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Abstract

The goal of this work is to introduce a new family of continuous distributions with a strong physical applications. Some
statistical properties are derived, and certain useful characterizations of the proposed family of distributions are presented. Five
applications are provided to illustrate the importance of the new family. A modified goodness-of- fit test for the new family
in complete data case are investigated via two examples. We propose, as a first step, the construction of Nikulin-Rao-Robson
statistic based on chi-squared fit tests for the new family in the case of complete data. The new test is based on the Nikulin-Rao-
Robson statistic separately proposed by [M. S. Nikulin, Theory Probab. Appl., 18 (1974), 559-568] and [K. C. Rao, B. S. Robson,
Comm. Statist., 3 (1974), 1139-1153]. As a second step, an application to real data has been proposed to show the applicability
of the proposed test.
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1. Introduction and physical motivation

In this paper we propose and study a new family of distributions using the zero truncated Poisson
(ZTP) distribution with a strong physical motivation. Suppose that a system has N subsystems function-
ing independently at a given time where N has ZTP distribution with parameter A. It is the conditional

*Corresponding author

Email addresses: tabouelmagd@taibahu.edu.sa (T. H. M. Abouelmagd), moswilem@gmail.com (Mohammed S. Hamed),
gholamhoss.hamedani@marquette.edu (G. G. Hamedani), mali@bsu.edu (M. Masoom Ali), goual .hafida@gmail.com (Hafida
Goual), mcagatay@artvin.edu.tr (Mustafa C. Korkmaz), haitham.yousof@fcom.bu.edu.eg (Haitham M. Yousof)

doi: 10.22436/jnsa.012.05.05
Received: 2018-09-14 Revised: 2018-10-05 Accepted: 2018-11-17


http://dx.doi.org/10.22436/jnsa.012.05.05
http://crossmark.crossref.org/dialog/?doi=10.22436/jnsa.012.05.05&domain=pdf

T. H. M. Abouelmagd, et al., . Nonlinear Sci. Appl., 12 (2019), 314-336 315

probability distribution of a Poisson-distributed random variable (r.v.), given that the value of the r.v. is
not zero. The probability mass function (PMF) of N is given by

PMFZ75 (N =n) = lexp (=A™ /(0! [=exp (-A) + 1} [(n=i -
Note that for ZTP r.v., the expected value E(N|A) and variance Var(NJ|A) are, respectively, given by
A+ N A?
E(NJA) =A/[—exp(—A)+1], and Var(NJA) = — .

Suppose that the failure time of each subsystem has the Burr X generator (“BrX-G(6,¢)” for short) defined
by the cumulative distribution function (CDF) and probability density function (PDF) given by

0
(@) (1) 2
o foen | (£20)]
G " (x)

R G (x) = 2099 ()G ¥ () [61 )]

(@) (x)\ @\
® @
X exp |— (G( )(X)> 1—exp |— (G( )(X)> ,x €R,
G *'(x) G *(x)
respectively, where 0 > 0 is a shape parameters, ¢ is the parameter vector and 1 — G(®)(x) = G\ (x). Let

Y; denote the failure time of the ith subsystem and let X = min{Y1, Y5, ---,Yn}. Then the conditional CDF
of X given N is

and

N
F(x|N)=1—Pr(X>x|N)=1— [1—Hg%§jG(x)]

Therefore, the unconditional CDF of the ZTPBrX-G density function, can be expressed as

0
) x)\
Fo e ) =[—exp(-A) +1 " |1 —exp [ A {1 —exp { (2(2)E3> ] } , (1.1)

with the corresponding PDF as

£10,0) (x) = 207 [ exp (<) + 11 g(w)(X)G(cp)(X) [@(m)(x)rs

ZTPBrX—G
57y ©
xexp | -A{1—exp _(G“‘”(x))
G ) (1.2)
[ (G(@J(X))z . (G(‘P)(x)>2 o
X ex — —eX — .
P & P G

Some useful new families can be cited as mentioned in the parentheses (see [8, 9, 13, 18, 19, 23, 27, 38—41]).
It is not shown Which of them is this. among others).

This article is organized as follows. Some special submodels are presented in Section 2. In Section 3,
we derive some of the mathematical properties of the new family. Some useful Characterizations results
are presented in Section 4. Maximum likelihood estimation for the model parameters under uncensored
data is addressed in Section 5. In Sections 6 and 7, the potentiality of the proposed family is illustrated
by means of five real data sets. A modified goodness-of-fit test for the new family in complete data case
is presented in Section 8. Finally, Section 9 provides some concluding remarks.
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2. Special ZTPBrX-G submodels
2.1. The ZTPBrX-Weibull (ZTPBrXW) distribution
Consider the CDF and PDF (for x > 0)
B _ B
G\(/f,"m(x) = {1—exp {— (oxx) ]} and gw’m(x) = Baﬁxﬁ 1exp [— (oex) } ,

respectively, of the Weibull distribution with positive parameters « and (3. Then, the PDF of the ZTPBrXW
model will be obtained directly via insrting G\(/f,"ﬁ’) (x) and gw’m (x) into (1.1) and (1.2) to obtain

f(z}‘T’%g’rf;)W(x) = 20ARaPxP—T [~ exp (—A) + 17! exp [2 (ocx)ﬁ}
X {1 —exp {— (ocx)ﬁ] } exp (—?\ {1 —exp [— {exp [(ocx)ﬁ} } — 1] }e>
X exp {— {exp [(OCX)B} } — 1} {1 —exp [— {exp [(ocx)ﬁ} } — 1} }671 .

The ZTPBrXW distribution includes the ZTPBrX-Rayleigh (ZTPBrXR) distribution when 3 = 2. For 3 =1,
we have the ZTPBrX-exponential (ZTPBrXE) distribution. The plots of the ZTPBrXW density for selected
parameter values are displayed in Figure 1. From Figure 1 we note that the ZTPBrXW model will be
suitable for modeling symmetric, right skewed, left skewed and unimodal data sets. The HRF of the
ZTPBrXW may have the increasing, decreasing and bathtub shapes.
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Figure 1: PDF and HREF plots for the ZTPBrXW model.

