Available online at www.isr-publications.com/jnsa
J. Nonlinear Sci. Appl., 12 (2019), 206-216

Research Article

ISSN: 2008-1898

oat SCienceg
S 2

f/vo

yournaj o
7.
g )
S

Journal of Nonlinear Sciences and Applications

Q
€)
Suopeond®

PuEmcanoss
Journal Homepage: www.isr-publications.com/jnsa

Approximation of general Pexider functional inequalities in | g (. for updates
fuzzy Banach spaces ' '

Gang Lu?, Jincheng Xin?, Yuanfeng Jin®*, Choonkil Park®

4Department of Mathematics, School of Science, ShenYang University of Technology, Shenyang 110870, P. R. China.
bpepartment of Mathematics, Yanbian University, Yanji 133001, People’s Republic of China.
¢Department of Mathematics, Research Institute for Natural Sciences, Hanyang University, Seoul 04763, Republic of Korea.

Abstract

In this paper, we investigate a fuzzy version of a generalized Hyers-Ulam-Rassias type stability for the following Pexider
functional inequalities

flc-+y) 4 10—y gl +h) < p (ZEEED),

f(x+y) +f(x—y) + g(z) + kh(l) < kp (XIZjLL),

where k are nonzero real scalars. In the fuzzy normed linear space setting is presented. In this condition, we give an alternative
proof of this result in fuzzy Banach space.
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1. Introduction and preliminaries

The class of approximate solutions of the given functional equation one can ask whether each mapping
from this class can be somehow approximated by an exact solution of the considered equation. Such a
problem was formulated by Ulam in 1940 ([33]).

In 1941, Hyers [16] gave the first affirmative answer to the question of Ulam for Banach spaces. Let
f:E — E’ be a mapping between Banach spaces such that

[f(x+y) —f(x) = fy)|| <
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for all x,y € E, and for some & > 0. Then there exists a unique additive mapping T : E — E’ such that
[f(x) =TI <8

for all x € E. Moreover, if f(tx) is continuous in t € R for each fixed x € E, then T is R-linear. In 1978,
Rassias [29] proved the following theorem.

Theorem 1.1. Let f : E — E’ be a mapping from a normed vector space E into a Banach space €' subject to the
inequality
[0 +y) = F0x) = FYII| < ellx[” + [ly[I?) (1.1)

forall x,y € E, where € and p are constants with € > 0 and p < 1. Then there exists a unique additive mapping

T:E — E' such that
2e

2-2p
forall x € E. If p < O then inequality (1.1) holds for all x,y # 0, and (1.2) for x # 0. Also, if the function t — f(tx)
from R into €' is continuous in t € R for each fixed x € E, then T is R-linear.

[T(x) =T <

[P (1.2)

The result of Rassias has influenced the development of what is now called the Hyers-Ulam-Rassias
stability theory for functional equations. On the other hand, Rassias [30] generalized the Hyers-Ulam
stability result by presenting a weaker condition controlled by a product of different powers of norms.

Theorem 1.2 ([30]). If it is assumed that there exist constants © > 0 and p1,p2 € R such that p =p1 +p2 # 1,
and f: £ — €' is a mapping from a norm space € into a Banach space €' such that the inequality

If(x+y) = f(x) = f(Y)I| < OIx|[P{[y[[P
for all x,y € E, then there exists a unique additive mapping T : £ — ' such that

C)
2-2p

If(x) =T < [P

for all x € E.If, in addition, f(tx) is continuous in t € R for each fixed x € E, then T is R-linear.

In 1991, Gajda [14] answered the question for the case p > 1, which was raised by Rassias. In 1994, a
generalization of Rassias theorem was obtained by Gdvruta [15] by replacing the bound e(||x|/P + ||y||P)
by a general control function ¢(x,y). More generalizations and applications of the Hyers-Ulam stability
to a number of functional equations and mappings can be found in [1, 4, 6, 8-11, 17, 22, 24-26, 28, 31, 32].
These stability results can be applied in stochastic analysis [23], financial and actuarial mathematics, as
well as in psychology and sociology.

In [27], Park et al. investigated the following inequalities

1)+ 1) + £ < 2r (2

1f(x) +fly) +f(2)|| < [[f(x+y+2)],

1f(x) + f(y) + 2f(2)|| < ||2f (X;y + z> ,

in Banach spaces. Recently, several stability results have been recently obtained for various equations,
also for mappings with more general domains and ranges see ([7, 12, 20, 21]). In the paper, we consider
the following Pexider functional inequalities

f(x+y)+f(x—y)+9(Z)+h(l)<kp( (1.3)

2x+z+1
k 4
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fx+y) +f(x—y) +g(z) + kh(l) < kp (XEZH), (1.4)

where k are nonzero real scalars.

In 1984, Katsaras [18] defined a fuzzy norm on a linear space to construct a fuzzy vector topological
structure on the space. Later, some mathematicians have defined fuzzy norms on a linear space from
different points of view ([13, 19, 34]). In 2003, Bag and Samanta [3] modified the definition of Cheng and
Mordeson [5] by removing a regular condition. They also established a decomposition theorem of a fuzzy
norm into a family of crisp norms and investigated some properties of fuzzy norms (see [2]). Following
[2], we give the employing notion of a fuzzy norm.

Let X be a real linear space. A function N : X x R — [0, 1] (the so-called fuzzy subset) is said to be a
fuzzy norm on X if for all x,y € Xand all a,b € R:

(N1) N(x,a) =0for a <0

(N2) x =0if and only if N(x,a) =1 for all a > 0;

(N3) N(ax,b) = N(x, %) if a £0;

(Ng) N(x+vy,a+b) > min{N(x,a),N(y,b)};

(N5) N(x,.) is a non-decreasing function on R and limq o N(x,a) =1;
(Ng) for x # 0, N(x,.) is (upper semi) continuous on R.

