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Abstract

Let E be a reflexive smooth and strictly convex real Banach space. Let F : E — 28" and K : E* — E be bounded maximal
monotone mappings such that D(F) = E and R(F) = D(K) = E*. Suppose that the Hammerstein inclusion 0 € u+ KFu has a
solution in E. We present in this paper a new algorithm for approximating solutions of the inclusion 0 € u+ KFu. Then we
prove strong convergence theorems. Our theorems improve and unify most of the results that have been proved in this direction
for this important class of nonlinear mappings. Furthermore, our technique of proof is of independent interest.
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1. Introduction

Let X and Y be a normed linear spaces. For a multivalued map A : E — 2F, the domain of A, D(A),
the image of a subset S of E, A(S), the range of A, R(A) and the graph of A, G(A) are defined as follows:

D(A):={x € E: Ax £}, A(S):=U{Ax : x € S},
R(A) :=A(E), G(A) ={lx,ul: xeD(A), ue Ax}.

Let E be a normed linear space with dual E*. A Hammerstein inclusion is any functional inclusion of the

form:
0 € u+ KFu, (1.1)

where F: E — 28" and K: E* — E are maps such that D(K) = R(F) = E*. This class of inclusions includes
nonlinear integral equations of Hammerstein type:

u(x) + J <%, y)f(y, u(y))dy =0,
Q
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where dy is a o-finite measure on the measure space Q); the real kernel « is defined on QO x Q, f is a
real-valued function defined on Q x R. The mappings K and F are given by

Kv(x) = J k(x,y)v(y)dy, a.e. x € Q, Fu(y) ="f(y,u(y)) ae.y € Q.
Q

There exist various motivations for studying inclusions of type (1.1). For illustration, let us mention two
of them.

The study of Hammerstein inclusions is related to nonsmooth calculus of variations (see e.g., the mono-
graph [34]). Suppose that we are interested in minimizing the energy functional

Jw = | (ntutv) = flsue) as

where h denotes the kinetic energy of the system, and f is a potential energy generating a superposition
operator. Assume further that the functional ] is not differentiable in the usual sense, but admits a
generalized gradient or subgradient in the sense, for instance, of Clarkes generalized gradient, Aubins
contingent cone, loffes fan, etc. (see e.g. [8, 9]). Consequently, the problem of minimizing the energy
functional | leads to the study of boundary value problems for the Euler Lagrange inclusion:

Lu € Ny, (1.2)

where, L is a linear operator on an appropriate function space and N¢u(t) = f(t,u(t)), and where 0Ny is
one of the generalized gradients or subgradients mentioned above. The problem (1.2) in turn is in various
function spaces equivalent to the Hammerstein inclusion of type (1.1).
For a second motivation, let () be a smooth bounded open subset of RN and consider the following
boundary value problem :
—Au="(x,u(x)) in Q, u=0 on 0Q). (1.3)

Let K be the operator defined by Kg = u, where u is the unique solution of the corresponding linear
boundary value problem
—Au=g in Q, u=0 on 0Q, (1.4)

and F the Nemistski operator associated to f. Then, there results from (1.3) and (1.4) the operator equation
u = —KFuy,

which coincides with the Hammerstein equation (1.1).

Inclusions of the Hammerstein type have been studied by many authors and have been one of the
most important domains of application of the ideas and methods of nonlinear functional analysis and in
particular of the theory of nonlinear operators of monotone type. We refer to the works of Browder [17],
Brezis and Browder[14], Amann [6], Ahmed [1], O'Regan [50] and the references therein. Various applied
problems arising in mathematical physics, mechanics and control theory lead to multivalued analogs of
the Hammerstein integral equations, the so-called Hammerstein integral inclusions. In this direction we
have the works of Lyapin [45], Coffman [35], Glashoff and Sperkels [40], Appell et al. [7], and O'Regan
[51].

Let H be a real Hilbert space with inner product (-,-)i and norm | - ||n. A multivalued operator
A : H — 2" with domain D(A) is called monotone if the following inequality holds:

(x—yu—v)y =0, Vx,y e D(A), ue Ax,v € Ay,
and it is called strongly monotone if there exists k € (0,1) such that

(x—y,u—v)y = ka—szH, Vx,y € D(A), ue Ax,v € Ay.
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Such operators have been studied extensively (see, e.g., Bruck Jr [20], Chidume [21], Martinet [47], Reich
[54], Rockafellar [55]) because of their role in convex analysis, in certain partial differential equations, in
nonlinear analysis and in optimization theory.

The extension of the monotonicity definition to operators from a Banach space into its dual has been
the starting point for the development of nonlinear functional analysis. The monotone maps constitute the
most manageable class because of the very simple structure of the monotonicity condition. They appear
in a rather wide variety of contexts since they can be found in many functional equations. Many of them
appear also in calculus of variations as subdifferential of convex functions (see, e.g., Pascali and Sburian
[52], p. 101, and Rockafellar [55]).

The first extension involves mapping A from E to 2". Here and in the sequel, (-,-) stands for the
duality pairing between (a possible normed linear space) E and its dual E*. A mapping A : E — 2F" with
domain D(A) is called monotone if the following inequality holds:

(x—y,u—v) >0, Vx,y € D(A), ue Ax,v € Ay,
and A is called strongly monotone if there exists k € (0,1) such that
(x—y,u—v) = k|x—y|>, ¥x,y € D(A), uec Ax,v € Ay.

The second extension of the notion of monotonicity involves mapping A from E to 2F". Let E be a real
normed space, E* its dual space. The map ] : E — 2F" defined by:

Joi={x" € B 1 (6, x") = x|l Ix] =[x}

is called the normalized duality map on E. A mapping A : E — 2F with domain D(A) is called accretive if
for each x,y € D(A), there exists j(x —y) € J(x —y) such that

(u—v,j(x—y)) 2 0,Yu e Ax,v € Ay.