2.2. The ZTPBrX-Lomax (ZTPBrXLx) distribution
The CDF and PDF (for x > 0) of the Lx distribution with positive parameters o« and 3 are

a—1

Gl ) =1—[1+(xp™)] “and g\"F(x)=ap 1 [1+(xp )] ",
respectively. Then, the PDF of the ZTPBrXLx model will be obtained directly via inserting G(Li’ﬁ) (x) and
g(L‘f(’m (x) into (1.1) and (1.2) to obtain

N B _ _ 200—1
Tt (x) = 200" [—exp (~A) + 171 [14 (xp )]
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x [1—e><p (—{[H (XB‘l)]“—l}z)]
X exp (—A {1 —exp (— o+ (Xﬁl)]“_1}2> }9>

_ 2
1= 14 (xB)] T exp <_{[1 +(xp)] -1} ) .
The plots of the ZTPBrXLx density are displayed in Figure 2 for selected parameter values. From Figure

2, we conclude that the ZTPBrXLx model will be suitable for various shaped data sets. The HRF of the
ZTPBrXW may have the decreasing, increasing, and unimodal shapes.
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Figure 2: PDF and HRF plots for the ZTPBrXLx model.

3. Mathematical properties

3.1. Useful expansions

Using the power series

the PDF in (1.2) can be written as

o 2
(A0,0) B 20N (—)M (69
fZTF’BTX G - Z h' exp( ) + 1] exp —("

1y O(h+1)—1 3.1)
g(‘P)(x)G(')(x) G(‘P)(x)
X =—————5—q¢1l—exp|— — .
[G(“’)(x)} G (x)
If [s| < 1 and ¢ > 0 is a real non-integer, the following power series holds
2 (—1)' T (c)
(1—5)" = Zi( ) Tle) g (3.2)
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Applying (3.2) to (3.1) we have

(@) ") _
£A0,0) (X)_299 I (x)G"(x) F(m(x)] 3

ZTPBrX—-G - [— exp (_)\) +1]
o . 2 (3.3)
. AR (—1)" T (0 (h+1)) exp | (i11) (Gw)(x)>
o UT(O(h+1)—1) G((p)(x)
_ 2
Applying the power series to the term exp [— (i+1) (G(‘P) (x)/G'? (X)) ] , equation (3.3) becomes
o) = 20AHM ()M (141 T (0 (h+ 1)) g(@) (x)G(@) (x)P+ 5.4
v 1 (1 — e—A — — 2j+3 :
ho Uil (1—eMT(O(h+1)—1) [G(@)(X)] )+
Consider the series expansion
_ = I'(c+k)
(1 - C) c |(\C|<1, c>0) — chk- (3-5)
k=0
A . . —(@), 1913 .
pplying the expansion in (3.5) to (3.4) for the term |G ™ (x) , equation (3.4) becomes
(000) i 20N ()M (L4 1) 2(1+5) 4K
ZTPBrx—G| o i51k! [—exp (—A) + 11 [2(1 +7) + K]
F (O(h+1)T(B+2j+Kk) (o) (') (o125 +k+1
“TOMm +1)—1)r(2j+3)9 ()6 (x) ‘
This can be written as -
f%?»’ﬁleg(x) = Z Vi k T2(14§) +k (%5 @), (3.6)
j,k=0
here 20ATHM (—1) T (3+2j + k) E ()™ r@(h+1) (i+1)
Vi = — ) Z — 1+
) ik! [—exp (—A) + 11T (2j +3) 2(1 +3) + k] Ur(Oh+1)—1) ’
and _ (o) 8 2j+k+1
o) 6 e) = R+ +K g x) 60|

which is the PDF of the exp-G family with power parameter 2 (1 +j) + k. Equation (3.6) reveals that the
density of X can be expressed as a linear mixture of exp-G densities. So, several mathematical properties of
the new family can be obtained from those of the exp-G distribution. Similarly, the CDF of the ZTPBrX-G
family can also be expressed as a mixture of exp-G CDFs given by

(A\0,0)
Fzipprx_g (X Z Vik Moy (% 9),
j, k=0

where TTy(14)4k (%;¢) is the CDF of the exp-G family with power parameter 2 (1 +j) + k.

3.2. Quantile and random number generation
The quantile function (QF) of X, where X ~ZTPBrX-G(A, 6, @), is obtained by inverting (1.1) as

Qu) =G (1+ {—m [1— (‘1“{1_“[—;’(19 (=\) +1]}> 9] } ) O<u> 1.

Simulating the ZTPBrX-G r.v. is straightforward. If U is a uniform variate on the unit interval (0, 1), then
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the r.v. X = Q (U) follows (1.2).

3.3. Quantile spread ordering
The quantile spread (QS) of the r.v. Z ~ZTPBrX-G(A, 6, ¢) having CDF (1.1) is given by

QSx (1) ={[F '] = [F'1—=1]}(1e051))

which also implies that
QSx (1) = [s7H1-1] = [T W],

where
Fl(1)=S"1(1—1) and S(z) =1—F(z),

is the survival function (SF). The QS of a distribution describes how the probability mass is placed sym-
metrically about its median and hence can be used to formalize concepts such as peakedness and tail
weight traditionally associated with kurtosis. So, it allows us to separate concepts of kurtosis and peaked-
ness for asymmetric models. Let Z; and Z; be two random variables following the ZTPBrX-G(A, 6, ¢) with
quantile spreads QSz, and QSz,, respectively. Then Z, is called smaller than Z, in quantile spread order,
denoted by Z; <gs Z», if

QSz, (1) < QSz, (1 (1e(05,1))-

The following properties of the QS order can be obtained:
1. if Z1 and Z, have the same distribution then
QSz, =QSz,;
2. the order <qs is location-free
Zy <qs Ly if [(Z14C) <qgs Za] licer+);
3. the order <5 is dilative
Z1 <q@s CZ; whenever C > 1 and Z; <qgs CZa[(c>1);
4. let Fz, and Fz, be symmetric, then
Z; <qs Z; if and only if lel (1) < Fzzl (1) lae05,1));

