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Abstract

In this paper, a formulation for the fractional Legendre functions is constructed to solve a class of time-fractional diffusion
equation. The fractional derivative is described in the Caputo sense. The method is based on the collection Legendre. Analysis
for the presented method is given and numerical results are presented.

Keywords: Fractional-order Legendre function, collocation method, generalized time-fractional diffusion equation.
2010 MSC: 34A08, 34Bxx, 35]40, 47H10, 65L05.
(©2018 All rights reserved.

1. Introduction

Fractional diffusion-wave equation has been used widely in many branches of science and engineer-
ing. These equations represent propagation of mechanical waves in visco-elastic media [7, 9, 10], a non-
Markovian diffusion process with memory [11], charge transport in amorphous semiconductors [12] and
many more. In [7, 9, 10], they studied the fractional wave equation governing the propagation of mechan-
ical diffusive waves in viscoelastic media which exhibit a power-law creep. Gejji and Bhalekar [4] used
fractional diffusion-wave equation to model electromagnetic acoustic, and mechanical responses. Luchko
[12] investigated a continuous time random walks on fractals. Mainardi [13] studied the relaxation phe-
nomena in complex viscoelastic material using fractional diffusion equations.

Various methods such as Green’s function method [4], finite sine trans- form method [15], method
of images and Fourier transform [11], separation of variables method [17], finite difference method [18],
Adomian decomposition method (ADM) [19, 20] have been used to solve these equations. Recently,
Al-Mdallal and Syam [2] have devised a New Iterative Method (NIM) to solve non-linear functional
equations. This method is free from rounding of errors since it does not involve discretization and has
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fairly simple algorithm. Also it does not require prior knowledge of the concepts such as Lagrange
multipliers or homotopy. More methods can be found in [1, 3, 5, 6, 8, 14, 23-25].
We consider a class of the time-fractional diffusion equation of the form

Dfu(x, t) = a(x, t)DPu(x, t) + f(x,t), x€(0,1), te(0,T), (1.1)
with initial and boundary conditions

u(0,t) =hy(t),u(1,t) = hyp(t) and u(x,0) = g(x), (1.2)

where a,f € C1([0,1] x [0,T]), g € C[0,1], hy,h, € C[0,T], T>0,1 < B <2,and 0 < < 1. For « = 1 and
B = 2, the fractional diffusion equation is reduced to a conventional diffusion-reaction equation which is
well studied, so we face on 0 < o < 1.

2. Preliminaries

In this section, we present the definition and some preliminary results of the Caputo fractional deriva-
tives, as well as, the definition of the fractional-order Legendre functions and their properties.

Definition 2.1. A real function f(t),t > 0, is said to be in the space C,,pn € R if there exists a real
number p > u, such that f(t) = tPf;(t), where fi(t) € C[0,00), and it is said to be in the space C|' if
m e C,, meN.

Definition 2.2. The left Riemann-Liouville fractional integral of order 6 > 0, of a function f € C,, u > —1,
is defined by

I°f(t) = sy Jo(t—5)° " f(s)ds, &>0,
Definition 2.3. For 6 >0, m—1<d<m, me IN,t > 0,and f € C™ , the left Caputo fractional derivative
is defined by
m 1-6
D2f(t) = r(m fo fm)(s)ds, 6i0, o

where I" is the well-known Gamma function.

The Caputo derivative defined in (2.1) is related to the Riemann-Liouville fractional integral, 1%, of
order § € R+, by D®f(t) = Im~3f(mJ(t). The Caputo fractional derivative satisfy the following properties
forfe Cy, > —1landy >0, see [16].

1. DYIYf(t) = f(t);
2. IYDY(t) = f(t) — Y P g 9 (0)L;
3. DYc =0, where cis Constant,

4 DViH — O’r( ) u<y,p‘te{0,1,2,...}, '
Wtu—y, otherwise, ¢

5. DY (Y tocifi(t)) = Y ¢ toci DYfi(t), where ¢, ¢, ..., Cm are constants.

The basic concept of this paper is the Legendre polynomials. For this reason, we study some of their
properties.