Finally, A is called strongly accretive if there exists k € (0,1) such that for each x,y € D(A), there exists
j(x—y) € J(x —y) such that

u—v,j(x—y)) = k[x —y|*>,Vu € Ax,v € Ay.

In a Hilbert space, the normalized duality map is the identity map. Hence, in Hilbert spaces, monotonic-
ity and accretivity coincide.

Several existence and uniqueness results have been established for equations of Hammerstein type
(see, e.g., Coffman [35], Appell et al. [7] and O’Regan [51]). In general, these equations are nonlin-
ear and there is no known method to find closed form solutions for them. Consequently, methods of
approximating solutions of such equations are of interest.

In the special case in which the operator F is angle bounded (defined below) and weakly compact,
Brézis and Browder [13, 15] proved the strong convergence of a suitably defined Galerkin approximation to
a solution of (1.1). Before we state their results, we need the following definitions.

Let H be a real Hilbert space. A nonlinear operator A : H — H is said to be angle-bounded with angle
B >0,if

(Ax —Az,z—y) < B(Ax—Ay,x—y) (1.5)

for any triple of elements x,y,z € H. For y = z, inequality (1.5) implies the monotonicity of A.
A monotone linear operator A : H — H is said to be angle-bounded with angle « > 0, if

(AX,y) — (Ay,x)| < 2a({Ax,X)2(Ay,y)?
for all x,y € H. It is known (see, e.g., Pascali and Sburlan, [52], Ch. IV, p.189) that for linear operators,
the two definitions of angle boundedness are equivalent.
We now state the theorem of Brézis and Browder referred to above.
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Theorem 1.1 ([15]). Let H be a separable real Hilbert space and C be a closed subspace of H. Let K: H — C be a
bounded continuous monotone operator and F : C — H be an angle-bounded and weakly compact mapping. For a
given f € C, consider the Hammerstein equation

(I+KFu=f (1.6)
and its n-th Galerkin approximation given by
(I + KnFn)u—n = P*f, (17)

where Ky, = P;KPy : H — Cyy and Fr, = PoFP}, : Cy — H, where the symbols have their usual meanings
(see, [52]). Then, for each n € IN, the Galerkin approximation (1.7) admits a unique solution \u, in Cy and {un}
converges strongly in H to the unique solution w € C of the equation (1.6).

It is obvious that if an iterative algorithm can be developed for the approximation of solutions of
equations of Hammerstein type (1.1), this will certainly be preferred.

We first note that for the iterative approximation of zeros of accretive type operators, the mono-
tonicity/accretivity of operators is crucial. The Mann type iteration scheme (see, e.g., Mann [46]) has
successfully been employed (see, e.g., the recent monographs of Berinde [12] and Chidume [21] for re-
sults obtained within the past 40 years, or so). One drawback of the Mann iterative scheme, however, is
that in general, it only yields weak convergence (see, e.g., Matouskova and Reich [11]). All attempts to use
the Mann type iteration scheme directly to approximate solutions of equations of Hammertsein type (1.1)
did not yield satisfactory results (see Chidume and Osilike [29]). The recurrence formulas used in early
attempts involved K~! which is also required to be strongly monotone, and this, apart from limiting the
class of mappings to which such iterative schemes are applicable, is also not convenient in application.
Part of the difficulty is the fact that the composition of two monotone operators need not be monotone.

The first satisfactory results on iterative methods for approximating solutions of Hammerstein equa-
tions, as far as we know, were obtained by Chidume and Zegeye [31-33] under the setting of a real Hilbert
space H. The method of proof used by Chidume and Zegeye provided the clue to the establishment of the
following coupled explicit algorithm for computing a solution of the equation u 4 KFu = 0 in the original
space X. With initial vectors ug, vo € X, sequences {un} and {v,} in X are defined iteratively as follows:

) (*)
, (**)

where {«x,,} is a sequence in (0, 1) satisfying appropriate conditions. The recursion formulas (*) and (**)
have been used successfully to approximate solutions of Hammerstein equations involving nonlinear
accretive-type operators. Following this, Chidume and Djitte studied this explicit coupled iterative algo-
rithms and proved several strong convergence theorems (see, Chidume and Dijitte [23, 24] ). For recent
results using these recursion formulas or their modifications, the reader may consult any of the following
references Chidume and Djitte [25-27], Djitte and Sene [37, 38], Chidume and Ofeodu [28], Chidume and
Shehu [30] and also Chapter 13 of [21].

For Hammerstein equations involving monotone mappings from E to E*, very little has been achieved.
Interestingly enough, almost all the existence theorems proved for Hammerstein equations involve mono-
tone mappings (see, e.g., Brézis and Browder [13-15], Browder [16], Browder et al. [18], and Browder
and Gupta [19]). We note that it has been remarked that in dealing with the Nemistkyi operator, which
is intimately connected with the Hammertsein integral equation, its properties are distinguished, in ap-
plications, according to two important cases: L,(Q) spaces, 1 < p < oo, and L;(Q), (see Pascali and
Sburlan [52], Chapter IV, pp. 165, 172). Thus, developing iterative methods for approximating solutions
of nonlinear Hammerstein integral equations in these cases is of paramount importance.

Motivated by approximating solutions of integral equations of Hammerstein type, in [48], Ofoedu and
Onyi proposed an iterative scheme and they obtained strong convergence results in the setting of Hilbert
spaces. In fact, they proved the following theorem.