The pair (X, N) is called a fuzzy normed linear space. One may regard N(x, a) as the truth value of
the statement the norm of x is less than or equal to the real number a'.

Example 1.3. Let (X, |.||) be a normed linear space. Let

0, a <o,
Nxa)={ & 0<t<|xl,
1, t> x|
Then N(x,t) is a fuzzy norm on X and (X, N(x, t)) is a fuzzy normed space.

Definition 1.4. Let (X, N) be a fuzzy normed linear space. Let x, be a sequence in X. Then x,, is said to
be convergent if there exists x € X such that lim, ;oo N(xn, —%, a) =1 for all a > 0. In that case, x is called
the limit of the sequence x,, and we denote it by N-limp o, xn = x.

Definition 1.5. A sequence x, in X is called Cauchy, if for each € > 0 and each a > 0 there exists ng such
that for all n > ng and all p > 0, we have N(xn4p —xn,a) >1—e.

It is known that every convergent sequence in fuzzy normed space is Cauchy. If each Cauchy sequence
is convergent, then the fuzzy norm is said to be complete and the fuzzy normed space is called a fuzzy
Banach space.

Throughout this paper, assume that (X, N) is an fuzzy normed space and (Y, N) is an fuzzy Banach
space.

2. Hyers-Ulam stability of the functional inequality (1.3)

Throughout this section, assume that a, b, c and k are the nonzero scalars.

Proposition 2.1. Let f, g, h,p : X — Y be a mapping such that g(0) = h(0) = p(0) = 0 and

N(f(x+y)+f(x—y)+g(z) +h(l),t) > N (kp <2x+kz+l> ,t) (2.1)

forall x,y,z € X. Then the mapping f, g and h are additive, for all x € X.
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Proof. Lettingx =y =z =1=0in (2.1), we get
N(2f(0),t) = N(kp(0),t) =1,

f(0) =0.
Letting (x,y,z,1) = (x,%,0,—2x) in (2.1), we get

N(f(2x) + h(=2x),1) = N(Kp(0),t) = 1 2.2)

for all x € X.
Replacing (x,y,z,1) by (x,x, —2x,0) in (2.1), we get

N(f(2x) + g (—2x),t) = N(Kp(0),t) = 1 (2.3)

for all x € X.
Replacing (x,y, z, 1) by (x,y, —x, —x) in (2.1), we get

N(f(x+y) +f(x —y) + g(—x) + h(—x),t) > N(Kp(0),t) =1 (2.4)

forall x,y € X.
By (2.2), (2.3) and (2.4), we get

fi(x+y)+f(x —y)—2f(x) =0 (2.5)

for all x,y € X. Hence f(x) is additive mapping for all x,y € X. Since f is additive, it is clear that g and h
are additive; and g(x) = —f(—x), h(x) = —f(—x), as desired. O

Next, we show that the Hyers-Ulam stability of the functional inequality (1.3).

Theorem 2.2. Assume that a mapping f,g,h,p : X = Y with g(0) = h(0) = p(0) = 0 satisfies the inequality

where ¢ : X* — [0, 00) is a function such that

1
Ed)(le 21:}; 22/ 21) < (b(xl U, zZ, 1)
forall x,y,z,1 € X. Then there exists a unique additive mapping A : X — Y such that

2t 2t
2t +3d(x,x, —x, —x) 2t +3d(x/2,%x/2,—x,0)’

N(f(x) —Ax),t) > min{

2t
2t +3d(x/2,%/2,0,—x) } '

. 2t 2t
Niglx) = A (x],t) > min { 2t+ 3 (%, X, —x,—x) 2t +3¢(x/2,x/2,—x,0)’

(2.7)

2t
2t + 3(1)()(/2/ X/zl 0/ _X) } ’
2t 2t
2t +3d(x,x, —x, —x) 2t +3d(x/2,%x/2,—x,0)’

N(h(x) —A(x),t) > min{

2t
2t +3¢p(x/2,%x/2,0,—x) }
forall x € X.
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Proof. Letting x =y =z =1=01in (2.6), we get N(2f(0) —Kp(0),t) > W =1.So f(0) =0.
Letting (x,y,z, ) (x,y,—2x,0) in (2.6), we get
t
N(f(2 —2x),t) > 2.
for all x € X.
Replacing (x,y, z, 1) by (x,y,0,—2x) in (2.6), we get
t
N(f(2x) + h(—2x),t) > Py P (2.9)
for all x € X.
Replacing (x,y, z,1) by (x,x, —x, —x) in (2.6), we get
t
N — — - = .
(fx+y) +f(x—y) +g(—x) +h(—x), 1) Py P — (2.10)
for all x € X.
By (2.8), (2.9) and (2.10), it follows that
N(2f(x) — £(2x),t) > min E t
t+3d(x,x,—x,—x)" t + 3¢ (%, =%, 0) ’
(2.11)
t
430 (55.0.%)
for all x € X such that
2t 2t
N(f(x) — =f(2 , ,
(7(x) = 57(2x), 1) > mm{2t—|—3d)(x,x,—x,—x) RN Cp—
(2.12)
2t
2t+ 3¢ (’2‘, 5,0, — )
for all x € X.
It follows from (2.12) that
1 1 = 1
. ny,y_ - m - _ j - j+1 .
N (2nf(2 x) 2mf(2 x),(m n)t) =N . [Zlf(Z x) Zij(Z x)] ,(m—n)t
):
m—1 1 1
> min {N <2J F(27%) = S F (2 ),t> }
j=k
. 2t (2.13)
> min ’
2t + 35 (2%, 2 x, —2Mx, —2"x)
2t