Definition 2.4. The Legendre polynomials {Lx(x):k =0,1,2,...} are the eigenfunctions of the Sturm-
Liouville problem
(1 =X)L (x) + k(k+DLi(x) =0, x € [-1,11.
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Among the properties of the Legendre polynomials we list the following [21]:
0, i#j,
ﬁéij’ where 51)' = { 1/ i = ].’ },‘

H%Li—l(x) fori>1;

L1 LL(x)dx =

2. Lija(x) = ijfxu ) —

3. Li(£1) = (£1)L.

One of the common and efficient methods for solving fractional differential equations of order y > 0 is
using series expansion of the form Y | _, cx t¥*. For this reason, we define the fractional-order Legendre
function by FY (t) = L;(2tY — 1). Using the properties of the Legendre polynomials, it is easy to verify that
([22])

L (t—t"MF () +iGi+ 1y F (1) =0, te(0,1);

2. FY(0)=(—1)'and FY' (1) = 1.
In addition, {F:Y (t):1=0,1,2,.. } are orthogonal functions with respect to the weight function w(t) =
t¥~1on (0,1) with
1
1
YR = —— 5.
L FL(OF (Dw(t)dt G 1yY
The closed form of FY (t) is given by

(i+Kk)! tvk

_ _1\itk
Fiy(t)_z( Bl (i—%)! (k2"

k=0

Using properties (4) and (5) of the Caputo fractional derivative, one can see that

B i ik (K Fky+1) 1)
DyF?(t)_kZ_l( v AR (k- Ty +D)°

The following result is important, sine it facilitates applying the collection method.

Theorem 2.5. Let uw € C™[0,1] and w1 (t) be a piecewise continuous function on [0,1] where n is a positive
integer greater than or equal 1. Then,

(i) u(t) can be written in the infinite expansion as u(t) = Y o uxFy (t), where
1
u = (21 +1) FY(t) L u(t)FY (tw(t)dt;
(i) X%, u]((Y)F{f(t) converges uniformly on [0,1] to DYu(t), wheren —1 <y < n, u](g) = 2 5Tkt Gk,
and aj = (2k + 1)y [ DYF (OF) (w(t)dt, fork =0,1,2,...and j =k+1,k+2,....
Proof.

i) Since u € C![—1,1] and u”(x) is a piecewise continuous function on [—1,1], vkLk converges
P g

uniformly to u(x) on [-1,1], where {v} can be computed by the orthogonality relatlon of the Legendre
polynomials, see [20]. Since r: [0,1] — [—1,1] defined by r(t) = 2tY —1, is a bijection continuous function,

Z ukFy t) converges uniformly to u(t) on [0, 1], where the value of uy follows from the orthogonality re-

latlon of {Fy :1=0,1,2,.. } with respect to the weight function w(t) = t¥~1 on [0, 1], which completes
the proof.
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m
(i) Let P (t) = ZukF?;(t) for n = 0,1,2,.... From Part (i), Pn(t) converges uniformly to u(t) on
k=0

0,1]. Since w € C™[0,1] and u(™*tV'(t) is a piecewise continuous function on [0, 1],

X X

PV (t)
x—t)7

0 0
on [0,1] which gives the result of the second part. The value of aj follows from the orthogonality relation

of {FY(t):1=0,1,2,...} with respect to the weight function w(t) = t¥~! on [0, 1]. O

u(“)(t)

v dt

and Py, (t) converges uniformly to u(t) on [0, 1]. Thus, J dt converges uniformly to J

3. Collocation method

In this section, we use the fractional-order Legendre collocation method to discretize Problem (1.1)-
(1.2). For simplicity, we assume that T = 1. If T # 1, we use the change of variable T = + to make the
t-domain (0,1). Expand the solution u(x, t) in terms of the fractional-order Legendre function as follows:

N+2
Un(xt) = ) w(OFE (x). (3.1)
k=0
Thus,

N
DfUN(xt) = Y wP (BFE(x),
k=0

where u,(f) = Z;’O:kﬂ bjkuy, and b = (2k + 1)BféDBFjB(x)FE(x)w(t)dt for k = 0,1,2,... and j =
k+1,k+2,...for k=0,1,...,N. Therefore, for Un(x, t), the residual is given by

R(Un(x, 1) &~ DX¥UN(x, t) — a(x, t)DPUN (x, t) — f(x, t).