5. the order <qgs implies ordering of the mean absolute deviation around the median, say
MAD(Z;)|(i=12),
E[|Z; —Median(Z;)|] = MAD(Z,)

and
E[|Z, —Median(Z;)|] = MAD(Z,),
where
Z1 <Q5 Zz = MAD(Zl) <Q5 MAD(ZQ)
Finally
Zl <Qg Zz if and only if — Zl <Qg —Zz.
3.4. Moments

Let Y;(14j)+k be a r.v. having density 71(14)4k(x;@). The rth ordinary moment of X, say w’, follows
from (3.6) as

W,=E(XX")= Y vj«E (Y;(H].Hk) ) (3.7)
j,k=0
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where
o0

BV =C | g6 ax

can be evaluated numerically in terms of the baseline qf Qg (1) = G~ !(u) as

1

B(Y!) =¢ L W1 Q6 (W) du

Setting r = 1 in (3.7) gives the mean of X. For the ZTPBrXW model we have

(o] o
{2(1+j)+k],r} -1
we=E(X") = Z vk E (Y;(l+j)+k> = Z Txh o T (1+1B7) l(r>—p),
3,k=0 i,k h=0
where

{2(A+j)+klry _ {2(145)+k], 7}
Txh =Vjk Ty ,

and -
i) _ (140 (1) (c>

(14+m)(+E) \m/)

3.5. Incomplete moments

The rth incomplete moment of X is defined by m.(y) = Y X" f(x)dx. We can write from (3.6)

—00

o0
me(y) = D Uik Meoasi)+ky)
k=0

where
G(y)

Mro(y) = L u* ! [Qg(w)] du.

The integral m, «(y) can be determined analytically for special models with closed-form expressions for
Qg (u) or computed at least numerically for most baseline distributions. Two important applications of
the first incomplete moment are related to the mean deviations about the mean and median and to the
Bonferroni and Lorenz curves. For the ZTPBrXW model we have

o0

2(1+4j)+k], 1 (a\P
moly) = 3 Sy (148 ()" )l
i,k h—=0

where

q 00 _1\h
v(aq) = Jo t* lexp(—t)dt= ) n!((al—)|—h)za+h'
h=0

3.6. Generating functions
The moment generating function (mgf) of X, say M(t) = E(exp (t X) ), is obtained from (3.6) as

M(t) = Z Uik Mo(14)+x (),
5,0

where M((t) is the generating function of Y. given by

(e¢]

c—1

1
M (t) =C J dx = L explt Qg (w; « )] utldu.

—00

exp (£x) g'9)(x) |6 (x)]
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The last two integrals can be computed numerically for most parent distributions. For the ZTPBrXW
model we have

o0
2(145)+k], _
M) = > R (1) e,
ik hr=0
where

(2(+j)+klrr T (2a+i)+klr)
ikhr = 7 hkh .

4. Characterizations results

This section deals with the characterizations of the ZTPBrX-G distribution based on the ratio of two
truncated moments. Note that our characterizations can be employed also when the cdf does not have
a closed form. We would also like to mention that due to the nature of ZTPBrX-G distribution, our
characterizations may be the only possible ones. Our first characterization employs a theorem due to [15],
see Theorem .1 of Appendix. The result, however, holds also when the interval H is not closed, since the
condition of the Theorem is on the interior of H.

Proposition 4.1. Let X: QO — R be a continuous random variable and let
(@) 0 ) 21 °
__ 3 (0]
G () G (x)

2
2 (x) = q1 (%) [GW’) (x)} forx € R.
The random variable X has PDF (1.2) if and only if the function | defined in Theorem .1 is of the form

and

n(x) = % {1+ [G(‘p) (x)]z}, x € R.

Proof. Suppose the random variable X has PDF (6), then

_ B oA Tl 2
(1=FR Elar (91X > = ggihs {1 61 )] } xER,
and o \
_ — _lgle)

(1=F )l (X) X34 = i {1 (619 (v } xER.

Further,
2
ﬂ(X)ql(X)—qz(X)quZ(X){l— [G(“’)(x)} }>O, for x € R.

Conversely, if 1 is of the above form, then

S ) = ) ),/ n ) ) = 2 () = 29171 (469 )/ {1 [ 619 ]}, xe R,

and consequently
2
s(x) = —log{l — [G("’) (x)] }, x € R.

Now, according to Theorem .1, X has density (1.2). O
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Corollary 4.2. Let X : O — R be a continuous random variable and let q, (x) be as in Proposition 4.1. The random
variable X has PDF (1.2) if and only if there exist functions qp and n defined in Theorem .1 satisfy the following
differential equation

061 an )/ () ()~ 2 (0 =29 (0 69 )/ {1 [ 0] |, we

Corollary 4.3. The general solution of the differential equation in Corollary 4.2 is

1
ni0={1= 61 0]} |~ 2619 006 () (a2 000 aa ) x4 D)

where D is a constant. We like to point out that one set of functions satisfying the above differential equation is
given in Proposition 4.1 with D = 1. Clearly, there are other triplets (q1, q2,m) which satisfy conditions of Theorem
1

5. Parameter estimation

Here, we will consider the estimation of the unknown parameters (A, 6, ¢) of the new G family from
complete samples by maximum likelihood method. Let xq,...,x, be a random sample (rs) from the
ZTPBrX-G models with a (q x 2) parameter vector ® =(A,0, ¢T)T. The log-likelihood function for @ is
given by

ln(®) =nlog2+nlogb+nlogA —nlog[—exp (—A) +1] + Zlog g'®)(x;) —l—ZlogG(‘p)(xi)

i=1 i=1
33 10g[6 0] A3 [1-exp ()] 3 4 6-13 [i-ep (-5
og (x1) AZ 1—exp (—sf Z s{+(0—-1) Z 1—exp(—si)|,
i=1 i=1 i=1 i=1
where s; = gii; Exi). The above log-likelihood function can be maximized numerically by using R (optim),

