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Abstract

In this paper, by concept of I'-function which is define on q-G-m (quasi-G-metric) space, we establish a generalized Ekeland’s
variational principle in the setting of lower semicontinuous from above. As application we prove generalized flower petal
theorem in q-G-m.

Keywords: I'-Function, g-G-m space, generalized EVP, lower semicontinuous from above function, generalized Caristi’s
(common) fixed point theorem, nonconvex minimax theorem, generalized flower petal theorem.
2010 MSC: 54H25, 54C60.

(©2019 All rights reserved.

1. Introduction

EVP was first studied in 1972. Many equivalents have been found by scholars over the years for
primitive EVP[10, 11], see [2-7, 17, 18, 20, 22]. Interesting applications in various fields of applied math-
ematics are found. A number of generalized of these results have been reviewed by other researchers
[1-4, 8, 12-16, 23-30].

2. Ekeland’s variational principle

In this paper, 0 : (—oo,00) — (0, 00) is a nondecreasing function, a function g : U — (—o0, 00) is said
to be lower semicontinuous from above (shortly Lsca) at rg, when for each sequence {r,} in U such that
T — Toand g(r1) = g(r2) = -+ = g(rn) = - -+, we have g(rp) < lgn g(rn). The function g is said to be

n o0

Lsca on U, when g is Lsca at every point of U, g is proper when h # occ.
Theorem 2.1 ([9, Ekeland theorem]). Let U be a complete metric space with meter d, g : U — R U {400} be a

proper, semicontinuous, and bounded below function. Then there exists v € U such that g(v) < g(u), d(u,v) <1,
and g(w) > g(v) —ed(v,w) for all v # w.
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Definition 2.2 ([19]). Assume that U is a nonempty set and mapping
G:UxUxU—[0,00)

is satisfying the following conditions:

(i) G(r,s,t)=0ifr=s=1;
(i) G(r,7,s) >0 forall v,s € U, where r # s;
(iii) G(r,7,t) < G(r,s,t) forallr,s,t € U with r # t;
(iv) G(r,s,t) = G(p{r, s, t}) such that p is a permutation of 7, s, t;
(v) G(r,s,t) < G(r, &, ) + G(o, 8, t) forall 1, s,t, o in U.
Then G is said to be G-metric and pair (U, G) is said to be G-metric space.

Definition 2.3 ([19]). Let (U, G) be a G-metric space. A sequence {r,} in U is said to be

(a) G-Cauchy sequence if for all € > 0, there exists qo € IN such that for every p,q,1 € N and p,q,1 > qo
then G(rq, Tm, 1) < €;

(b) G-convergent to r € U if for all € > 0, there exists natural number qg such that for all p, q > qo, then
G(rq,Tp, 1) < €.

Proposition 2.4 ([19]). Assume that (U, G) is a G-metric space, then the following statements are equivalent:

(@) {rn}is a G-caushy sequence;
(b) for each € > 0, there exists natural number qq such that for all p, q > qo, then G(rq,Tp,Tp) < €.

Definition 2.5. A function o : R, — IR, is subaddtive when o(r+s) < o(r) + o(s), and o(er) = eo(r)
for every € > 0.

Definition 2.6. Let U be a nonempty set. A function
G:UxUxU—[0,00)

is said to be quasi-G-metric (q-G-m) if the following conditions be satisfied

1. G(r,s,t) =0ifr=s=1;

2. G(r,r,s)>0forallr,se U, r=#s;

3. G(r,7,t) < G(r,s,t) forallr,s,telU, t#£s;

4. G(r,s,t) < G(r,¢,¢)+G(eg, s, t) forallr,s, t, e € U

(U, G) is said to be gq-G-m space when U is a nonempty set and G is a g-G-m. The concept of Cauchy
sequence, convergence, and complete space are defined as G-metric space.

Definition 2.7. Let (U, G) be a q-G-m space. A function ' : U x U x U — [0, 0o} is said to be I'-function
when

(1) T(r,s,t) <T(r,¢,¢)+T(g,s,t) forallr,s, t, e € U;

(2) if r € U, {sn}nen be a sequence in U which is convergent to s in U and I'(r,sn,sn) < M, then
I'(r,s,s) <M,

(3) for every € > 0, there exists & > 0 such that I'(r,¢,¢) < d and I'(¢g, s, t) < & imply G(r,s,t) < e

Example 2.8 ([21]). Let (U, d) be a metric space and G : U3 — [0, 00) defined by G(r,s,t) = max{d(r,s),
d(r,t),d(s,t)} forall r,s,t € U. Then I' = G is a I'-function on U.