Orthogonalized the residual with respect to the Dirac delta function as follows:
1
< R(Un(x,1)),0(x —x%;) >= JR(UN(x,t))é(xxj)dx =0, forj=0:N, (3.2)
0
where x; are the collocation points. We choose the collocation points to be the roots of £}, ,. Therefore,

equation (3.2) leads to the elementwise equation

D¥Un (xj,t) — al(xj, ) DEUN (x5, 1) + f(xj,t) =0, forj=0:N,

or
N+2 N
> DI FL (%) — alx;, 1) Y wZ (OFL (%) — fx;,1) =0, forj=0:N. (33)
k=0 k=0
Let
Lo (t) u{f;(t) f(xo, t)
b f
uw=| e = || g = |

U () W) e 1)
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Thus, we can rewrite equation (3.3) in the matrix form as

A1DU(L) — A(t) AUP (1) —F(t) =0, (3.4)
where
[ Flxo)  FP(xo) F& o (x0)
Foa)  FP(x) FR2(xa)
A1: . . ’
| FE(xn) FP(xn) FR2(xn)
Calt,xy) O ... 0 Fo(xo) FPlxo) ... FR(xo)
A 0 a(tixl) B o A _ Fg(.xl) Ff(.xl) Fﬁ{xl)
0 0 ... a(txn) Fg’(;cN) Ff’(;cN) Fﬁl('xN)

Since u](f) = ulim = Z;-X;kﬂ bjiu;, and by = (2k+ 1) f(l) D'SF].B (x)F]E (x)w(t)dt, for k = 0,1,2,... and

j=k+1,k+2,...fork=0,1,,...,N, it is easy to see that UB)(t) = AsU(t), where Az is (N+1) x (N +3)
matrix. Therefore, system (3.4) becomes

A1DZU(t) — A(t) AAsU(t) —F(t) =0. (3.5)

Now, we study the boundary conditions on the variable x. From equation (3.1), one can see that

N+2 N+1 N+2 N-+1
Un(0,1) = ) we(®F(0) = ) (—D*u(t) and Un(Lt) =Y w(tFE(1) =) w(t),
k=0 k=0 k=0 k=0
which implies that
hi(t) }
AgU(t) = , 3.6
e = | 36)
-1 1 -1 1 - (=]NH .
where Ay = . From systems (3.5) and (3.6), we obtain the fol-
1 1 1 1 --- 1 2% (N42)

lowing fractional system
B1D{U(L) — Ba(H)U(t) = R(t), (3.7)

where

02 (N42

F(t)
B [ Ay | ], By(t) — [A(t) AzAs}, R(t) = {hl(t) ]
ha(

From equations (1.2) and (3.1), we see that

N—+2
g(x) = Un(x,0) = Y ur(0)FE (x).
k=0

Using the orthogonality property of the fractional-order Legendre function, we get

1
J g(x)Ff (x)dx .
w0 =% —(2k+1) BJg(x)Lk(x)dx, fork=0:N+2.
0

1
J(FE (x))2dx
0
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Therefore, our initial fractional value problem becomes

B1D{U(t) — Ba(t)U(t) = R(t), (3.8)
u() =B, (3.9)

where

1
(2N +5) J 9(x)Ensa(x)(x)dx
0

To solve the system (3.8)-(3.9), we use the fractional-order Legendre collocation method. Approximate
the solution U(t) in terms of the fractional-order Legendre function as follows:

M+1
Vam(t) = ) WFX(L).
k=0

Thus,
M
DEVm(xt) = Y UL (DFE(Y),
k=0
M+1 1
where U™ = Y ajcl;, and aj = (2k—|—1)aJD°‘F§"(t)F%(t)w(t)dt, for k =0,1,2,...,Mand j =
j=k+1 0

k+1,k+2,....,M+1. Therefore, for Vpm (t), the residual is given by
R(Vm (1)) = BiDFVm () — BaVm () — R(t).