Uni1 =Un — &n(Fun —vn),n >0
Vil =Vn— n(Kvn +un),n >0
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Theorem 1.2 ([48]). Let H be a real Hilbert space. Let F,K : H — H be Lipschitz monotone mappings. Let the
sequence {(Un, vn)n>1 in H x H be generated iteratively by (u1,v1) € Hx H,

{ Un41 = (1 - Gn)un + Gn(un —Fun + Vn) — 0n&ndnln,
Vn4+1 = (1 - Gn)vn + on (Vn - Kvn - un) - O—nan(xnvnz

where {onn>1, {&ntn>1 and {xn }n>1 are decreasing sequences in (0, 1) such that

(i) limn 00 &n =0;

(i) limp 00 0xn =0;

(ili) limnoo 3= =0
(iv) limp o0 % =0;
En1—&n — 0

on&2 ol

(v) limy 00

Then the sequence {(Wn,Vn)in>1 is bounded. Moreover, if the Hammerstein equation uw+ KFu = 0 has some
solutions in H, then {un }n>1 converges strongly to a solution u* of u+ KFu = 0.

Recently, Chidume and Bello [22] constructed a new iterative algorithm for approximating solutions
of Hammerstein equations in L,-spaces, and where the operators K and F are assumed to be bounded
and strongly monotone. They obtained the following theorem.

Theorem 1.3. Let E = L, 1 < p < 2 with dual E* and F : E — E*, K : E* — E be strongly monotone and
bounded mappings with D(K) = R(F) = E*. For given w; € E and vi € E¥, let {un} and {vn} be generated
iteratively by:

Un41 = ]71(Jun —A(Fun _Vn))/ n=1l, vog= ]Uil\"n — Akvn, +un))/ n=l,

where ] is the normalized duality mapping from E into E* and {«n} C (0, 1) satisfies the following conditions:

@) i Kn = OO,
n=1

o
(ii) Z oc%L < 005
n=0

® 4
(iii) Z ol < oo, where q is the conjugate of p.
n=0

Suppose that the equation w+ KFu = 0 has a unique solution w*. Then, there exists yo > 0 such that if xn, < Yo for
all m > 1, the sequence {un } converges strongly to u*, the sequence {vy } converges strongly to v*, with v* = Fu*.

Using the same scheme, still in [22], they also proved a similar result in L, for 2 < p < oo.

Let E be a normed linear space. A monotone multivalued mapping A : E — 28", with domain D(A) is
said to be maximal if its graph G(A) = {(x,y) € Ex E* : x € D(A), y € Ax} is not properly contained in
the graph of any other monotone mapping. It is known that if A is maximal monotone, then the zero of
A, A710):={x € E : 0 € Ax}, is closed and convex.

Motivated by the discussion above, it is our purpose in this paper to construct a new algorithm for
approximation solutions of inclusions of Hammerstein type, 0 € u+ KFu. The operators F and K, defined
in 2-uniformly convex and g-uniformly smooth (q > 1) or s-uniformly convex (s > 1) and 2-uniformly
smooth real Banach spaces are assumed to be bounded and maximal monotone. Our results extend and
unify most of the results that have been proved in this direction for this important class of nonlinear

mappings.



M. Sene, M. Ndiaye, N. Djitte, ]. Nonlinear Sci. Appl., 12 (2019), 387404 392

2. Preliminaries

Let E be a normed linear space. Then, E is said to be strictly convex if the following holds. For all

x,y € E such that |[x|| = |ly|| = 1 and x # vy,
function d¢ : (0,2] — [0, 1] defined by

S H < 1 holds. The modulus of convexity of E is the

) 1
de(e) = inf {1— e +yll Il = Iyl =1, [x—yll > e}.

E is uniformly convex if and only if 6¢ (e) > O for every € € (0,2]. For a real number p > 1, E is said to be
p-uniformly convex if there exists a constant ¢ > 0 such that dg(e) > ceP for all € € (0,2].
Let E be a real normed space and let S :={x € E: ||x|| = 1}. E is said to be smooth if the limit

Lo ek tyll = ) o
t—0t t
exists for each x,y € S. E is said to be Fréchet differentiable if it is smooth and the limit in (2.1) is
attained uniformly for y € Sg. Finally E is uniformly smooth if it is smooth and the limit in (2.1) is
attained uniformly for each x,y € Sg. If E is a normed linear space of dimension > 2, then, the modulus of
smoothness of £, pg, is defined by

x+y| +||[x—
pe (1) := sup { Ix+yl . =yl g =1,y = T},- 7> 0.
A normed linear space E is called uniformly smooth if
lim PE(D _ g,
™0 7T

If there exists a constant ¢ > 0 and a real number q > 1 such that pg(t) < c19, then E is said to be
q-uniformly smooth.
Typical examples of such spaces are the L, {, and W' spaces for 1 < p < co where

2-uniformly smooth and p-uniformly convex if 2 <p < oo,

m
Ly (or L) or W is { 2-uniformly convex and p-uniformly smooth if 1<p <2.

Let ] 4 denote the generalized duality mapping from E to 2% defined by
Ja(x) = {f € B+ (x,f) = [|x||* and [|f]| = |[x[[T7"}.

J2 is called the normalized duality mapping and is denoted simply by J.

It is well-known that E is smooth if and only if | is single-valued. Moreover, if E is a reflexive, smooth
and strictly convex real Banach space, then ]! is single-valued, one-to-one, surjective and it is the duality
mapping from E* into E.

Let E be a normed linear space. A monotone mapping A : E — 2F", with domain D(A) is said to
be maximal if its graph G(A) = {(x,y) € ExE* : x € D(A), y € Ax} is not properly contained in the
graph of any other monotone mapping. It is known that if A is maximal monotone, then the zero of A,
A~1(0):={x € E : 0 € Ax}, is closed and convex.

Remark 2.1. The maximality of A is equivalent to: if (x,u) € E x E* is such that (u—v,x —y) > 0 for every
y € D(A),v € Ay, then x € D(A) and u = Ax.