Example 2.9. Assume that
1
G: U — [0,00), G(r,s,t):§(|t—rl+|r—s|)

is a function, then G is a g-G-m but isn’t G metric.
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Proof. q-G-m is obvious. We show that G(r,s,t) # G{p(r,s,t)} (p is a permutation of 1, s, t). Since

1 1
G(3,5,2) = g(\ 2-3[+[3-5]) =1, G(2,3,5) = g(l 3—2|+1]5-2]) = 3
then G is not a G-metric. O

Example 2.10. Let G(1,s,t) be the same as in the previous example. Then I' = G is a I'-function.

Proof. (a) and (b) are obvious. Let € > 0 be given, put 6 = 5 if I'(,¢,¢) = %(I t—e|+]e—s]) <3, then

(|[t—e|+]le—T1|+|r—¢c|+]e—s])<e

W[ =

1
G(rs,t) = g(l t—s[+[r—s]) <
So, (c) is established. O

Lemma 2.11 ([21]). Assume that (U, G) is a G-metric space and T is a T'-function on U. Let {un} and {vn} be two
sequences in WU, {pn} and {$n} be in [0, col, which are convergent to zero. Let u,v,w, e € U, then
(1) f T(v,un,un) < pn and I'un, v, w) < dn, forall n € IN, then G(v,v,w) < € and hence w =v;
(2) if T(un, Uun, Uun) < pn and T(un, um, W) < by for every m > n, then G(vn,vm, W) is convergent to zero
and hence v, — w;
3) if Mun, um, ) < pn forall m,n,1 € N withn < m < 1, then {un}is a G-Cauchy sequence;
(4) if T(un, &, €) < pn forall n € IN, then {uy} is a G-Cauchy sequence.
Lemma 2.12. Let I be a I'-function on U x U x W. If sequence {rn} be in U that lim sup{l' (1, Tm, 11),n < M <
n—aoo
1} =0, then {rn} will be a G-Cauchy sequence in .
Proof. Assume py, = sup{l'(Tn, Tm, 1)}, then lgn pn = 0. By Lemma 2.11 (3), {rn} is a G-Cauchy sequence.
n o
O

Lemma 2.13. Let g : U — [—00, 00] be a function and T be a T-function on U x U x U. The set P(r) is defined
by
Pir)={selU; s#r, T(rs,s) <06(g(r))(g(r)—gls))}

If P(r) be nonempty, then for every s € P(r), we will have
P(s) C P(r) and g(s) < g(r).

Proof. Lets € P(r). Sos # rand I'(r,
and positive function, then g(r)

6(g(s))(g(s) —g(t)) as above g(s)
Fr,t,t) <T(r,s,s)+T(s,t,t) < O(g(r))(g(r) —g(t).
We claim that t # r. Assume that t = so I'(r, t, t) = 0. On the other hand
F(r,s,s) <0(g(r))(g(r) —gls)) < 6(g(r))(g(r) —g(t)) =0 =T(r,s,5) =0,

then I'(r,s,s) = 0. For every € > 0, we have I'(1,t,t) = 0 < e and I'(t,s,s) = 0 < e then by definition
I'-function, we have G(t,s,s) < ¢, so G(t,s,s) = 0 and t = s. This is a contradiction, therefore t € P(r)
and P(s) C P(r). O

s,s) < 0(g(r))(g(r) —g(s)). Since I'(r,s,s) > 0 and 6 is nondecreasing
g(s). If P(s) = 0 then P(s) C P(r). Therefore t # s and I'(s,t,t) <
g(

P
> ¢(t). Since T" be a I'-function, then

Proposition 2.14. Assume that (U, G) is a complete g-G-m space and g : U — [—o0, o0] is a proper and bounded
below function, T is a T-function on U x U x U. Let