SAS (PROC NLMIXED) or Ox program (sub-routine MaxBFGS), among others. For interval estimation of the
parameters, the elements of the q x q observed information matrix J(®) can be evaluated numerically,
where

s = L (o)) = s RN =3 [imep (2],
i=1

oA A —exp(—A)
= e = 43 [1=ewp ()] 13- {[1-enn ()]t 1o ()]}
and
Uy, — % 0 (©)] = +§ g(@)/(xl) +iZ:1 G(@(’;'(Xi) —ZiZ:lmisi
-5 g L e ST e ] ey
o g = % 91" (x)],6" = % 6°)(x)], G = a?k 6"/ (x)], and m; = aa;k

6. Modeling reliability and medical data using the ZTPBrXW model

In this section, we provide three applications to show empirically the potentiality of the ZTPBrXW
model. In order to compare the fits of the ZTPBrXW distribution with other competing distributions, we
consider the Cramér-von Mises (W*) and the Anderson-Darling (A*) statistics. These two statistics are
widely used to determine how closely a specific CDF fits the empirical distribution of a given data set.
These statistics are given by
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W* = (1+1/2n) [(1/1211) + Z; 2 — (2 —1) /2n]2} ,

and
A* = n—i—l ) " (2j —1)1og [zi (1 — zn_js1)] 1—1—1—1—i
n é—j=1 ' no 42 4n)’

respectively, where z; = F(y;j) and the y;’s values are the ordered observations. The smaller these
statistics are, the better the fit. The required computations are carried out using the R software. The MLEs
and the corresponding standard errors (in parentheses) of the model parameters are given in Tables 1, 3,
and 5. The numerical values of the statistics W* and A* are listed in Tables 2, 4, and 6. The histograms of
the two data sets and the estimated PDF of the proposed model are displayed in Figures 2 and 3.

6.1. Application 1

The first real data set represents the data on failure times of 84 aircraft windshield given in [28]. The
data are: 0.040, 1.866, 2.385, 3.443, 0.301, 1.876, 2.481, 3.467, 0.309, 1.899, 2.610, 3.478, 0.557, 1.911, 2.625,
4.570, 1.652, 2.300, 3.344, 4.602, 1.757, 3.578, 0.943, 1.912, 2.632, 3.595, 1.303, 2.089, 2.902, 4.167, 1.432,
4.376,1.615,2.223,3.114, 4.449, 1.619, 2.097, 2.934, 4.240, 1.480, 2.135, 2.962, 4.255, 1.505, 2.154, 2.964, 4.278,
1.506, 2.190, 3.000, 4.305, 1.070, 1.914, 2.646, 3.699, 1.124, 1.981, 2.661, 3.779, 1.248, 2.010, 2.224, 3.117, 4.485,
1.652, 2.229, 3.166, 2.688, 3.924, 1.281, 2.038, 2.823, 4.035, 1.281, 2.085, 2.890, 4.121, 1.568, 2.194, 3.103, 2.324,
3.376, 4.663. Here, we shall compare the fits of the ZTPBrXW distribution with those of other competitive
models, namely: Marshall Olkin extended-Weibull (MOEW):

e ) = apy?xP {1 (1 aexp [~(rx)] } exp [-120°]
Gamma-Weibull (GaW) ([30])
f(Go‘(;f\s,\’/Y)(x) =B/ BT (1 +y/B) xPTY Lexp [—axP];
Kumaraswamy-Weibull (KwW) ([11])
f%{ﬁ,’\?’b) (x) = abpoPxP~! {1 —exp [— (ocx)ﬁ] }ail exp [— (ocx)ﬁ} {1 — {1 —exp [— (cxx)ﬁ} }a}b_l;

Weibull-Fréchet (WFr) ([4])

a—1 ay b—1
f\(,f,"FE’a’b) (x) = abpaPxP~1 {1 —exp [— (ocx)ﬁ]} exp [— (ocx)ﬂ {1 — {1 —exp [— (ocx)ﬁ}} } ;
Beta-Weibull (BW) ([24])
a—1
fg\‘/’f’a’b) (x) = BoaPB~! (a,b)xP! {1 —exp [—(ocx)ﬁ}} exp [—b(ocx)ﬁ} ;
Transmuted modified-Weibull (TMW) ([22])
f(T‘;‘\’f\;\}/’M (x) = (cc+vBxP) [T —A+2exp (—ox —yxP)] exp [—oax —yxP] , Al < 1;

Kumaraswamy transmuted-Weibull (KwTW) ([2])

IR0 =8 (102 1o -]} 1]

x [{1 —exp [—(cxx)ﬁn (1 FA-A {1 _exp [_(“X)s} })} a1
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i (en e[} A f1-ew [0 F) T

Modified beta-Weibull (MBW) ([21])
(e,B,a,b,c) —Bn—1 B—1 x\ B x\p1y et
i = ovnec st [0 (3)° fioo [-(2))

x <1 —(1—v) {1 —exp {—b (%) ﬁ} })(Hb);

Mcdonald-Weibull (McW) ([10]),

\B-1 {1—eXp {—(ocx)ﬁ} }a—l exp [_(O‘X)ﬁ] :
(1f{1—exp [*(Cxx)ﬁ}}c)l_b |

and Transmuted exponentiated generalized Weibull (TExGW) ([37])

b (x) = pea? B~ (a/c, b)

xB—1 {1 —exp [—a(ocx)ﬁ} }b_l exp [—a(ocx)ﬁ]
by 1

fleuBAab) (x) = abBaP
(1—1—7\—2?\{1—exp [—a(ocx)ﬁ]} )

TExGW JANS L

All the above PDFs are for x > 0.

Based on Table 2 and Figure 3 we conclude that the new lifetime model provides adequate fits as
compared to other Weibull models with small values for W* and A*. The proposed lifetime model is
much better than the MOEW, GaW, KwW, WFr, BW, TMW, KwTW, MBW, McW, TExGW models, and a
good alternative to these models.