2t + 35 d(2n1x, 20 1x, —2nx.0)’

2t
2t + 35 p(2n1x, 2" 1%, 0, —21x) }

for all nonnegative integers m and n with m > n and all x € X. It means that the sequence {()™f((¢)™x)}
is a Cauchy sequence for all x € X. Since Y is complete, the sequence {(3)™f(2™x)} converges. We define
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the mapping A : X — Y by A(x) = limn_,o{(1)™f(2™x)} for all x € X. Moreover, we get

2t 2t
2t +3db(x,x, —x, —x)" 2t +3d(x/2,%x/2, —x,0)’

N(f(x) —A(x),t) > min{

2t
2t +3¢(x/2,x/2,0,—x) }

for all x € X.

Similarly, there exists a mapping B : X — Y such that B(x) = limn_,c 5 g(2™x) and

2t 2t
N —B t 2 i 7 4
(9(x) = B(x),t) > min {Zt T30 % —x —x)" 2t + 3b(x/2,%/2,—x,0)
(2.14)
2t
2t =+ 3(1) (X/Z, X/2/ 01 _X) }

for all x € X.

We also obtain a mapping C : X — Y such that C(x) := limn o zinh(Z“x), and

2t 2t
2t +3d(x,x, —x, —x) 2t +3d(x/2,%x/2,—x,0)’

N(h(x) —C(x),t) > min{

2t
2t +3d(x/2,%x/2,0,—x) }
for all x € X.
Next, we show that A is an Jensen mapping.

1
(2™x —2My) — 22—nf(2“x), 3t)

1
=N (271 (2™x +2™y)

1
N(—f(2"x+2"y)+

omn ot

1 1 1
+—f(2"x —2"y) + ——g(—2"x) + ——h(—2"x)

2n on omn
1 1 1
- 279(—2“7() “om (—2™x) —22nf(2“x),3t>
t
> min< 1, 1 : : ,
t+ 5w (20 1x, 20 1x, 0, —21x)

t
t+ sk (20 1x, 20 1x, —21x, 0) }

for all x,y € X. Thus the mapping A : X — Y is additive.
Now, we prove the uniqueness of A. Assume that T : X — Y is another additive mapping satisfying
(2.7). We obtain

N(A(x)—T(x),t) = N(zinA (2™x) — zinT (2™x),t)
2t 2t

> min , ’
{Zt + 2 d (2%, 2™, —21x, —21x) 2t + 5 p (21 1x, 21 1x, —21x, 0)

2t
2t + 2 (27 1x, 201, 0, —2"x) } ’

which tends to zero as n — oo for all x € X. Then we can conclude that A(x) = T(x) for all x € X.
Therefore the inequalities (2.7) hold. O]
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Corollary 2.3. Let q and 0 be positive real numbers with 0 < q < 1. Let f,g,h,1: X — Y be the mappings with
g(0) = h(0) = p(0) = 0 satisfying

2x+y+z+l),t)> t

N(fley) +flx—y) +g(z) +h(D) —kp(— O + TulP L 1IP + TUP)

forall x,y,z € X. Then there exists a unique additive mapping A : X — Y such that

t

t+30]x|[P’

_r

t+36]x||P’
t

2 -

t+30||x||P

N(f(x) —A(x), t) >

N(g(x) —A(x),t) =2

forall x € X.

3. Hyers-Ulam stability of the functional inequality (1.4)
Throughout this section, assume that k is nonzero real numbers.

Proposition 3.1. Let f, g, h,p : X = Y be a mapping with g(0) = h(0) = p(0) = 0 such that

N(f(x +y) + f(x —y) + g(z) + kh(l),t) = N(kp <2"k+7‘ +1) 1) 3.1)

forall x,y,z € X. Then the mapping f : X — Y is additive.
Proof. Letting x =y =z =01in (3.1), we get
N(2f(0),1) > N(p(0),t) = 1.

So f(0) =0.
Letting (x,y,z,1) = (x,x,—2x,0) in (3.1), we get

N(f(2x) + g (—2x),t) = N(kp(0),t) = 1 (3.2)

for all x € X. So f(x) = —g(—x) for allxeX
Replacing (x,y,z,1) by (x,x,0, — ) in (3.1), we get

N (f(Zx) +kh <12<x> ,t) > N(kp(0),t) =1 (3.3)

for all x € X. So f(x) = —kh(—x) for all x € X.
Thus we get

N(f(x +y) + f(x —y) — 2f(x),3t) = N(f (X—i—y)—i—f(x y) + g(x) + kh(x)
—g(x) —kh(x) —2f(x), 3t)
> min{N (kp(0),t), N(f(x) + g(x), t), N(f(x) + kh(x/k), t)}

for all x,y € X. So f(x +y) + f(x —y) — 2f(x) = 0 for all x,y € X. Similarly, we can show that
g(x+y) +gx—y)—29(x) =0,
and h(x +y) + h(x —y) — 2h(x) =0, as desired. O]
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Theorem 3.2. Assume that the mappings f, g, h,p : X = Y with g(0) = h(0) = p(0) = 0 satisfying the inequality

2
*E iy yso v (3.4)