Pr) ={s e ;s #1,T(rs,s) <0(g(r))(g(r) —g(s))}

Let {rn} be a sequence in U such that P(ry) be nonempty and for all n € IN, rn41 € P(rn). Then, there exists
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o0
ro € U such that rn, — roand vg € () P(rn). Also if for every n € IN, we have g(Tny1) < %Dr}f )g(t) +4
n=1 teP(rn

then (\ P(rn) will only has one member.
n=1

Proof. At first we prove that {r} is a Cauchy sequence by Lemma 2.13, g(rn) > g(rn4+1) for all m € IN.
Therefore {g(Tn)} is nonincreasing. On the other hand g is bounded below then li_r>n g(rn) = u, and
n o

g(rn) = u for all n € IN. We claim that

limsup{l'(tn, Tm,Tm) : m >n}=0-

n—oo
We have
l—‘(T'ru Tm, 1‘m) < F(an Trn+1, Tn+1) + r(rnJrl/ Tm, rm)
< F(T‘n, Tn+1, Tn+1) + r(rnJrl/ Trn+2, TTL+2) 4+ r(rmflr Tm, r'm)/
then

—_

M(rn, T Tm) < ) T(rn, Ty ) < 8(g(1))(g(rn) —u)

=n

—

for all m,n € N with m > n.
Put pn = 0(g(1))(g(rn) —u), then sup{l'(Tn, Tm, Tm) : M > n} < pn- for all n € IN. Since 1i_r>n g(rn) =
n o
u, we result

limsup{l'(rn, Tm,Tm) :m>n}=0
n——oo

and h_r)n pn = 0-. By Lemma 2.12, {u,} is a G-Cauchy sequence. Then, there exists 19 € U such that
n o

™ — Wy. We show that g € () P(rn). Since g is Lsca, then g(rg) < lgn g(rn) =u < g(rg).
n=1 n o

Let n € N, we have

—_

F(rn, T, Tm) < ) T(r, 741, m541) < 0(g(rn))(g(rn) — g(ro))

j=n

for all m € IN with m > n. By Definition 2.7 (2), we have

I(rn, o, 70) < 0(g(Tn)(g(rn) — g(To))

for all n € IN. Also 19 # 7 for all n € IN, suppose it is not, then there exists j € IN such that ry = r;. Since

F(ry, 15401, 7541) < 0(g(r5))(g(r5) —g(rj11)) < 0(g(r5))(g(rj) —g(ro)) =0,

then we have I'(rj,7j41,1j41) = 0 and in the same way

r(T“]'Jrlﬂ‘j+2, Tj+2) =0.

Now assume € > 0, I'(rj, 1511, 7541) = 0 < 9, and I'(rj41, 7542, 7j42) = 0 < 3. Therefor by Definition 2.7

(3) we get it G(rj,1j42,7j42) < €. Then r; = 7j,, that is a contradiction because of 15 # 7j,2. Since

Tj41 € P(r), then P(r5,1) C P(r5) and 7j42 € P(rj41). So 1542 € P(r;). We suppose 1j,2 # 15 for all n € IN.

We have g € () P(rn), then [\ P(rn) # 0. Let g(rn41) < g}f : g(t) + % for all vy # . We show that
n=1 teP(rn

n=1

o o
() P(rn) = {ro}. Assume that w € (] P(ry), then

F(rn,w,w) < 0(g(rn))(g(rn) —g(w)) < 0(g(r1))(g(rn) —teg}{ )g(t)) < 0(g(ri))(glrn) —g(rns1) + %)-
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Let 1
on =0(g(r1))(g(rn) — g(rn4+1) + E)

for all n € IN, then lim ¢, = 0, we get it hm I'(rn,w,w) = 0. On the other hand {r.} is a G-

n—oo
Cauchy sequence. Then lim T'(ry,Tm, ™) = 0 and we get it 1, — 0o, by uniqueness w = 19. Then
n—o0
ﬂ P(rn) = {ro} [
n=1

Theorem 2.15 (Generalized Ekeland’s variational principle). Assume that (U, G) is a complete q-G-m space
and g : U — (—o0, 00] be a proper, bounded below and Lsca function. T is a T-function on U x U x U, then there
exists v € U such that

Flv, 7,1} > 6(g(r))(g(r) —g(v))
forall v € Uwithv # .
Proof. Suppose it isn't true. Then for every v € U, there exists s € U, s # r such that I'(r,s,s) <