Table 1: MLEs (standard errors in parentheses) for data set I.
Distribution Estimates
ZTPBI‘XW()\,Q’O"B) —0.0277, 1.189885, 2.8387796, 0.4341143
(1.49708), (0.70545), (1.1007985), (0.095563)
488.89946, 0.283246, 1261.966

MOEW(y,,a)
(189.358), (0.013), (351.073)
GaW (o) 2.376973, 0.848094, 3.534401
(0.378), (0.0005296), (0.665)
KWW (o p.ab) 14.4331, 0.2041, 34.6599, 81.8459
(27.095), (0.042), (17.527), (52.014)
WFT (o,a.b) 630.9384, 0.3024, 416.0971, 1.1664
(697.942), (0.032), (232.359), (0.357)
BW (o.6,a,b) 1.36, 0.2981, 34.1802, 11.4956
(1.002), (0.06), (14.838), (6.73)
TMW (o 5y 2) 02722, 1, 4.6x10, 0.4685

(0:014), (5.2x1075), (1.9x10™%), (0.165)
KWwIW o paab) | 277912, 0.178, 0.4449, 29.5253, 168.0603
(33.401), (0.017), (0.609), (9.792), (129.165)

MBW (o6, a.b.c) 10.1502, 0.1632, 57.4167, 19.3859, 2.0043
(18.697), (0.019), (14.063), (10.019),(0.662)
MW (o p.ab.0) 1.9401, 0.306, 17.686, 33.6388, 16.7211,

(1.011), (0:045), (6.222), (19.994), (9.722)
TEXGW (o prap) | 42567, 0.1532, 0.0978, 5.2313, 1173.3277
(33.401), (0:017), (0.609),(9.792)
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Table 2: W* and A* for data set 1.

Distribution W+ A*

ZTPBrXW (r 0.op) | 0-06396 | 0.62668
MOEW(, g «) 0.39953 | 4.44766
GaW 4 v) 0.25533 | 1.94887
KwW (o g,a,b) 0.18523 | 1.50591
WFr (o 8,a,b) 0.25372 | 1.95739
BW (o g,a,b) 0.46518 | 3.21973
TMW (o gy 2 0.80649 | 11.20466
KwWTW (o,.Aab) 0.16401 | 1.36324
MBW (o g.abe) | 047172 | 326561
McW (o 8,a,b,¢) 0.1986 | 1.59064
TEXGW (« g Aab) | 1.00791 | 6.23321

Failure Time

0.0

0.5

ECDF of 84 Aircraft Windshield Data

= The ZTPBrXLx Distribution

Expected Probability

Observed Probability

Figure 3: Estimated PDF, CDFE, HRF, and PP plot for data set I.
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6.2. Application 2

This data set represents the remission times (in months) of a random sample of 128 bladder cancer
patients. This data is given by: 0.08, 2.09, 3.48, 4.87, 6.94, 8.66, 13.11, 23.63, 0.20, 2.23, 3.52, 4.98, 6.97,
9.02, 13.29, 0.40, 2.26, 3.57, 5.06, 7.09, 9.22, 13.80, 25.74, 0.50, 2.46, 3.64, 5.09, 7.26, 9.47, 14.24, 25.82, 0.51,
2.54, 3.70, 5.17, 5.41, 7.62, 10.75, 16.62, 43.01, 1.19, 2.75, 4.26, 5.41, 7.63, 17.12, 46.12, 1.26, 2.83, 4.33, 5.49,
7.66,11.25,17.14, 79.05, 1.35, 2.87, 5.62, 7.87, 11.64, 17.36, 1.40, 3.02, 4.34, 5.71, 7.28, 9.74, 14.76, 26.31, 0.81,
2.62,3.82,5.32,7.32,10.06, 14.77, 32.15, 2.64, 3.88, 5.32, 7.39,10.34, 14.83, 34.26, 0.90 , 2.69, 4.18, 5.34, 7.59,
10.66, 15.96, 36.66, 1.05, 2.69, 4.23, 7.93, 11.79, 18.10, 1.46, 4.40, 5.85, 8.26, 11.98, 19.13, 1.76, 3.25, 4.50, 6.25,
8.37,12.02, 2.02, 3.31, 4.51, 6.54, 8.53, 12.03, 20.28, 2.02, 3.36, 6.76, 12.07, 21.73, 2.07, 3.36, 6.93, 8.65, 12.63,
22.69. We compare the fits of the ZTPBrXW distribution with other competitive models, namely the TMW,
MBW, Transmuted additive Weibull distribution (TAW):

AN (x) = (00x® Ty P Ty e () {1 j o gpe (it

4

the Exponentiated transmuted generalized Rayleigh (ETGR) ([3])

5—1
xe 897 14 A (1-e(B¥7) "]

( 76/6/7\)
ferer  (x) =20dp? D —
[1+7\—2>\ (1—e—(6x>2) }

5 Al < 1.
[1_e—usx) }

Above PDFs are for x > 0.
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Figure 4: Estimated PDF, CDF, HRF and PP plot for data set II.
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Table 3: MLEs (standard errors in parentheses) for data set II.

Distribution Estimates
ZTPBrXW» g,«,p) | —4.3130, 4.8119, 1.2414, 0.10667
(2.4512), (5.02761), (0.1837), (0.0188)
W) 9.5593, 1.0477
(0.853), (0.068)
TMW (o,8,v.) 0.1208, 0.8955, 0.0002, 0.2513
(0.024), (0.626), (0.011), (0.407)
MBW (4 5,a,b,c) 0.1502, 0.1632, 57.4167, 19.3859, 2.0043
(22.437), (0.044), (37.317), (13.49), (0.789)
TAW (o,8,v,0,7) 0.1139, 0.9722, 3.0936x 10, 1.0065, -0.163
(0.032), (0.125), (6.106x1073), (0.035), (0.28)
ETGR (6,51 7.3762,0.0473, 0.0494, 0.118
(5.389), (3.965x10~3), (0.036), (0.26)

Table 4: W* and A* for data set II.

Distribution W+ A*
ZTPBrXW (» 0.0.p) | 0.019298 | 0.124081
Wiap) 0.10553 | 0.66279
TMW (o ) 0.12511 | 0.76028
MBW (4,6,a,b,c) 0.10679 | 0.72074
TAW (&8 ,v,0,0) 0.11288 | 0.70326
ETGR (4,8,5,1) 0.39794 | 2.36077

Based on Table 4 and Figure 4 we conclude that the proposed lifetime model is much better than the
W, TMW, MBW, TAW, ETGR models with small values for W* and A* in modeling cancer patients data.