N(f(x +y) +f(x —y) +g(z) + kh(l) — kp( “t+ oy z )’

where ¢ : X* — [0, 00) satisfies $(0,0,0,0) = 0 and

doyzl) =Y o (Px,2y,22) < oo
j=1

forall x,y,z,1 € X. Then there exists a unique additive mapping A : X — Y such that

2t 2t 2t
N f _A. ,t 2 i 7 ’ 4
() =AY ml“{zt+3¢(x,x,o,_%;<) 26+ 30 (x,%—2x,0) 2t+3¢(x,x,—x,—§)}

2t 2t
N + A(—x),t) > min , ,
(g(X) ( X) ) {2t+3¢(—x, —X,O,Z%) 2t+3cb(_xl _XIZXIO)

2t } (3.5)

2t+3(|)(—x, —X, X, %) ’

1 2t 2t
N(h —A(—kx),t) > mi , ’
(h(x) + L Al=Kx), 1) > min { 2t + 3 (—kx, —kx, 0,2x) 2t + 3db(—kx, —kx, 2kx, 0)
2t
2t + 3d(—kx, —kx, kx, x)
forall x € X.

Proof. Letting x =y =z =1=01in (3.4), we get N(2f(0),t) >
Lettingy =x,z=0,1 = —2% in (3.4), we obtain

2x t
N(f(2x) + kh(——),t) > 3.6
(f(2x) ( k) ) T4 o 0,2 (3.6)
for all x € X.
Letting y = x,z = —2x,1 = 0 in (3.4), we obtain
t
N(f(2x) + g(—2x),t) > (3.7)

“t+ ¢ (x,x,—2x,0)

for all x € X.
Letting y = x,z = —x, 1 = — ¢ in (3.4), we get

_E) ’E) > t
k/’ t—&—d)(x,x,—x,%)

N(f(2x) +g(—x) +kh <

for all x € X. So
N(f(2x)—2f (x),3t)
= N(f(2x) + g(—x) + kh(—%) —g(—x) — kh(—%) —2f(x),3t)

X

t t t
> min , ,
{t‘i‘d)(X,X,O,—Z]?) t+¢(X/X/_ZX10) t+d)(XIXI_XI_>]z)}
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for all x € X. Thus,

2t 2t 2t
N(f()_ff(zx) t> mm{zt+3¢(xxo ) 2t + 30, %, 2x,0)’2t+3q>(x,x,—x,—§)}' (3:9)

It follows from (3.9) that

m—1
N <;1f(2“x)—;11f(2mx),(m—n > =N (Z [ 2% (2”%)] ,(mn)t)

)=

RN

m

> min U

U (v (a1 gar @)

—.

2
> min t ~
{2t+3 Lpantx,2n1x, 0, —2%)
2t
2t + 35k b (27 1x, 20 1x, —2nx.0)’

2t
2t + 35k p(2n1x, 2n1x, 20y, 2"k1X)}

for all nonnegative integers m and n with m > n and all x € X. It means that the sequence {xf(2™x)}
is a Cauchy sequence for all x € X. Since Y is complete the sequence {5 )f(2"x)} converges. So we may
define the mapping A : X — Y by A(x) = limn_, 5= f(2™x) for all x € X.

Moreover, we get the first formula of (3.5). By the (3.6) and (3.7), we get the second and third formula
of (3.5).

Next, we show that A is an Jensen mapping.

1 1 1
N (2—nf(2nx +2My)+ o —f(2"x —2"y) — 22—nf(2nx), 3t)

1 1 1
=N <2nf(2“x +2™"y) + 2—nf(2“x —2™"y) + 2—ng(—2nx) +

1 n k n
2n ( 2™x )—27]’1( ) 2—1‘(2 )3’()

k
z—nh(onx)

t t
> min {1, 1 1 n+1 DMy 7 1 ol il " }
t+27¢(2 X, 2 XIOz_T) t+ 27(1)(2 x,2 x, —2"x, 0)

for all x,y € X. Thus the mapping A : X — Y is additive. So the mapping A : X — Y is an additive
mapping.
The rest of the proof of theorem similar with Theorem 2.2. O

Corollary 3.3. Let q, 0 and k be positive real numbers with q > 1. Let f,h,g,1 : X = Y be the mappings with
h(0) = g(0) = p(0) satisfying

2x+z t

N(f(x +y) + f(x —y) + g(z) + kh(1) — kp( +1),t) > t+0([[x[|9 + [ylla + 2]« + |[1]|9)

forall x,y,z € X. Then there exists a unique additive mapping A : X — Y such that

N(f(x) —A(x),t) = min { 2t 2t 2t }

2t +30|[x[9(3 + )" 2t +30|x[|9(2+ 25) " 2t +30][x[[9(2 +29)
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N(g(x) + A (—x),) > min 2t 2t 2t
J e 20+ 30]x/[9(3 + &)’ 2t +30]x]|9(2 + 23)" 2t + 30]x[[9(2+29) [’
1 2t 2 2t
N(h(x) + —-A (—kx)) > min , ’
(hx) +3A (Fhx)) {2t+3e|yx”q(3+qu) 20+ 30||x[|9(2 1 24 2t—|—39Hx||q(2+2q)}
forall x € X.
Acknowledgment

This work was supported by National Natural Science Foundation of China (No. 11761074), the
projection of the Department of Science and Technology of JiLin Province and the Education Department
of Jilin Province (No. 20170101052]JC) and Natural Science Fund of Liaoning Province (No. 201602547).