0(g(r))(g(r) —g(s)). That is P(r) # 0. We define the sequence {rn} as follows. Put r; = ¢, we choose
12 € P(71) such that g(rp) < Illan(f g(r) + 1. In the same way suppose that r, € U is given. We choose
TE T

Tnt1 € P(rn) such that g(r41) < 1Pnf g(r)+ % By proposition 2.14, there exists 1o € U such that
re

(tn)

D):

P(rn) = {ro}.

n=1

By lemma 2.13, we have P(rg) € (] P(rn) = {ro} then P(rg) = {ro}. This is a contradiction. Therefore there

n=1

Flv,m,1) > 0(g(v))(g(v) —g(r)).

exists v € U such that

O

Theorem 2.16 (Generalized Caristi’s common fixed point theorem for a family of multivalued maps).
Assume that (U, G) is a complete q-G-m space and g : U — (—o0,00] be a proper, bounded below and Lsca
function. T is a T-function on U x U x U. Let | be any index set and for each j € J, suppose Ty : U — 24 is
multivalued map such that for each v € U, there is s = s(r,j) € T;(r) with

r(r,s,s) < 0(g(r)(g(r) —g(s)). (2.1)

Then there is w € U such that w € ) w), and T'(w,w,w) = o.

)61

Proof. By Theorem 2.15, there exists w e U such that I'(w, 7, 1) > 08(g(w)) (g(w) — g(r)) for all € U with
r # w. Now we show that w € ﬂlel w) and I'(w,w,w) = 0. According to the assumption, there exists

T(t,j) € Tj(w) such that I'(w, t,t) < 6(9( )) (g(w) — g(t(w,j))). We show that t(w,j) =w for allj € J]. On
the contrary, let t(w, jo) # w for some jg € J, then

F(w,t,1) <6(g(w)) (g(w) —g(t)) < T(w,t,1),

which is a contradiction. Therefore w = t(w,j) € T;(w) for all j € T.
Since I'(w, w, w) < G(Q(W)) (g(w) —g(w)) =0, we obtain I'(w,w,w) = 0. O

Remark 2.17. We conclude that Theorem 2.16 concludes Theorem 2.15.
On the contrary, for each r € U, there exists s € U with s # r such that

M(r,s,8) <0(g(1))(g(r) —g(s)).
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Put T: U — 2W\{(} by
T(r)={seU:s#rT(r,s,s) <0(g(r))(g(r) —fg(s))}.

By Theorem 2.16, T has a fixed point w € U, this means, w € T(w). This is a contradiction, because
w ¢ T(w).

Theorem 2.18 (Nonconvex maximal element theorem for a family of multivalued maps). Assume that
(U, G) is a complete g-G-m space and g : U — (—o0, 00] be a proper, bounded below and Lsca function. T is a
P-function on U x U x U, and | be any index set. For each j € J, let Tj : U — 24 be a multivalued map. Suppose
that for each (r,j) € U x ] with Tj(r) # 0, there exists s = s(r,j) € U with s # r such that (2.1) holds. Then there
exists w € U such that T;(W) = (Z)for each j € J.

Proof. By Theorem 2.15, there exists w € U, such that I'(w,,7) > 8(g(w)) (g(w) — f(r)) for all r € U with
T # w. We prove that Tj(w) = () for each j € ]. Indeed, if Tj,(w) # 0, for some jo € J, according to the
assumption, there ex1sts t = tw,jo) € U with t # w such that G(W, ,t) < ( (w )) (g( )—glt )) Also
F(w,t,t) > 6(g(w))(g(w) — g(t)), which is a contradiction. O

Remark 2.19. We conclude that Theorem 2.18 concludes Theorem 2.15.
On the contrary, thus for each r € U, there exists s € U with s # r such that

r(r,s,s) <0(g(r)(g(r) — 9(5))-

For each r € U, we define T(r) ={s € U:s #,(r,s,5) <0(g(r))(g(r) — g(s)). Then T(r) # 0 for all r € U.
But by Theorem 2.18, there exists w € U such that T(w) =0, Wthh is a contradiction.