6.3. Application 3

The real data set corresponds to the survival times (in days) of 72 guinea pigs infected with virulent
tubercle bacilli. The data are: 10, 33, 44, 56, 59, 72,74, 77, 92, 93, 96, 100, 100, 102, 105, 107, 107, 108, 108,
108, 109, 112, 113, 115, 116, 120, 121, 122, 122, 124, 130, 134, 136, 139, 144, 146, 153, 159, 160, 163, 163,
168, 171, 172, 176, 183, 195, 196, 197, 202, 213, 215, 216, 222, 230,231, 240, 245, 251, 253, 254, 255, 278, 293,
327,342, 347, 361, 402, 432, 458, 555. We shall compare the fits of the ZTPBrXW distribution with those of
other competitive models, namely: Burr X Exponentiated Weibull (BrXEW)

fg';’gv)v(x) =20apxP1 {1 —exp (—xﬁ)rocil exp (—XB)

N { 1 : f pf,(ﬂﬂ . }

e oo () 1Y)
x{l—{l—exp(—x )} } exp _{1_[1—exp(—xﬁ>r‘ ;
the Weibull-Weibull (WW):
fi,ec\’/’)‘)(x) = exp <oc{log [1 —exp (—?\xyﬂ }6> ;

the Gamma Exponentiated Exponential (GaEE) ([33])

f(G)\élolcz’lez) (x) = rozi)exp (—0x) [1 —exp (—0x)]* ' {—alog [1 —exp (—Ox)]}*;
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and Exponential Exponential geometric (EEGc) ([32]) distributions

F20P) () = B (1—p) exp (—0x) [1 — exp (—Ox)]" {1 —p +p [1 — exp (—0x)1%} 2,

where PDFs are for x > 0.

ECDF of Survival Times Data

—
5] o
S = e
o s ZTPBrXW Distribution
- .
=1
(=2
o el |
o
8 |
= N
= o _|
=z S <
o
e >
a8 8
=1l
o g =
o
(=]
8
=]
o~
S S 7
g |
=
(= —— The ZTPBrXW Distribution
=T 2w
= T T T T T T 1 = T T T T T
0 100 200 300 400 500 600 0 100 200 300 400 500
Survival Times
©
S
2
<
=y
7 -
©
=
- s
= @ 2
2z o
@ o©
E = 2
e e 2
w 2 o
n]
=
=
)
o™
o
S
S|
@
=] T T T T T T T
0 5 10 15 20 25 30 0.0 0.2 04 086 08 1.0

X Observed Probability

Figure 5: Estimated PDF, CDF, HRF, and PP plot for data set III.

Table 5: MLEs (standard errors in parentheses) for data set IIL.
| Distribution | Estimates \

ZTPBIXW (r 0 o) | —13.8394, 0.4565, 4.0646, 0.14999
(0.000), (0.000), (1.3448), (0.0206)
BIXEW (0 o p) 3.18, 5.539, 0.166
(2.1174), (2.437),(0.0241)
WW (0 2.6594, 0.6933, 0.0270
(0.7129), (0.1707), (0.0193)
OWW (g0 11.1576, 0.0881, 0.4574
(4.5449), (0.0355), (0.0770)
GaEE (» o.0) 2.1138, 2.6006, 0.0083
(1.3288), (0.5597), (0.0048)
EEGC(0,p) 2.5890, 0.0004, 0.9999
(0.4820), 0.0041), (0.1036)
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Table 6: W* and A* for data set III.

Distribution % A*

ZTPBrX-W ) 0,«,3) | 0.0769 | 0.4737
BrX-EW g «.p) 0.0907 | 0.5668
W-W (5,1 0.1427 | 0.7811
OW-W (g, 2\ 0.4494 | 2.4764
GaE-E() «,0) 0.3150 | 1.7208
EE—GC(%G,p) 0.1047 | 0.5789

Based on Table 6 and Figure 5 we conclude that the proposed lifetime model is much better than the
BrXEW, WW, OWW, WLogW,GaEE, EEGc models with small values for W* and A* in modeling cancer
patients data.

7. Modeling failure and service times using the ZTPBrXLx model

In this section, we provide two applications to two real data sets to prove the importance and flexibility
of the ZTPBrXLx distribution. We compare the fit of the ZTPBrXLx with competitive models namely: the
Burr X Lomax (BrXLx) ([1, 38]):

1 (1 [3_1)_)\ 2 0
(OA8) — X
Foxix(X)=[1—expq — - ;
BrXLx P (14xp 1) ]
ELx model ([17])
LA
F(Eoﬁ’f’k) (x) = [1 —(1+xp™1) ] ;
the Gamma Lomax (GLx) model ([12]):
ForPM () = (@) T (e Alog [L+xB 1))
the Beta Lomax (BLX) model ([25]):
(0,BOA) (1 _ —1) A, :
FBLX (X) - B(OL,G)B (1 (1+XB ) ,0(,9),

and Lx model ([26]) (for x > 0 and «,3,A,a > 0), where T'(-) is the Gamma function, I ( -;-) is the
incomplete Gamma function, B (-,-) is the complete beta function and B( -;-,-) is the incomplete beta
function.

7.1. Application 4

This data set represents the data on failure times of 84 aircraft windshield given in Application 1.
From Table 8 and Figure 6, the ZTPBrXLx lifetime model is much better than Gamma Lomax, beta
Lomax, exponentiated Lomax and Lomax models so the new model is a good alternative to these models
in modeling aircraft windshield data.

7.2. Application 5

This real data set represents the data on service times of 63 aircraft windshield given in [28]. The
data are: 0.046, 1.436, 2.592, 0.140, 1.492, 2.600, 0.150, 1.580, 2.670, 0.248, 1.7190, 2.717, 0.2800, 1.794, 2.819,
0.3130, 1.915, 2.820, 0.389, 1.9200, 2.878, 0.487, 1.9630, 2.950, 0.622, 1.978, 3.0030, 0.9000, 2.053, 3.1020, 0.952,
2.065, 3.3040, 0.9960, 2.117, 3.483, 1.0030, 2.137, 3.500, 1.0100, 2.141, 3.6220, 1.085, 2.163, 3.6650, 1.092, 2.183,
3.695, 1.1520, 2.2400, 4.015, 1.183, 2.3410, 4.628, 1.2440, 2.435, 4.806, 1.249, 2.4640, 4.881, 1.262, 2.5430, 5.140.
These data sets were recently studied by Tahir [34] and Abouelmagd [1]. The unit for measurement is
1000 hours for both data sets. From Table 10 and Figure 7, the ZTPBrXLx lifetime model is much better
than Gamma Lomax, beta Lomax, exponentiated Lomax and Lomax models so new Lomax model is a
good alternative to these models in modeling the service times data.
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Table 7: MLEs (standard errors in parentheses) for data set IV.