Orthogonalize the residual with respect to the Dirac delta function as follows:
1
< R(Vm(t)),8(t—1t5) >= JR(VM(t))S(t—tj)dt =0, forj=0:M, (3.10)
0
where t; are the collocation points. We choose the collocation points to be

to+1,_, t+1 _, tm+1,_,
{ e iy (=,

where to, t1,...,tm are the roots of £}, 11(t). Therefore, equation (3.10) leads to the elementwise equation
BiD{Vm(ty) —Ba(tj)Vm(ty) —R(t5) =0, forj=0:M

or
M+1

M
Br ) WX (OFE() —Bat) D UkFE(t) —R(t)) =0, forj=0:M.
k=0 k=0
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Let ()
X

U u(() : R(to)
X

V= L.ll , v — u1 , A= R(jcl)

Um-+1 u;\%) R(tm)

Thus, we can rewrite Equation (3.3) in the matrix form as

C3C1 V(™) — CyCV—A =0,

where
By O 0
0 B 0
C1: . 12
L 0 0 ... By (N43)(M+1) x (N+3)(M+1)
[ Bo(to) 0 0
0 Ba(ty) ... 0
C = . . ) ,
0 0 oo Baltmy1) ] (Nus)(Ma2) < (N4+3) (M+2)
[ P (to)Ings  FR(to)Ings  --- FRp(to)Inas
c Fo(t)Ings  F(t)Ings -0 FRu(ti)Ings
3 = . . . . ’
L F(()x(tl\/l)INJrS Fix(tM)INJrB F]%/[(tM)INJﬁ (N43) (M+1)x (N+3)(M+1)
and
Fo(to)Ings  F(to)Ings -0 FRga(to)Ings
c Fot)Ings  Fi(to)Ings -0 FRgpa(t)Ings
4 — . . .
Fo(tm)Ings FR(tm)Ings oo FRa(tM)INGs ] (s (Mot < (N 3) (Ms2)
M-+1
Since U]((“) = Z a;jk U, it is easy to see that V(%) = C5V, where
j=k+1
[ OInys arolngs azolngs aszolngs -oo amolngs  agmanyolngs |
OInts  OIngs  aziIngs asilngs o0 amalngs ameniIngs
As; = | OIngs  OIngs  Olngs  azIngs ooo amelngs agvmgipIngs |
| OIng3z OIngs OIngs OIngs oo ammIngs agmyymIngs |

1
and ajx = (2k + 1)aJD“F;"(t)F,‘f(t)w(t)dt fork=0,1,2,...,Mand j =k+1: M+ 1. Therefore, system
0

(3.4) becomes
C3C1Cs5V —C4CoV—A =0.

Now, we study the initial condition on the variable x. From Equation (3.9), one can see that

M+1 M1

B=UW0)= ) WFi0) =) (-1 Uy,
k=0 k=0

which implies that
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C¢V =B,
where Co = [ —Ings Ings —Ings Ings o0 (=D)NTNgs ](N+3)X(N+3)(M+2) . From systems (3.5)
and (3.6), we obtain the following linear system

Qv =Y,

where

| G3C1Cs5 — CyCy A
a- [0 ee ) v 4]

Finally, we use Mathematica to solve the above linear system.

4. Numerical results

In this section, we implement the proposed numerical technique for several examples which are pre-
sented below.

Example 4.1. Consider the fractional diffusion equation
D%u(x,t) = DPu(x,t), x € (0,1), t€(0,1), 0<a<1, 1<p<2,
u(0,t) = Ea(—t%), u(l,t) = Ex(—t%)Eg(—-1), 0<t <1,
u(x,0) = EB(—XB), 0<x<1,
where E (z) is the Mittag-Leffler function. It is easy to see that the exact solution is
u(x, t) = Eq(—t*)Ep(—xP)

since D{E4(—t%*) = —Ex(—t%) and DEE[S (—xP) = —EB(—XB) for0 < ax <land 1 < B < 2. The
approximate solutions generated by the proposed method and the exact solution are presented in Figure
1, for different values of &, 3, and N = M = 12.

a=0.25and =125 a=05and =15

Figure 1: The exact and approximate solutions of Example 4.1.