3. Nonconvex optimization and minimax theorems

Theorem 3.1 (Generalized Takahashi’s nonconvex minimization theorem). Assume that (U, G) is a complete
g-G-m space and g : U — (—o0, 00] be a proper, bounded below and Lsca function. T is a I-function on U x U x UL
Suppose that for any v € U with g(r) > inf,,cy fg(w) there exists s € U with s # r such that (2.1) holds. Then
there exists w € U such that g(w) = infycy g(t).

Proof. By Theorem 2.15, there exists w € U such that I'(w,r,7) > 8(g(w))(g(w) —g(r)) for all r € U,
T # w. Now we prove that g(w) = inficy g(t)

On the contrary, then g(w) > inficy g(t). According to the assumption, there exists s = s(w) € U,
with s # w such that T(w, s, s) < 8(g(w)) (g(w) — g(s)). Then we have I'(w, s,s) < 8(g(w)) (g(w) —g(s)) <
I'(w, s, s), which is a contradiction. O

Remark 3.2. Using Theorem 3.1, we can conclude Theorem 2.15.

On the contrary, then for each r € U, there exists s € U with s # r such that I'(r, s, s) < 08(g(r)) (g(r) —
g(s)). By Theorem 3.1, there exists w € U such that g(w) = inficy g(t). According to the assumption,
there exists z € U with z # 1, such that I'(w,z,z) < 0(g(w))(g(w) —g(z)) < 0. Then I'(w, z,z) = 0 and
g(w) = g(z) = infiey g(t). There exists t € U with t # z such that I'(z,t,t) < 6(9(2)) (g(z) — g(t)) < 0.
Then we have I'(z,t,t) = 0 and g(w) = ¢(z) = g(t) = inf,cy g(r). Since T'(w, t,t) < T'(w,z,z) +T'(z,t,t),
then I'(w,t,t) = 0. For e > 0we have I'(w,z,z) =0 < §,T(z,t,t) =0 < § then G(w, t,1) < ¢, thatis, w = t.
Also for € > 0 we have I'(z,w,w) =0 < §, I'(w, t,t) =0 < §, then G(z,t,t) < € that is, z = t, which is a
contradiction.

Theorem 3.3 (Nonconvex minimax theorem). Assume that (U, G) is a complete q-G-m space and T is a T-
function on U x U x W. Let F: Ux U — (—oo,00] be a proper Isca and bounded below function in the first
argument. Suppose that for each v € U with {x € U : F(r,x) > infqcy F(a,x)} # 0, there exists s = s(r) € U with
s # 1 such that

N(r,s,s) < 0(F(r,w)) (F(r,w) —F(s,w)) (3.1)

forallw € {x € W: F(r,x) > infqeu F(a,x)}. Then inf ey sup  F(u,s) = sup ., infreu F(r,s).



E. Hashemi, M. B. Ghaemi, J. Nonlinear Sci. Appl., 12 (2019), 184-191 190

Proof. By Theorem 3.1, for every s € U, there exists r(s) € U such that F(r(s), s) = inf,cy F(r,s). Then
sup .y F(r(s), s) = sup .y, infreu F(r, s).

By displacement of r(s) with an arbitrary r € U and then getting inf, we obtain inf,cy sup . F(r,s) =
sup ¢ infreu F(r,8). O

Theorem 3.4 (Nonconvex equilibrium theorem). Assume that (U, G) is a complete q-G-m space and T is a
I'-function on U x U x U. Let F and © be the same as in Theorem 3.3. Let, for each v € U with {x € U : F(r,x) <
0} # 0, there exists s = s(r) € W with s # r such that (3.1) holds for all t € U. Then there exists y € U such that
F(y,s) > 0forall s € W.

Proof. From Theorem 2.15 for each t € U, there exists y(t) € U such that I'(y(t),r,r) > B(F(y(t),t)) (F(y(t),
t) — F(r,t)) for all r € U with r # y(t). We show that there exists y € U such that F(y,s) > 0 for all
s € UW. On the contrary, for each r € U there exists s € U such that F(r,s) < 0. Then for each r € U,
{x € U: F(r,x) <0} # 0. According to the assumption, there exists s = s(y(t)), y # y(t) such that
My(t),s,s) < G(F(y(t),t)) (F(y(t),t) —F(s, t)), which is a contradiction. O