Model Estimates
ZTPBrXLx () g o,p) | —5-2837,0.2860, 1.553, 4.6136
(93.9891), (0.3119), (1.3949), (5.8431)
BrXLx (g0 5.237xe”,8.2291xe ™!, 1.1592xe
(0.000), (0.10511), (5446.8)
BLX(o,p,0.1) 3.6036, 118.8374, 33.6387, 4.8307
(0.6187), (63.7145), (9.2382), (429.000)
ELX(a,p.7) 3.6261, 26257.681, 20074.51
(0.6236), (99.7417), (2041.826)
GLX(a,p,0) 3.5876, 37029, 52001
(0.5133), (81.1644), (7955)
Lx(p ) 131789, 51425
(296.120), (5933.49)

Table 8: W* and A* for data set IV.

Model w* A*
ZTPBrXLX(5 0 ,p) | 0-07459 | 0.1531
BI'XLX( B,0,A) 0.0764 0.5844
BLX (. p.0.0) 1.4084 | 0.1680
ELX( o p 1) 1.7435 | 0.2194
GLX (g 0) 1.3667 | 0.1619
LX(p\) 1.3976 | 0.1665
ECDF of 84 aircraft windshield data
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// =
; . 3 4 5 0 ; . 5 a
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Figure 6: Estimated PDF, CDF, HRF, and PP plot for data set IV.
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Table 9: MLEs (standard errors in parentheses) for data set V.

Model Estimates
ZTPBrXLx(j ¢0,«, B) —1.4557, 0.4652, 1.3517, 3.9449
(2.3026), (0.2150), 91.4998), (6.4402)
BrXLx (g 0,2 0.6467, 0.5987, 1.6211
(0.0475), (0.390), (0.959)
BLX(oc,B,G,A) 1.9218, 169.5800, 31.2595, 4.9685
(0.3185), (339.2068), (316.8413), (50.5279)
ELX(“,&M 1.9145, 32881.9, 22971.2
(0.3483), (162.2230), (3209.5)
GLX((X,[S)\) 1.9073, 39197.6, 35842.4
(0.3214), (151.6530),(6945)
LX(B,?\) 207019, 99269
(301.2370), (11863.5222)
Table 10: W* and A* for data set V.
Model w* A*
ZTPBrXLx() 0,«,8) | 0-0337 | 0.12295
BrXLX(ﬁ,e,A) 0.0876 | 0.5278
BLX(&X,ﬁ,B,?\) 1.1336 | 0.1872
ELX(oc,B,?\) 1.2331 | 0.2037
GLx((x,ﬁ,M 1.1121 | 0.2038
Lx(g ) 1.1265 | 0.1861

—— ZTPBrXW Distribution
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Figure 7: Estimated PDF, CDF, HRF and PP plot for data set V.
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8. A modified goodness-of- fit test for ZTPBrX-G family in complete data case

Checking if a series of observations can be modeled by a probability distribution is one of the most
important problems in statistical analysis. To validate the choice of a model, we use what we call tests
of goodness-of-fit. Researchers have been studying this problem since the beginning of the 20th century
when Karl Pearson proposed the famous chi-square goodness-of-fit test (GOF) test. We propose, as a first
step, the construction of Nikulin-Rao-Robson (NRR) based chi-squared fit tests for the ZTPBrX-G family
in the case of complete data. This test is based on the NRR statistic separately proposed by Nikulin [29]
and Rao and Robson [31]. As a second step, an application to real data study has been proposed to show
the maneuverability of the proposed test. For more details about non-parametric tests and chi-squared
type tests see [6, 7].

8.1. Nikulin-Rao-Robson statistic test for complete data

The well-known Nikulin-Rao-Robson (NRR) statistic (Y2 (@n)) is one of famous modified classical chi-
squared goodness-of-fit test (GOF), that was introduced by Nikulin [29] and Rao-Robson [31] ([14, 35, 36]).
It uses the maximum likelihood estimation on the initial data. Suppose that X = (X1, Xy, ... ,Xn)T is a
simple sample of n independent and identically distributed random variables.

The problem is to test the null composite hypothesis Hy: that the i.i.d. random variables X1, X5,..., Xy
follow the same distribution, i.e.,

P(X; <x) =F(x,0), x€R, ©=(01,0,,...,05)".
Nikulin [29] and Rao and Robson [31] proposed the NRR Y? statistic defined as follows. Let
—o=q<a << ar1 < 0y =+00

be the boundary points of the grouping intervals Iy, I, ..., I, in (—oo, +00) . The vector of probabilities is
p(®) = (Pl (6)/ PZ(@)r oo /Pr(@))T/ with

N
p;(©) :J " f(x,@)dx, j=1,2,...,T.

aj—1

So, the boundaries of intervals a; are given by

q =F! <1) j=1,...,7—1.

If vi = (v1,v2,... ,v+) T is the vector of frequencies obtained by the grouping of data in the intervals Ij,
where

n
Vi = Z I{xielj} i=1,...,7,
i=1
which lies in each of the successive intervals
[GOI (11) 7y [arfl/ aT‘) .

The NRR statistic with ©,, as a maximum likelihood estimator of the parameter vector ©, is given by

Y2(61) =X (6) + 1 (6) (1) 1(6n)) LG

The Pearson’s statistic is X2 (@) = X/ (©)X,,(©), where

() (vl—npl(@) v~ 1pa(©) vr—npr(@)))T.