References

[1] H. Azadi-Kenary, J. R. Lee, C. Park, Non-Archimedean stability of an AQQ-functional equation, J. Comput. Anal.
Appl., 14 (2012), 211-227. 1
[2] T. BagS. K. Samanta, Finite dimensional fuzzy normed linear spaces, ]. Fuzzy Math., 11 (2003), 687-705. 1
[3] V. Balopoulos, A. G. Hatzimichailidis, B. K. Papadopoulos, Distance and similarity measures for fuzzy operators,
Inform. Sci., 177 (2007), 2336-2348. 1
[4] L-S. Chang, Stability of higher ring derivations in fuzzy Banach algebras, ]. Computat. Anal. Appl., 14 (2012), 1059-
1066. 1
[5] S.C.Cheng, ]J. N. Mordeson, Fuzzy linear operator and fuzzy normed linear spaces, Bull. Calcutta Math. Soc., 86 (1994),
429-436. 1
[6] 1. G. Cho, D. S. Kang, H. J. Koh, Stability problems of cubic mappings with the fixed point alternative, ]. Computat.
Anal. Appl, 14 (2012), 132-142. 1
[7]1 Y.]. Cho, C. Park, R. Saadati, Functional inequalities in non-Archimedean Banach spaces, Appl. Math. Lett., 23 (2010),
1238-1242. 1
[8] M. Eshaghi Gordji, M. Bavand Savadkouhi, M. Bidkham, Stability of a mixed type additive and quadratic functional
equation in non-Archimedean spaces, ]. Comput. Anal. Appl., 12 (2010), 454-462. 1
[9] M. Eshaghi Gordji, A. Bodaghi, On the stability of quadratic double centralizers on Banach algebras, ]. Computat. Anal.
Appl,, 13 (2011), 724-729.
[10] M. Eshaghi Gordji, R. Farokhzad Rostami, S. A. R. Hosseinioun, Nearly higher derivations in unital C*-algebras, ].
Computat. Anal. Appl., 13 (2011), 734-742.
[11] M. Eshaghi Gordji, S. Kaboli Gharetapeh, T. Karimi, E. Rashidi, M. Aghaei, Ternary Jordan derivations on C*-ternary
algebras, . Computat. Anal. Appl., 12 (2010), 463—-470. 1
[12] M. Fang, G. Lu, D. H. Pei, Functional inequalities in generalized quasi-Banach spaces, ]. Nonlinear Sci. Appl., 9 (2016),
2481-2491. 1
[13] C. Felbin, Finite dimensional fuzzy normed linear space, Fuzzy Sets and Systems, 48 (1992), 239-248. 1
[14] Z. Gajda, On stability of additive mappings, Internat. J. Math. Math. Sci., 14 (1991), 431-434. 1
[15] P. Gavruta, A generalization of the Hyers—Ulam—Rassias stability of approximately additive mappings, J. Math. Anal.
Appl., 184 (1994), 431-436. 1
[16] D. H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. U. S. A., 27 (1941), 222-224. 1
[17] S.-M. Jung, Hyers-Ulam-Rassias Stability of Functional Equations in Mathematical Analysis, Hadronic Press Inc., Palm
Harbor, (2001). 1
[18] A. K. Katsaras, Fuzzy topological vector spaces 11, Fuzzy Sets and Systems, 12 (1984), 143-154. 1
[19] S. V. Krishna, K. K. M. Sarma, Separation of fuzzy normed linear spaces, Fuzzy Sets and Systems, 63 (1994), 207-217.

1
G. Lu, Y. Jiang, C. Park, Functional inequality in Fréchet spaces, ]. Comput. Anal. Appl., 15 (2013), 369-373. 1
[21] G. Lu, C. Park, Additive functional inequalities in Banach spaces, J. Inequal. Appl., 2012 (2012), 10 pages. 1
G. Lu, C. Park, Hyers-Ulam stability of additive set-valued functional equations, Appl. Math. Lett., 24 (2011), 1312-1316.
1
] P. Malliavin, Stochastic Analysis, Springer-Verlag, Berlin, (1997). 1
1 C.-G. Park, Homomorphisms between Poisson ]C*-algebra, Bull. Braz. Math. Soc. (N.S.), 36 (2005), 79-97. 1
[25] C. Park, Hyers-Ulam-Rassias stability of homomorphisms in quasi-Banach algebras, Bull. Sci. Math., 132 (2008), 87-96.
] C. Park, Y. J. Cho, H. Azadi-Kenary, Orthogonal stability of a Qeneralized quadratic functional equation in non-
Archimedean spaces, ]. Computat. Anal. Appl., 14 (2012), 526-535. 1