Example 3.5. Let U = [0,1] and G(r,s,t) = max{|r —s|,[r —tl,[s —t[}. Then (X,G) is a complete g-G-
m space. Suppose that a,b be positive real numbers with a > b. Suppose H : U x U — R with
H(r,s) = §1— %s. Therefore, function r — H(r, s) is proper, lower semicontinuous and bounded below,
and H(1,s) > 0 for every s € U. Also H(r,s) > 0 for every r € [%, 1] and for every s € U. In fact, for every
rel0, %], H(r,s) = ar—bs <0 when s € [¢1,1]. Then set {x € U : H(r,x) < 0} # () for every r € [0, %]. Let
r,selU, r>s, wehaver—s = 2{( % )= (3 s—f x)} for every x € U. Let 0 : [0,00) — [0, c0) with
0(t) = Z be defined. Therefore G(r,s,s) < 0(H(r, ))( r,x) — H(s,x)) for every r > s, and r,s,x € U. By
Theorem 3.4 there exists y € U such that H(y, s) > 0 for every s € U.

4. Applications

Definition 4.1. Let (U, G) be a g-G-m space and a,b € U. Suppose that A : U — (0, o) be a function and
I be a I'function on U. Define

le(a,b,A)={reU:ela,r71) < ?\(a)(r(b, a,a)— F(b,r,r))}
such that € € (0,00) and a,b € U.

Lemma 4.2. Assume that (U, G) is a complete g-G-m space and g : U — (—oo, oo] be a proper, bounded below
and Lsca function and T is a T-function on U x U x U. Let € > 0. Suppose that there exists x € U such that
g(x) < oo and I'(x,x,x) = 0. Then there exists t € U such that

(i) el(x,t,t) < O6(g(x))(g(x) —g(t));
(i) T(t,r,r) > 6(g(t)) (g(t) — g(r))for all v € Uwithr # t.

Proof. Let x € U, g(x) < 400 and TI'(x, x,x) = 0. Put

S={reU:el(x11)<0(g(x))(g(x)—g(r)).

Therefore (S, G) is a nonempty complete g-G-m space. By Theorem 2.15, there exists t € S such that
el(t,,r, 1) > 6(g(t)) (g(t) — g(r)) for all v € S with r # t. For any r € U\S, since €[l'(x,t,t) + T'(t,r,1)] >
el(x,7,7) > 0(g(x)) (g(x) —g(r)) > eT(x,t,t) + 6(g(t)) (g(t) — g(r)), therefore el (t, 7, 1) > 6(g(t))(g(t) —
g(r)) for all r € U\S. Then el'(t,7,1) > G(Q(t)) (g(t) — g(t)) forall r € U with r # t. O

Theorem 4.3 (Generalized flower petal theorem). Suppose that P be a proper complete subset of a q-G-m space
Uand a € P. Let T be a T-function on U with T'(a,a,a) = 0. Let b € U\P, I'(b, P,P) = inf.cp T'(b,7,1) > u
and T'(b, a,a) = s > 0 and there exists a function A from U into (0, co) satisfying A(r) = G(F(b, r,r)) for some
nondecreasing function © from (—oo, oo] into (0, 00). Then for each € > 0, there exists t € P (T (a, b, A)such that
Fe(t, 5, A)N(P\{t}) =0 and (a,t,t) < e 'A(a)(s — 7).

Proof. (P,G) is a complete g-G-m space. Consider g : P — (—o00,00],g(r) = I'(b,r,7). Since g(a) =
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I'b,a,a) = s < oo and TI'(b,P,P) = inf,.cpI'(b,r,1) > u then g is a proper lower semicontinuous and
bounded below function. By Lemma 4.2, there exists t € P such that

(i) el(a,t,t) <A(a)(g(a) —g(t));
(ii) el'(t,r,r) > A(t) (g(t) — g(t)) for all r € P with r # t.

Applying (i), we have t € P(\Tc(a,b,A). Also, applying (i) again, we have I'(q,t,t) < e 'A(a) (F(b, a,a)—
F(b,t,t)) < e 'A(a)(s—T). By (ii), we obtain €(t,1,1) > A(t)(T'(b,t,t) — (b, 7,7)) for all r € P with r # t.
Therefore u ¢ Te(t,b,A) for all r € P\{t} or T (t,b,A) N (P\{t}) = 0. O
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