Let E be a reflexive, smooth and strictly convex real Banach space, and let A : E — E* be a monotone
operator. Then A is maximal if and only if R(] +rA) = E* for all r > 0 (see, e.g., Barbu [10]). f A: E — E*
is a maximal monotone operator, then for each r > 0 and x € E, there exists a unique element x, € D(A)
satisfying J(x) € J(xr) + rAx,. We define the resolvent of A by ]ﬁ\x = X,. In other words,

JA=(J+rA)7Y, ¥r>o0.
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Definition 2.2. An operator A : E — 2F is called demiclosed if the conditions X, — X,yn — y or
Xn — X, Yn — Y, where y, € Ax,,, imply that y € Ax.

Lemma 2.3 ([5]). Any maximal monotone operator A : E — 2" is demiclosed.

Lemma 2.4 ([5]). Let A : E — 2F" be a monotone demiclosed operator such that D(A) = E and for each x € E
Ax is a nonempty convex subset of E*. Then A is maximal monotone.

In the sequel, we shall need the following results and definitions.

Lemma 2.5 ([5]). Let E be a uniformly smooth and strictly convex Banach space. Then there exists L > 0 such that
forany x,y € E such that ||x|| < Rand |[y|| < R the following inequality holds

(Jx =Ty, x —y) > Le-(c, '[ITx —Jyl)),
where c; = 2max{1, R}. Moreover the constant L is called Figiel constant and is such that 1 <L < 1.7.

Lemma 2.6 ([5]). Let p > 2, q > 1, and let E be a p-uniformly convex and q-uniformly smooth real Banach space.
Then, the duality mapping ] : E — E* is Lipschitz on the bounded sets; that is, for all R > 0, there exists a positive
constant my such that

7 =Tyl < mafx —yll
forall x,y € E, with ||x|| <R, Jy|| <R

Lemma 2.7. Let p > 2 and E be a 2-uniformly smooth and p-uniformly convex real Banach space. Then J~1 is
Lipschitz on the bounded sets; that is, for all R > 0, there exists a positive constant my such that

71 =Ty < maflx =y
for all x*,y* € E*, with ||x*|| <R, [[y*]| <R

Proof. Since E is 2-uniformly smooth and p-uniformly convex, then E* is 2-uniformly convex and g-
uniformly smooth where % + % = 1. Therefore, the proof follows from Lemma 2.6 and the fact that

J=! =J.. where J. is the normalized duality mapping of E*. O
We deduce the following useful result.

Lemma 2.8. For q > 1, let E be a 2-uniformly convex and q-uniformly smooth real Banach space. Then for every
R > O there exists a constant dy > 0 such that for any x*,y* € E* such that ||x*|| < Rand ||y*|| < R the following
inequality holds

7 =Ty X" =y > di " —ytn

Proof. Since E is 2-uniformly convex and g-uniformly smooth, then E* is 2-uniformly smooth and p-
uniformly convex with % + 1 = 1. Moreover E is reflexive. Hence from the fact that J~! = J,, using
successively Lemma 2.5, Lemma 2.6 and the 2-uniform convexity of E we have, for any x*,y* € E* such
that ||x*|| < Rand |[y*|| < R, the following holds.

J7h =Ty —y®) = Loe(e T =T 'y* D) = Le )% =T 'y* |1 > Limaca) 2 x* —y*|1*
Let d; = L(mycy) 2, we obtain

g7 =] )" —y") = dalx =y

As a corollary of Lemma 2.8 we have the next lemma.
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Lemma 2.9. Let E be a 2-uniformly convex and q-uniformly smooth real Banach space. Then ]~! is Lipschitz on
the bounded sets; that is, for all R > 0, there exists a positive constant mz such that

Hl_lx* — 7y < maflxt -y
forall x*,y* € B, with ||x*|| <R, |ly*|| <
Proof. As in the proof of Lemma 2.8, for any x*,y* € E* such that ||x*|| < R and |ly*|| < R we have
(75 =77y )" —y") = Loeley [T %" =Tyl > L * 1" =TTy 1”
Using Schwartz inequality and simplifying we obtain:
7% =T ) < maflx* =y,
1.2

where m3 =L "¢c5 O

Lemma 2.10 ([56]). Let p > 1 be a real number and E be a Banach space. Then the following assertions are
equivalent.

(i) E is p-uniformly convex.
(ii) There exists a constant dy > 0 such that for all x,y € Eand f, € J,(x),fy € Jp(y), one has:

(x =y, fx —fy) > dofx —y".
Let E be a smooth real Banach space with dual space E*. The function ¢ : E x E — R, defined by
d(x,y) = HX”Z —2(x,Jy) + HUHZI X,y €L, (2.2)

where ] is the normalized duality mapping from E into E*, introduced by Alber has been studied by Alber
[3], Alber and Guerre-Delabriere [4], Kamimura and Takahashi[42], Reich[53] and a host of other authors.
This functional ¢ will play a central role in what follows. If E = H, a real Hilbert space, then equation
(2.2) reduces to ¢(x,y) = ||x —y||? for x,y € H. It is obvious from the definition of the function ¢ that

(Ixll = ylD?* < d(x,y) < (IIxll + ), ¥x,y € E. (2.3)
Let V: E x E* — R be the functional defined by:
Vi(x,x*) = [|x]|* = 2(x,x*) + |x*||*>, ¥x € E,x* € E*.

Then, it is easy to see that
Vix,x*) = d)(x,]_lx*), Vx € E, x* € E*.

Lemma 2.11 ([3]). Let X be a reflexive strictly convex and smooth real Banach space with X* as its dual. Then,
V(x,x*) +2(J 7% —x,y*) < V(x,x* +y*)

forall x € X and x*,y* € X*.

Lemma 2.12 ([2]). Let E be a smooth real Banach space. Then

Vx,y) =V(x,z) +Viz,y) +2(x—z]Jz—Jy), Vx,y,z€E.