https://web.b.ebscohost.com/abstract?direct=true&profile=ehost&scope=site&authtype=crawler&jrnl=15211398&AN=71039470&h=6R9lxiU1CuZFN40wibICTVTYLCPDeJN3%2fgasN3fqzv8Q9QtObd%2fuhhzTLup3LQ2qly3Ng2N3LA7HMutg%2fYfeAQ%3d%3d&crl=c&resultNs=AdminWebAuth&resultLocal=ErrCrlNotAuth&crlhashurl=login.aspx%3fdirect%3dtrue%26profile%3dehost%26scope%3dsite%26authtype%3dcrawler%26jrnl%3d15211398%26AN%3d71039470
https://web.b.ebscohost.com/abstract?direct=true&profile=ehost&scope=site&authtype=crawler&jrnl=15211398&AN=71039470&h=6R9lxiU1CuZFN40wibICTVTYLCPDeJN3%2fgasN3fqzv8Q9QtObd%2fuhhzTLup3LQ2qly3Ng2N3LA7HMutg%2fYfeAQ%3d%3d&crl=c&resultNs=AdminWebAuth&resultLocal=ErrCrlNotAuth&crlhashurl=login.aspx%3fdirect%3dtrue%26profile%3dehost%26scope%3dsite%26authtype%3dcrawler%26jrnl%3d15211398%26AN%3d71039470
https://mathscinet.ams.org/mathscinet-getitem?mr=2005663
https://doi.org/10.1016/j.ins.2007.01.005
https://doi.org/10.1016/j.ins.2007.01.005
https://web.b.ebscohost.com/abstract?direct=true&profile=ehost&scope=site&authtype=crawler&jrnl=15211398&AN=74160237&h=E%2fmN5H%2bTlQwTTvuWtl%2bFwo%2bm6%2bsYHjesThIXCbbfR1W%2b0jSgaEUb2QsPP3UbvHhvqssRt5sqdt%2f2iV%2bbkODZRQ%3d%3d&crl=c&resultNs=AdminWebAuth&resultLocal=ErrCrlNotAuth&crlhashurl=login.aspx%3fdirect%3dtrue%26profile%3dehost%26scope%3dsite%26authtype%3dcrawler%26jrnl%3d15211398%26AN%3d74160237
https://web.b.ebscohost.com/abstract?direct=true&profile=ehost&scope=site&authtype=crawler&jrnl=15211398&AN=74160237&h=E%2fmN5H%2bTlQwTTvuWtl%2bFwo%2bm6%2bsYHjesThIXCbbfR1W%2b0jSgaEUb2QsPP3UbvHhvqssRt5sqdt%2f2iV%2bbkODZRQ%3d%3d&crl=c&resultNs=AdminWebAuth&resultLocal=ErrCrlNotAuth&crlhashurl=login.aspx%3fdirect%3dtrue%26profile%3dehost%26scope%3dsite%26authtype%3dcrawler%26jrnl%3d15211398%26AN%3d74160237
https://www.sid.ir/En/Journal/ViewPaper.aspx?ID=126941
https://www.sid.ir/En/Journal/ViewPaper.aspx?ID=126941
https://web.a.ebscohost.com/abstract?direct=true&profile=ehost&scope=site&authtype=crawler&jrnl=15211398&AN=71039464&h=xnfMrXTxnpmdvoaQhqVCm3sxjv4E4U5TCYj62%2fKpqpBmiwiwOfDzdaZvnhuMu6CaItGht18bTCD%2fHjnqA79yOQ%3d%3d&crl=c&resultNs=AdminWebAuth&resultLocal=ErrCrlNotAuth&crlhashurl=login.aspx%3fdirect%3dtrue%26profile%3dehost%26scope%3dsite%26authtype%3dcrawler%26jrnl%3d15211398%26AN%3d71039464
https://web.a.ebscohost.com/abstract?direct=true&profile=ehost&scope=site&authtype=crawler&jrnl=15211398&AN=71039464&h=xnfMrXTxnpmdvoaQhqVCm3sxjv4E4U5TCYj62%2fKpqpBmiwiwOfDzdaZvnhuMu6CaItGht18bTCD%2fHjnqA79yOQ%3d%3d&crl=c&resultNs=AdminWebAuth&resultLocal=ErrCrlNotAuth&crlhashurl=login.aspx%3fdirect%3dtrue%26profile%3dehost%26scope%3dsite%26authtype%3dcrawler%26jrnl%3d15211398%26AN%3d71039464
https://doi.org/10.1016/j.aml.2010.06.005
https://doi.org/10.1016/j.aml.2010.06.005
https://doi.org/10.1007/s11565-011-0138-0
https://doi.org/10.1007/s11565-011-0138-0
https://web.a.ebscohost.com/abstract?direct=true&profile=ehost&scope=site&authtype=crawler&jrnl=15211398&AN=77229802&h=0iPCxkC2%2f429Dk%2fe8SFNf2p6QPnDTH8YQOy2cIVoSBMEsYwJxp2EYKkuY2GhuFAR%2f35N74J%2bDRq7jxfoxXYrRw%3d%3d&crl=c&resultNs=AdminWebAuth&resultLocal=ErrCrlNotAuth&crlhashurl=login.aspx%3fdirect%3dtrue%26profile%3dehost%26scope%3dsite%26authtype%3dcrawler%26jrnl%3d15211398%26AN%3d77229802
https://web.a.ebscohost.com/abstract?direct=true&profile=ehost&scope=site&authtype=crawler&jrnl=15211398&AN=77229802&h=0iPCxkC2%2f429Dk%2fe8SFNf2p6QPnDTH8YQOy2cIVoSBMEsYwJxp2EYKkuY2GhuFAR%2f35N74J%2bDRq7jxfoxXYrRw%3d%3d&crl=c&resultNs=AdminWebAuth&resultLocal=ErrCrlNotAuth&crlhashurl=login.aspx%3fdirect%3dtrue%26profile%3dehost%26scope%3dsite%26authtype%3dcrawler%26jrnl%3d15211398%26AN%3d77229802