V(@) | Vap©) /(@)
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The 1(©r,) represents the Fisher information matrix, and

1(©) = (41(©),...,15(0))T; with L (@) =)

i=1

Vi 0pi(©)
pi 00

(©) is the information matrix for the grouped data defined by J(®) = B(©)"B(®), where
group y

1 aPi(@)]
B(@) — |: | i=1.2,..,r =1,..,s.)"
\/51 ali e (i=1,2,...,r and k=1,...,s.)

Under the null hypothesis Hp; the NRR (Yﬁ(@n)) statistic follows a chi-square distribution with r —1
degrees of freedom. So, for any fixed x > 0, we have:

lim P (Yﬁ(@n) > x) =P ()&71 > x).

n—oo

8.2. Goodness of fit test for ZTPBrXW and ZTPBrXLx models
Let us consider the null hypothesis Hy according to which the distribution of the sample X =
(X1, Xo, ..., Xn) " is given by

Ho : P(Xi <X)lig_(anp,0)7 x50] = FzTPBrXW (X, ©)

1—exp <—)\ {1 —exp [— ({exp [(ex)"]} - 1>2] }e>

—exp (—A)+1

4

and

HO : P(Xi < X)|[@:(Oc,}\,[3,e)T,X>O] = FZTPBTXLX(X/ 6)

1—exp (—?\ {1 —exp (— {li+ (xB‘l)]“—1}2> }6>

—exp (—A)+1

4

where Fzrperxw(x,0) and Fz1perxix (X, ©) are the distribution functions of the ZTPBrX-Weibull and
ZTPBrX-Lomax distributions. To support the results obtained in this work and showing the usefulness
of the modified chi-square NRR (Y,zi(@n)) statistic tests and the applicability of the Fztpgrxw(x,©) and
FzTtpBrxLx(X,©) models, we apply it to two real data; which represents the data of failure times of 84
aircraft windshield given in [28] and the remission times (in months) of a random sample of 128 bladder
cancer patients.

8.2.1. Example 1

To test the null hypothesis Hy that the aircraft windshield ([28]) data arise from a Zero Truncated
Poisson Burr X Weibull distribution, we use the NRR statistic explained above. Using the R software
and the Barzilai-Borwein (BB) algorithm, we first calculate for r = 9 intervals, the maximum likelihood

estimates. R R R
A =0.2318,0 = 0.2239, & = 2.0076, 3 = 0.1106.

Then, the values of the NRR statistic tests is : Yﬁ(@n) = 16.9834. We see that
Y2 (On) < X2_1 w005 = 15.50731,

On the other hand we have R
Y2 (On) <X3_1 a0z = 15.16823.

This allows us to say that these data can correspond appropriately to the ZTPBrXW model with
o = 0.02 as a critical value.
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8.2.2. Example 2

This data is about the remission times (in months) of a random sample of 128 bladder cancer patients.
We choose for this data: v = 11 intervals, then we obtain the MLE’s parameters of our zero truncated
Poisson Burr X Lomax distribution as:

A =0.1355,0 = 0.2363, & = 0.8491, p = 1.0072.
Then the value of Y%L((:)n) is 17.0954. We can see that
Y2(On) < X2_1 a_o05 = 18.30704.

It can therefore be concluded that data of remission times of bladder cancer patients is distributed accord-
ing to our new ZTPBrXLx model.

9. Concluding remarks

The goal of this paper is to introduce a new family of continuous distributions with important physical
applications. Some statistical properties are derived, certain useful characterizations of the proposed
distribution are presented. Five applications are provided to illustrate the importance of the new family. A
modified Goodness-of- fit test for the new family in complete data case are investigated via two examples.
We propose, as a first step, the construction of Nikulin-Rao-Robson statistic based on chi-squared fit tests
for the new family in the case of complete data. The new test is based on the Nikulin-Rao-Robson statistic
separately proposed by Nikulin [29] and Rao and Robson [31]. As a second step, an application to real
data has been considered to show the maneuverability of the proposed test.
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Appendix A

Theorem .1. Let (Q,5F,) be a given probability space and let H = [a,b] be an interval for some d < b
(a =—00, b =00 might as well be allowed) . Let X : Q — H be a continuous random variable with the distri-
bution function F and let qq and qp be two real functions defined on H such that

Elq2(X) [ X>x]=Elq1 (X) [ X=xIn(x), xeH,

is defined with some real function n. Assume that qi,q2 € C'(H), & € C2(H) and F is twice continuously
differentiable and strictly monotone function on the set H. Finally, assume that the equation nq1 = qo has no real
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solution in the interior of H. Then F is uniquely determined by the functions qi1, q2 and n, particularly

X !/
n’ (u)
F(x):J C’ exp (—s(u)) du,
o« e wW—a0|7F
where the function s is a solution of the differential equation s’ = % and C is the normalization constant, such
that [, dF =1.

We like to mention that this kind of characterization based on the ratio of truncated moments is stable
in the sense of weak convergence, in particular, let us assume that there is a sequence {X;,} of random
variables with distribution functions {Fy} such that the functions qin,, qon and 1, (n € IN) satisfy the
conditions of Theorem .1 and let q1n — q1, qon — g2 for some continuously differentiable real functions
q1 and q; . Let, finally, X be a random variable with distribution F . Under the condition that q;, (X) and
qon (X) are uniformly integrable and the family {F,, } is relatively compact, the sequence X,, converges to
X in distribution if and only if n,, converges to 1, where

Elq2 (X) | X > x]
Elq (X) [ X =]

n(x) =

This stability theorem makes sure that the convergence of distribution functions is reflected by corre-
sponding convergence of the functions qi, g2, and 1, respectively. It guarantees, for instance, the "conver-
gence’ of characterization of the Wald distribution to that of the Lévy-Smirnov distribution if & — co. A
further consequence of the stability property of Theorem .1 is the application of this theorem to special
tasks in statistical practice such as the estimation of the parameters of discrete distributions. For such
purpose, the functions qi, q2, and, specially, 1 should be as simple as possible. Since the function triplet
is not uniquely determined it is often possible to choose n as a linear function. Therefore, it is worth an-
alyzing some special cases which helps to find new characterizations reflecting the relationship between
individual continuous univariate distributions and appropriate in other areas of statistics.
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