, T = > J, fwautyxe; 0.
It is easy to check that
| Tragtdute) = [Trgterixanc),
T = Y xe ), T =Y 2 0 2 3 xes(x),
k k H(R}) k

and

. oy W)y @R

T w(x) = % u(R]’Q)XRk(X) % H(Ri)XRk(X)

Hence

W(URY) < J|f(y)|T*w(y)du(y) - (J JIF ()T w(y) dusly)

a
yT*w(y)<v(y)} fyT*w(y)>v(y)}

<jf(y)v(y)du(y)+j ) =Yy () duy).

{y: T w(y)>v(y) v(y)

Recall a known result from[1]: For any 0 > 0, there exists a constant cg > 0 such that for all s,t > 0 we
have
st < cos[l+ (logt s)™ 1] + exp(etl/(“_l]) -1, n>2.

Applying the pointwise estimate above we get for any 0 > 0,

T w(y)

f(y)l VW)

v(y)du(y) < co L ey J}I1’(y)l[1+(10g+ Fy)N™v(y)du(y)
y:T*w(y)>v(y

T"w(y)\1/(m-1) )
O—r —1 du(y).
+L9:T*w(y)>v<y)}(exp< ( v(y) ) ) viy)du(y)

Ly:T*w(yJ>V(y)}

Therefore
w(URY) S (1+co) J (I + (log™ If(y)N™ v(y)du(y) + 1,

where
T*w(y)

I= o(_ LW /(-1 1) duful.
Ly:T*w(y)>v(yn<eXp< S ) V({y)duly)

Using the Taylor expansion of e' we can write

=35 CeBly vy = Y+ Y =Ltk

yiTrwly)>viy)) V) 1<G<n—1  j>n—1

For I, one can easily get

Twly) /i _ (Tl o o Toy)  Taly)
viy) T viy)

4
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T"w(y)

since 5 < 1and ) 1. Hence
o
< Y S [eTwm)duly) S0 0| THXwy)dy) =0 Y | wly)du= ew(R})
1<ien—1 7" — JEL

from the definition of T and Ey provided 0 < 1.
For item I, since weights w, v satisfy condition (A), one has

1 .
iRz @ (R < e inf, vix),
then (Ry)
w
T*w(x)zz (R XR* Zv X)Xy (%) = v(x)T*1(x).
k k
Therefore
o[ Trw 1)1 TTw
D N [LELIUE L B CICIIR Y
(St ) v(y)
0 [ i/(n—1)—11*
S ) 77| T T w(y)du(y)
j>n—1 """
e] [ * j/(n—1)7x*
< ) 7 T T w(y)du(y)
j>n—1 N
eJ [ * /(n—1)
= > | Ty w(y)du(y).
jom1 )" JURL

Observing that Tf(x) < ), x&, (%) infyer: Mgu(f) (y) < Mgu(f) (x), so we have
HTfHU’O(wdu) S Hf”U’U(wdu)

for some 1 < pg < oo, since w € Af,. This together with Corollary 2.9 and Hoélder’s inequality yield

1 .
J R T(T*1(y)) ™ Vwy)duly) S w(URE)™(T*1) ™Vl 1o ()
U *

1

= (LR ([ (T 1P/ ™ Deotylduy)) 5 (TP wl(URY),

which follows that

0 jpo . 0 —1)) 0 —1)n
LS ) jj(i]i)l)lw(uRii) <. 5 L pO/g W wo(ury) <0 8 pO/\(}lﬁ V™ (R,

by choosing 6 small enough such that efpy/(n —1) < 1.
At last, we obtain that

j>n—1 j>n—1

(eOpo/(m—1))"
N

W(URY) Swn(l+co) J [F(Y)IIL+ (log™ If(y)N™ Mv(y)duly) + (6 + Jw(URy),

which yields that
W(URY) S Jlf( )L+ (log™* If(y))™ v(y)drly),

by letting 0 sufficiently small.
Thus we complete the proof using (3.2). O
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