https://web.a.ebscohost.com/abstract?direct=true&profile=ehost&scope=site&authtype=crawler&jrnl=15211398&asa=Y&AN=77229804&h=3PDQWTk6APZr1gB%2fJqyTQBGQIWeg%2bK0t67Hd3PU%2fnkNOcY7Qj4CN%2bEoFBCGbrZl1nQ3cd86U6zlExyaopt5GIA%3d%3d&crl=c&resultNs=AdminWebAuth&resultLocal=ErrCrlNotAuth&crlhashurl=login.aspx%3fdirect%3dtrue%26profile%3dehost%26scope%3dsite%26authtype%3dcrawler%26jrnl%3d15211398%26asa%3dY%26AN%3d77229804
https://web.a.ebscohost.com/abstract?direct=true&profile=ehost&scope=site&authtype=crawler&jrnl=15211398&asa=Y&AN=77229804&h=3PDQWTk6APZr1gB%2fJqyTQBGQIWeg%2bK0t67Hd3PU%2fnkNOcY7Qj4CN%2bEoFBCGbrZl1nQ3cd86U6zlExyaopt5GIA%3d%3d&crl=c&resultNs=AdminWebAuth&resultLocal=ErrCrlNotAuth&crlhashurl=login.aspx%3fdirect%3dtrue%26profile%3dehost%26scope%3dsite%26authtype%3dcrawler%26jrnl%3d15211398%26asa%3dY%26AN%3d77229804
https://web.b.ebscohost.com/abstract?direct=true&profile=ehost&scope=site&authtype=crawler&jrnl=15211398&AN=48177147&h=w9pczp9My28IanVQuHPYM4KP4XiIAswkp3ra0jyMTgwtWoHS%2f6Pv1RUig9%2bAoM5pSOYVFqgtcalGmudGiKC3NQ%3d%3d&crl=c&resultNs=AdminWebAuth&resultLocal=ErrCrlNotAuth&crlhashurl=login.aspx%3fdirect%3dtrue%26profile%3dehost%26scope%3dsite%26authtype%3dcrawler%26jrnl%3d15211398%26AN%3d48177147
https://web.b.ebscohost.com/abstract?direct=true&profile=ehost&scope=site&authtype=crawler&jrnl=15211398&AN=48177147&h=w9pczp9My28IanVQuHPYM4KP4XiIAswkp3ra0jyMTgwtWoHS%2f6Pv1RUig9%2bAoM5pSOYVFqgtcalGmudGiKC3NQ%3d%3d&crl=c&resultNs=AdminWebAuth&resultLocal=ErrCrlNotAuth&crlhashurl=login.aspx%3fdirect%3dtrue%26profile%3dehost%26scope%3dsite%26authtype%3dcrawler%26jrnl%3d15211398%26AN%3d48177147
http://dx.doi.org/10.22436/jnsa.009.05.47
http://dx.doi.org/10.22436/jnsa.009.05.47
https://doi.org/10.1016/0165-0114(92)90338-5
http://dx.doi.org/10.1155/S016117129100056X
https://doi.org/10.1006/jmaa.1994.1211
https://doi.org/10.1006/jmaa.1994.1211
http://www.pnas.org/content/27/4/222
https://scholar.google.com/scholar?as_q=&as_epq=Hyers-Ulam-Rassias+Stability+of+Functional+Equations+in+Mathematical+Analysis&as_oq=&as_eq=&as_occt=title&as_sauthors=&as_publication=&as_ylo=&as_yhi=&hl=en&as_sdt=0%2C5
https://scholar.google.com/scholar?as_q=&as_epq=Hyers-Ulam-Rassias+Stability+of+Functional+Equations+in+Mathematical+Analysis&as_oq=&as_eq=&as_occt=title&as_sauthors=&as_publication=&as_ylo=&as_yhi=&hl=en&as_sdt=0%2C5
https://doi.org/10.1016/0165-0114(84)90034-4
https://doi.org/10.1016/0165-0114(94)90351-4
http://www.eudoxuspress.com/244/JOCAAA-VOL-15-2013.pdf
https://doi.org/10.1186/1029-242X-2012-294
https://doi.org/10.1016/j.aml.2011.02.024
https://link.springer.com/book/10.1007%2F978-3-642-15074-6
https://doi.org/10.1007/s00574-005-0029-z
https://doi.org/10.1016/j.bulsci.2006.07.004
https://web.b.ebscohost.com/abstract?direct=true&profile=ehost&scope=site&authtype=crawler&jrnl=15211398&AN=71039501&h=qf3GG%2bAqfAeqn7xscRlSdBersy7FQd4H7Ba0FZyMRygtmCHxUP3vLslTWUUDwxCBTbtGL9oE%2b5xkRgkDHwaB4Q%3d%3d&crl=c&resultNs=AdminWebAuth&resultLocal=ErrCrlNotAuth&crlhashurl=login.aspx%3fdirect%3dtrue%26profile%3dehost%26scope%3dsite%26authtype%3dcrawler%26jrnl%3d15211398%26AN%3d71039501
https://web.b.ebscohost.com/abstract?direct=true&profile=ehost&scope=site&authtype=crawler&jrnl=15211398&AN=71039501&h=qf3GG%2bAqfAeqn7xscRlSdBersy7FQd4H7Ba0FZyMRygtmCHxUP3vLslTWUUDwxCBTbtGL9oE%2b5xkRgkDHwaB4Q%3d%3d&crl=c&resultNs=AdminWebAuth&resultLocal=ErrCrlNotAuth&crlhashurl=login.aspx%3fdirect%3dtrue%26profile%3dehost%26scope%3dsite%26authtype%3dcrawler%26jrnl%3d15211398%26AN%3d71039501