From the definition of ¢ and inequality (2.3), we can observe that for all x,y € E, ¢(y,x) > 0 and

2<X _y/JX - ]y> - d)(X/U) = d)(U/X)
This leads to the following.
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Lemma 2.13. Let E be a smooth real Banach space. Then, for all x,y € E, the following holds

dxy) <2(Jy —Jx,y —x).

Lemma 2.14 ([42]). Let X be a smooth and uniformly convex real Banach space, and let {xn} and {yn} be two
sequences of X. If either {xn} or {yn} is bounded and ¢(xn,yn) — 0as n — oo, then ||[xn —yn|| = 0as n — oco.

Similarly, if E is a reflexive smooth and strictly convex real Banach space, we introduce the functional
¢, : E* x E* = R, defined by:

b (0, y*) = I =207y %) + Iy )17, x5yt € B
and the functional V, : E* x E — R defined from E* x E to R by:
Vi (x*,x) = |Ix*|I> = 2(x,x*) + ||x||?, x € E,x* € E*.

It is easy to see that
Vi(x*,x) = i (x",Jx), VX €E, x" € E*.

In what follows, the product space E x E* is equipped with the following norm:

erqwnzou—yW+¢ﬁ—ywﬂ%~mm=4nﬁ)eExU,wf:@yweEfo
Finally, we introduce the functional { : (E x E*) x (E x E*) — R defined by:
P(wy,wa) = d(x,y) + b (x",y"), Ywi=(xx")€EEXE, wa=(y,y") €e ExE".
Lemma 2.15 ([57]). Let {pn} be a sequence of non-negative real numbers satisfying the following inequality

Pn+1 < (1 - o‘n)pn + Xn0n +VYn,

where {otn }, {on}, and {yn} are real sequences satisfying:

(i) {an} CJO,1 > otn = o0;

(ii) limsupon <0;
n—oo

(iii)) yn =0, X yn < c0.

Then, the sequence (p+) converges to zero as n — oo.

3. Main results

We start by a presentation of our iterative algorithm. Let E be a smooth, strictly convex and reflexive
Banach space with norm || - || and dual space E*. For F : E — 2F" and K : E* — E mappings, let the
sequences {u,} and {v,} be generated iteratively from (u;,v1) € E x E* by:

Un41 = Iil (]un —An(Pn —Vn) = AnOn(Jun — Iul))z Pn € Fun, (3.1)
Vn+1 = ](]_1Vn - an(KVn +U~n) - }\nen(]_lvn - ]_1\"1))/ nzl, ‘

where | is the normalized duality mapping from E onto E* and {An}, {0n} are real sequences in (0,1)
satisfying, here and elsewhere, the following conditions:

(i) lim 0, =0;
n—oo
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(i) ) AnBn =00, An=o0(60n);

n=1
0
iii) limsup ~————~% <0, A2, < oo.
() fimsip =5 0. n;

Remark 3.1. Real sequences that satisfy conditions (i)-(iii) are Ay, = (n+1)"%and 0, = (n+1)"%, n > 1
with0<b<a,%<a<landa—i—b<1.

In fact, (i), (ii), and the second part of (iii) are easy to check. For the first part of condition (iii), using
the fact that (14+x)5 <1+ sx,forx >—1and 0 < s < 1, we have

0< w - [(1+%)b—1] (n41)atb

p. D 1

o n g 1)(ars) — 0 asn — oo.

N

Remark 3.2. Note also that a duality mapping exists in each Banach space. From [2], this mapping is
known precisely in {,,, Lp, W™P-spaces, 1 < p < co and is given by:

(i) & : Jx= HXH%;py €lg, x=(x1,%2,...,Xn,...), Y= (x11x11P 72, x21%2/P 72, ..., xnlxnlP 72, .. .);

(i) Lp: Ju=[ulf PluP?ue Lq, with 1/p+1/q=1;
(iif) W™P @ Ju = ||ulf R, Z|“<m|(—1)‘“'D°‘<|D°‘ulp*2D°‘u) € W—™4, with 1/p+1/q = 1.
Next, we introduce the auxiliary map we referred and the normalized duality mapping in the Cartesian
product space X := E x E* with the norm ||w]|x = (|[u|? + |[v|[?)2 for w = (u,v) € X, where || - || denotes

the norm in E*. For mappings F: E — 28" and K : E* — E, observing that E is reflexive and so X* = E* x E,
we define

Jx:X = X" by: Jx(w) = (Jw), 7' w)) ¥w = (wv) €X,

and
A X=X by: Aw={(p—v,Kv+u):peFu}VYw=(uv)eX

Remark 3.3. Note that the zeros of A give the solutions of the Hammerstein inclusion 0 € u + KFu. More
precisely, for w = (u,v) € Ex E*, 0 € A(u,v) if and only if 0 € u+ KFu and v € Fu.

The following results will be crucial in the sequel.

Lemma 3.4. Let E be a reflexive, smooth and strictly convex real Banach space. Then Jx is the normalized duality
mapping of X.
Proof. For arbitrary w = (uq,v1) € X and h = (vp, up) € X*, the duality pairing (-, -)x is given by
(W, h)x = (ug,v2) + (up, vq).
Now let w = (uy,v;) € X. Set h = Jx(w). Then, we have h = (J(u;),] ' (v1)). So, it follows that
(w, Jx(w))x = (w, h)

= (ug, J(w)) + (JH(v1),v1)

= JJug|* + [v1 I3
1

1
2 2
= (Il val2)* (Jrwal + va2)

= (Il + Iv1l2)* (I w2+ 1) 2)

1
2
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= [wllxll - [lx- = [[wlk-

This proves that Jx is the normalized duality mapping of X. O

Lemma 3.5. Let E be a reflexive real Banach space. Let F : E — 28 and K : E¥ — E be two demiclosed operators
such that for each x € D(F) = E, Fx is a nonempty convex subset of £*. Then the map A is demiclosed and Aw is
convex for all w € D(A).