Define the error
error = max { [u(xi, tj) — Uapp (xi, tj)| 1 x3 = 0.01(i—1),t; =0.01(j —1),1:1:101,j =1:101},

where uqpp (X, t) is the approximate solution generated by the proposed method for N = M = 12. Table 1
presents the error for different values of o.
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Table 1: Error for Example 4.1.
x B error
0.5 15 5.7 %1010
0.9 1.9 421071
099 [199 |[21x10 1
0.9999 | 1.9999 | 79«10~ 13

Example 4.2. Consider the fractional diffusion equation

6x3t3—x  ox3 B3
Md—oa) T(4-—B)
u(0,t) =0, u(L,t) =1, 0<t<1,
u(x,0)=00<x<1,

,x€(0,1),te(0,1),0<a<1 1<p<2,

D%u(x, t) = DPu(x, t) —2t3 +

with u(x,t) = t3x being the exact solution. The exact and approximate solutions generated by the
proposed method are presented in Figure 2 for different values of @ and 3, and N = M = 8. Figure
3 presents the exact solution u(x,t) = t3x® and the approximate solution for « = 1 and B = 2, and

N=M=8.

a=025and B=1.25 a=05and =15

Figure 2: The exact and approximate solutions of Example 4.2.

Table 2: Error for Example 4.2.
04 B error

025[125[91%10 13
05 [ 15 [42%10 13
075 | 1.75 | 8.6 10 1*
099 [ 1.99 [ 53x10 *




M. Syam, I. Al-Subaihi, J. Nonlinear Sci. Appl., 11 (2018), 1282-1293 1291

a=1land =2

Figure 3: Exact and approximate solution for Example 4.2.

Example 4.3. Consider the fractional diffusion equation presented in [4],

D&u(x,t) =k DPu(x,t), x € (0,1), te (0,1), 0<a <1, 1< B <2,
3kt 3 3kt

u(o't):7r(1+oc)'u(1't):F(1+oc[5)+r(1+oc)'0<t<1'
0 = - 1
uix, )—m, <X <1

The solution of [4] and approximate solutions generated by the proposed method are presented in Figure
4fork=1,a=08and 3 =12, and N = M = 6. The approximate solutions generated by the proposed
method are presented in Figure 5 for k =1, « = 1 and 3 = 2, and N = M = 6. Table 3 contains the
absolute error between Gejji [4] and the proposed method for k =1, & = 0.8.

a=08and f=12

Figure 4: The approximate and [4] solutions for Example 4.3.
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Table 3: Absolute error of Gejji's method [4] and the proposed method.

a=land =2

Figure 5: The approximate solution for Example 4.3.

x=08and p =12
X Abs. Error t =0.4 | Abs. Error t = 0.8 | Abs. Error t =0.9
0.1]46x1071° 1.7x10°1 31x10° 1
02| 79«10 481016 7.7 %1016
03]13%x10° 1 1.1%x10° 5 15%10°15
04 |34%10°1° 25%x10° 1 36100
05 6.1%x10"1° 49101 57%10° 1
0.6 | 69%10°1° 7.8x10"1° 79x10°15
0.7 ]89x10° 1 92x10° 15 9410 1
0.8 55101 25%10° 16 2.7.%10°16
09 | 24x10° 16 1.7%10° 1 141016

5. Conclusion

In this paper, we use series expansion based on the fractional-order Legendre function to solve the
generalized fractional diffusions equations of Caputo’s type. We write the coefficients of the fractional
derivative in terms of the shifted fractional Legendre functions as indicated in Theorem 2.5, and give
explicit relationship between them. Then, we use the collocation method to compute these coefficients.
To the best of our knowledge, the method has not been developed to integrate the generalize fractional
diffusion equations of the form (1.1)-(1.2). We test the proposed technique for several examples, and
present three of them in this paper. These examples show the efficiency and the accuracy of the proposed
method, where in few terms we achieved high accuracy.
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