G. Ly, J. C. Xin, Y. F. Jin, C. Park, J. Nonlinear Sci. Appl., 12 (2019), 206-216 216

[27] C. Park, Y. S. Cho, M.-H. Han, Functional inequalities associated with Jordan-von Neumann type additive functional
equations, J. Inequal. Appl., 2007 (2007), 13 pages. 1

[28] C.Park, S. Y. Jang, R. Saadati, Fuzzy approximate of homomorphisms, J. Comput. Anal. Appl., 14 (2012), 833-841. 1

[29] T. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math. Soc., 72 (1978), 297-300. 1

[30] J. M. Rassias, On approximation of approximately linear mappings by linear mappings, Bull. Sci. Math. (2), 108 (1984),
445-446. 1,12

[31] S. Shagholi, M. Eshaghi Gordji, M. Bavand Savadkouhi, Nearly ternary cubic homomorphism in ternary Fréchet
algebras, ]. Comput. Anal. Appl., 13 (2011), 1106-1114. 1

[32] S. Shagholi, M. Eshaghi Gordji, M. Bavand Savadkouhi, Stability of ternary quadratic derivations on ternary Banach
algebras, . Comput. Anal. Appl., 13 (2011), 1097-1105. 1

[33] S. M. Ulam, A Collection of the Mathematical Problems, Interscience Publ., New York, (1960). 1

[34] J.-Z. Xiao, X.-H. Zhu, Fuzzy normed spaces of operators and its completeness, Fuzzy Sets and Systems, 133 (2003),
389-399. 1


https://doi.org/10.1155/2007/41820
https://doi.org/10.1155/2007/41820
https://web.b.ebscohost.com/abstract?direct=true&profile=ehost&scope=site&authtype=crawler&jrnl=15211398&AN=71039539&h=muhmj9CrIiiCNKevp06wlvy789HS7dhf6tGRDv34PCmUKKc9%2f9jQIz86AFW2KXBk492TZA1Sj5fwPbhMNu0YXw%3d%3d&crl=c&resultNs=AdminWebAuth&resultLocal=ErrCrlNotAuth&crlhashurl=login.aspx%3fdirect%3dtrue%26profile%3dehost%26scope%3dsite%26authtype%3dcrawler%26jrnl%3d15211398%26AN%3d71039539
https://doi.org/10.1090/S0002-9939-1978-0507327-1
https://scholar.google.com/scholar?as_q=On+approximation+of+approximately+linear+mappings+by+linear+mappings&as_epq=&as_oq=&as_eq=&as_occt=any&as_sauthors=&as_publication=&as_ylo=1984&as_yhi=1984&hl=en&as_sdt=0%2C5
https://scholar.google.com/scholar?as_q=On+approximation+of+approximately+linear+mappings+by+linear+mappings&as_epq=&as_oq=&as_eq=&as_occt=any&as_sauthors=&as_publication=&as_ylo=1984&as_yhi=1984&hl=en&as_sdt=0%2C5
https://web.b.ebscohost.com/abstract?direct=true&profile=ehost&scope=site&authtype=crawler&jrnl=15211398&AN=77052649&h=UQxZUnrN6Oe4tFk0%2bTNM80TIceyoa%2b83bQq2iMD90N9K%2fFSRsXOMjlMIC0CbgbnEyCIdj631VDfPpMjtqarFTA%3d%3d&crl=c&resultNs=AdminWebAuth&resultLocal=ErrCrlNotAuth&crlhashurl=login.aspx%3fdirect%3dtrue%26profile%3dehost%26scope%3dsite%26authtype%3dcrawler%26jrnl%3d15211398%26AN%3d77052649
https://web.b.ebscohost.com/abstract?direct=true&profile=ehost&scope=site&authtype=crawler&jrnl=15211398&AN=77052649&h=UQxZUnrN6Oe4tFk0%2bTNM80TIceyoa%2b83bQq2iMD90N9K%2fFSRsXOMjlMIC0CbgbnEyCIdj631VDfPpMjtqarFTA%3d%3d&crl=c&resultNs=AdminWebAuth&resultLocal=ErrCrlNotAuth&crlhashurl=login.aspx%3fdirect%3dtrue%26profile%3dehost%26scope%3dsite%26authtype%3dcrawler%26jrnl%3d15211398%26AN%3d77052649
https://web.a.ebscohost.com/abstract?direct=true&profile=ehost&scope=site&authtype=crawler&jrnl=15211398&AN=77052648&h=uOyTl9PDHK2f1ZAXeIAu2iLN%2f8mwty4dznVwW2xGFaqowpR8b4K4%2bxoJEpcRbO0C%2fNEYEA81UkyXhz5T5eUXhA%3d%3d&crl=c&resultNs=AdminWebAuth&resultLocal=ErrCrlNotAuth&crlhashurl=login.aspx%3fdirect%3dtrue%26profile%3dehost%26scope%3dsite%26authtype%3dcrawler%26jrnl%3d15211398%26AN%3d77052648
https://web.a.ebscohost.com/abstract?direct=true&profile=ehost&scope=site&authtype=crawler&jrnl=15211398&AN=77052648&h=uOyTl9PDHK2f1ZAXeIAu2iLN%2f8mwty4dznVwW2xGFaqowpR8b4K4%2bxoJEpcRbO0C%2fNEYEA81UkyXhz5T5eUXhA%3d%3d&crl=c&resultNs=AdminWebAuth&resultLocal=ErrCrlNotAuth&crlhashurl=login.aspx%3fdirect%3dtrue%26profile%3dehost%26scope%3dsite%26authtype%3dcrawler%26jrnl%3d15211398%26AN%3d77052648
https://scholar.google.com/scholar?as_q=&as_epq=A+Collection+of+the+Mathematical+Problems&as_oq=&as_eq=&as_occt=title&as_sauthors=&as_publication=&as_ylo=&as_yhi=&hl=en&as_sdt=0%2C5
https://doi.org/10.1016/S0165-0114(02)00274-9
https://doi.org/10.1016/S0165-0114(02)00274-9

	Introduction and preliminaries
	Hyers-Ulam stability of the functional inequality  
	Hyers-Ulam stability of the functional inequality 