Proof. Let wy, = wand I, —= I'with I, = (F}L, FTZL) € Awny. Let us show that I' € Aw. Let wy, = (un,uj),
w = (u,u*) and I = (I'', '?). Hence

h € An <= Th = (v — Ui, Kuj, +un) where v} € Fun.

On one hand we have u,, — uand vy}, = u} + T} — u* +T! Since F is demiclosed, this implies that
u* 4+ T1 € Fu that is there exists y* € Fu such that ' = y* —u*. Similarly I = Ku* +u. Therefore
(M, M) € Aw. Similar arguments show that if w, — wand I, — T with I, € Aw, then T € Aw.
Hence A is demiclosed. Moreover since F is of nonempty convex-valued it ensues that A is of nonempty
convex-valued. O

Lemma 3.6. Let E be a reflexive real Banach space. Let F : E — 28" and X : E* — E be two maximal monotone
operators such that for each x € D(F) = E, Fx is a nonempty convex subset of £E*. Then the map A is maximal
monotone.

Proof. 1t suffices to show that A is monotone and demiclosed. For the monotonicity, let wy = (uy,v1), wy =
(u2,v2) € X. Using the fact that K and F are monotone, we have, for t,,, = (p1 —v1, Kvi +u1) € Aw; and
Ty, = (p2 —vy, Kvy +1up) € Awy

(W1 = w2, Ty, — Ty )x = (1 — Uz, vi —=v2), (P1 — P2 +v2 —v1, Kvi —Kvz +u1 —up))x
= (u; —up, p1 —p2+v2—v1) + (Kvi —Kvo +1u3 —up,vi —v2)
= <LL1 — Uy, p1 —pz) + <Kv1 — Kvy,vq —Vz) > 0.
This implies that A is monotone. F and K being maximal monotone, Lemma 2.3 implies that they are

demiclosed. Therefore it follows from Lemma 3.5 that A is demiclosed and is of nonempty and convex-
valued in X*. Hence by Lemma 2.4 A is maximal monotone. O

3.1. Implicit scheme for integral inclusions
We recall the following result.

Lemma 3.7 ([44]). Let E be a uniformly convex real Banach space with Fréchet differentiable norm. Let A :
E* — 2F be a maximal monotone mapping with A=1(0) # 0. Then for w € E and A > 0, imp_,oo (1 +
AAJ)~u exists and belongs to (A])~1(0), where | is the normalized duality mapping from E into E*. Moreover, if
Ru = y* = limp_, o (I + AAJ) 1w, then R is a sunny generalized nonexpansive retraction of E into (A])~1(0).

The next theorem is a consequence of the above lemma.

Theorem 3.8. Let E be a uniformly convex and uniformly smooth real Banach space with dual E*. Let F : E — 2F
and K : E* — E be two maximal monotone operators such that for each x € D(F) = E, Fx is a nonempty convex
subset of E*. Assume that 0 € w4+ KFu has a solution in E. For given w; € E and v € E*, there exist a sequence
{zn}in E x E* with zn, = (xn, Yn) and a sequence {qn} in E* satisfying the following

On(Jxn —Jw) +qn—yn =0, gn €Fxn, VN 2>1, (3.2)
en(]ilyn_Iilvl)‘i‘Kyn +xn=0,Vn=1 (3.3)

And furthermore

Xn = X* ,yn — Yy with 0 € x* + KFx* and y* € Fx*.
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Proof. Let A as defined above. It follows from Lemma 3.6 that A is maximal monotone from X to X*. Let
x* € E such that 0 € x* + KFx* with y* € Fx* such that x* + Ky* = 0, we have 0 € A(x*,y*). This implies
that A=1(0) # 0. Given wy = (uy,v1) € X, if follows from Lemma 3.7 that

-1
lim (I* + 9;1/\];1) Jxw1 exists and belongs to (/\];1)_1(0), (3.4)

n—oo

where I[* : X* — X* is the identity. Let (a, by) be a sequence in X* defined as follows

—1
(an,br) = (I + 0 ATR") Txows.
Equation (3.4) implies that
AJx (an, bn) — 0.

Furthermore we have

(Fur, J7'V1) € (an, b) + 05 A an, Jon) € (an, br) + 65" (F7 an — Jbn ) x (KJon + .
This implies

FJla, —Jbn +0n(an—Ju) 30 n>1

and
K]bn+]_1an + 0 (bn —]_1\)1) =0 n>1.

Let (xn,yn) = ];1(an,bn) = (J7'an, Jbn), we have the following
0€Fxn —yYn+0n(Jxn—Jw) n=>1,

and
Kyn +xn + en(]_lyn - ]_1\)1) =0 n>1

Therefore there exists {qn}n C E* such that

On(Jxn—Jw) +dn—Yyn =0, gn €Fxn, VN >1,
en(lilyn - Iilvl) + Kyn +xn = 0,Vn=>1.

Moreover
A(xn, yn) = Al;(l(an/ bn) — 0.

This completes the proof. O

3.2. Convergence in {p, L, and W™P-spaces, 1 <p < 2

Theorem 3.9. For q > 1, let E be a 2- uniformly convex and q-uniformly smooth real Banach space with dual
E*. Let F: E — 2% and K : E* — E be bounded, maximal monotone mappings such that D(F) = E and
D(K) = R(F) = E* and for each x € E,Fx is a nonempty convex subset of E*. Suppose that the Hammerstein
inclusion 0 € w+ KFu has a solution. Then, there exists yo > 0 such that if A, < yoOn for allm > 1, the sequence
{(un,vn)} given by (3.1) converges strongly to (u*,v*), where u* is a solution of the Hammerstein equation
0 € u+ KFuand v* € Fu*,

Proof.

Step 1: We prove that {u,} and {v,} are bounded. Before starting the proof, let us mention that E is
2-uniformly convex and p-uniformly smooth. So it satisfies the conditions of the lemmas 2.6 and 2.9. Let
wn = (Un,va) € Xand wy = (ug,v1) € X, w* = (u*,v*) € X with v* € Fu* and u* + Kv* = 0. There exists
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T > 0 large enough such that

max {\/tl)(w*,wl),24m\|w1 —w, ||w*||} <F with m=my +max{m, ms). (3.5)
Since F and K are bounded we have:
M; = sup{ lp —v+0(Ju—TJu)|«:p € Fu,p(w*, (u,v)) <1,0< 0 < l} < 00

and
M, = sup{ IKu4+v+0(J u—T )| s p(w*, (w,v) <1,0<0 < 1} < o0.

From the local Lipschitz property of ] (Lemma 2.6) and ]! (Lemma 2.9) on bounded sets there exist
my > 0 and my > 0 such that

T 0w —=Ap —v) =A8(Ju—Jur)) =] (Ju)|| < AmiMy,
forallA,0 € (0,1), p € Fu (u,v) € X:p(w*, (u,v)) <1, and
O =AKv +w) =28 v =] 1)) = JJ V)| < AmaM,

forallA,0 € (0,1), (w,v) € X:{Pp(w*, (u,v1)) <.
Set
M:=M?+M3, and m?=m?+max{m3 m3}.

Yo := min {1, W}

Let n € N such that P (w*, wy, ) < 1. From the definition of u, we have the following

Define the constant vy as follows

U 1) = U, T (Jun = A (Pr = V) = AnOn Jun — Jwa) ))
= V(U Jun —An(pn — Vi) = AnOn (Jun — Jw)).

Using Lemma 2.11 with y* = A (pn —Vn) + AnOn(Jun — Jug) we have

(U, unt1) < V(' Jun)
—2(J7 Jun = An(Pn = Vn) = AnOn (Jutn = Ju1) =", An (pr = Vi) + AnOn (Jun — Ju1))
< O’ un) =200 (un —u”, pn —vn + On (Jun —Jur))
- 2)\n<]_1(]un —An(Pn —Vn) = AnOn(Jun —Ju1)) —un, (Pn —vn) + On (Jun — Jw))
< G, un) = 20 (Un — W, P — Vi + On (Jun — Ju)) +2mi MIAT.

Observe that

(Un —u", P —Vn + O0n(Jun —Jwp)) = (Un — U5, P — V") + (Un — U5, V" =V + 00 (Jun — Jwp))
= (Un — U5, pn — V") + (Un —u*, v —vy)

+0n (un —u*, Jun — Ju™) 4+ 05 (U — U, Jut — Jug).
Therefore using Lemma 2.13 and the fact that F is monotone we get

d)(u*/un—H) < d)(u*run) +2)\n<un *u*rvn *V*>

. i i} (3.6)
— AnBn (U, ) — 2A0 0, (Un — u¥, iy — Ju®) 4+ 2my MEAZ.
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The same arguments lead to the following
O (V*/Vn—l—l) < du (V*/Vn) —2An <VT1 =V un — u*> (37)

— A On e (VF, Vi) — 2M 00 (Vi — V¥, vy — V) 4 2mpM3A2.
Since |[up, —u*|| < ||wn, —w?*|| for all n > 1, Schwartz inequality together with Lemma 2.6 yields
[ =W, Jug = Ju')] < ma wn — W] g — w7l
Likewise Schwartz inequality together with Lemma 2.9 yields
(v —v*, T v — 7)) < maljwn — W[ - lwg —w* .
Adding (3.6) and (3.7) we obtain
YW, wni1) < (1T =A0n )b (W™, wy) +2mAn Oy ||[wn —W*|| - [[w —W*|| + 2mM27\%l.

From (2.3), the induction assumption and inequality (3.5) we have

[wn —w <3vF and  2m|lws —w* - [lwy —w*| <

1=

This implies the following

T T An©
YW, wnp1) < (1=An0 ) bW, wy) +)\nen1 +}\nen1 < (1- n2 =

)r.

Therefore (W*, wyn41) < 1. So by induction, P (w*, wy,) < 1 for all n > 1. Hence wy, is bounded.

Step 2: Let zn, = (xn,Yn) given in Theorem 3.8, let us show that J(wn,zn) — 0 as n — co. We have

¢(Xn/un+l) = d(xn, J_l (]un - }\n(pn —Vn)— )\nen(lun - ]ul)))
= V(xn, Jun = An(pn —vn) = AnOn(Jun —Jug)).

Using Lemma 2.11 with y* = A (pn — vn) + AnOn(Jun — Jug) we obtain

G (xn, Uns1) < G(xn, un)

—27\n<]—1 (]un An(Pn—Vn) — AnBn (Jun — ]u1)> —xXm, (P — Vi) + On (Jun — ]u1)>

=d(Xn, Un) — 2>\n<un —Xn, (pn —vn)+ en(lun - Iu1)>

=220 (J7 (Jn = An (P = Vi) = AnBn(Jun = Ju1) ) = thn, (P = Vi) + 8 (Jun — Jun))

< q)(xn/un) - 2}\n<un —Xn,Pn — qn>
—2An (U — Xn, G — Vi + O (Jun — Jug)) 4 202 myM?

NN N

¢
G (xn, un) —2A0 (U — Xn, Yn — Vn + On(Jun — Jxn)) + ZAfLmlMZ
¢

(X, Un) — 2An (U — X, Yn — Vi) — 2An 00 (Un — Xy, JUn — JxXn) 4+ 222 mi M3,
This implies the following

O (xn, Unt1) < (1=An0n)d (X, Un) — 2An (Un — Xn, Yn — Vi) + 205 My M2,
Similar arguments give

¢*(ynzvn+1) < (1 - Anen)(b*(ynrvn) - 2)\n<yn —Vn,Xn _un> +2}\$1sz%.

(Xn/un) - 2}\n<un —Xn,Yn — en(]Xn - ]ul) —Vn+ en(Jun - ]u1)> + ZAnglMZ
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Therefore by adding the two last inequalities we obtain
W(zn, Wna1) < (1= An0)W(zn, Wn) + 2023 mM?2,
Observe that
W(zn, Wnt1) = ¥(zn, zn1) + W (znt1, Wni1) + 2(znt1 — zn, JxWni1 — Jx2Zns1)-
Since P (zn, zn+1) = 0, using this in the above inequality we get
V(Zna1, Wnat) < (1=An0)W(zn, Wi) 4+ 2(zn — Zna1, JxWni1 — JxZna1) + 2202 mM2,
Using the fact that {wn} and {z, } are bounded we have
W(zn i1, Wni1) < (1=An0n)(zn, Wn) + Cllzn — zn 41(Ix + 24, mM? (3.8)

for some constant C > 0.
Now from (3.2) and (3.3) in Theorem 3.8 we have respectively

Ony1—0
Pon = Pt + 5 (Gn = Un = Ant +ynin) = (g ) Oxn — Jur) (39)
n+1 n+1
and
Ony1—0 _ -
I n =T i+ 5 (Kyn X0 = Kyny1 = xn1) = (F55—") 0 lyn =), (3.10)
9n+1 eTL—I—l

Taking the duality pairing with x, —xn1 and with Yy, —yn 1 respectively in (3.9) and (3.10) and using
the monotonicity of F and K we obtain the following estimates:

0,,—0
<IXn - JXnJrlz Xn — Xn+1> + 7<yn+1 —Yn,Xn — Xn+1> < (nin—l—l) <]Xn — ler Xn — Xn+1> (311)
9TL+1 e'r1+1
and
On — en+1

0 %n =T Ynt1,Yn —Yns1) + (Xn —Xn+1,Yn —Yn+1) < ( )(]‘1yn — 71, Yn —Yni1). (3.12)

Ont1 Oni1

Adding up (3.11) and (3.12), using Schwartz inequality, Lemmas 2.6, 2.8-2.10, and the boundedness of
{xn} and {yn } we have:

0,—0 _ _
da||xn — xna1l? 4 dillyn —ynaa|)* < (*ne ?+1)<<1Xn_JX1/Xn_Xn+1>+ Jyn—7J 1y1,yn—yn+1>)
n+
0,—06
< (P ) (malxn —xall i =xna
n+1

+ mallyn =1 lllyn —Yns1l-)
en — 9n+1

<G
! On+1

) (Ixn =X sll+ Iyn = Y1l )

0n—0
<201 (gl — znallx

for some constant C;. So,
enJrl — en)

3.13
enJrl ( )

J2n = znsllx < K(

2CCy

here, K := ————.
where min{d;, dp}
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Therefore, combining inequalities (3.8) and (3.13), we obtain

O —0
P(zna1, Wna1) < (1= An0n )b (zn, W) + K(“ei““) + 20, mM?,
n+1
Finally, we have
PY(zZns1, Wnit) < (1= A0 )W (zn, Wn) +An0non + Vi,

0,—0
with oy, == K(ninﬂ) and yn = 2A2mM?2. So, using Lemma 2.15, it follows that {(zn, wn) — 0, as

en+1
n — oo. Therefore, from Lemma 2.14, we have that |[wy, —zn| — 0 as n — oo. Hence, the conclusion
follows from Theorem 3.8. O

Corollary 3.10. Let E be a Banach space either €, or L, or W™P, 1 < p < 2 with dual E*. Let F: E — 28 and
K : E* — E be bounded, maximal monotone mappings such that D(F) = E and D(K) = R(F) = E* and for each
x € E, Fx is a nonempty convex subset of E*. Suppose that the Hammerstein inclusion 0 € u+ KFu has a solution.
Then, there exists yo > 0 such that if A\n, < YoOn for all n > 1, the sequence {(un, vn )} given by (3.1) converges
strongly to (u*,v*), where u* is a solution of the Hammerstein equation 0 € u+ KFu and v* € Fu*.

3.3. Convergence in {p, L, and W™P-spaces, 2 < p < oo

Theorem 3.11. For s > 1, let E be a s- uniformly convex and 2-uniformly smooth real Banach space with dual
E*. Let F: E — 2F and X : E¥ — E be bounded, maximal monotone mappings such that D(F) = E and
D(K) = R(F) = E* and for each x € E,Fx is a nonempty convex subset of E*. Suppose that the Hammerstein
inclusion 0 € w+ KFu has a solution. Then, there exists yo > 0 such that if A, < YoOn for allm > 1, the sequence
{(un,vn)} given by (3.1) converges strongly to (u*,v*), where u* is a solution of the Hammerstein equation
0 € u+ KFuand v* € Fu*.

Proof. For p > 2, E is p-uniformly convex and 2-uniformly smooth. So it satisfies the conditions of the
Lemmas 2.6 and 2.7. Therefore we deduce the result by the arguments in Theorem 3.9. O

Corollary 3.12. Let E be a Banach space either U, or L,, or W™P, 2 < p < oo with dual E*. Let F: E — 2% and
K : E* — E be bounded, maximal monotone mappings such that D(F) = E and D(K) = R(F) = E* and for each
x € E, Fx is a nonempty convex subset of E*. Suppose that the Hammerstein inclusion 0 € u+ KFu has a solution.
Then, there exists yo > 0 such that if A\, < yoOn for all n > 1, the sequence {(un, vn )} given by (3.1) converges
strongly to (u*,v*), where u* is a solution of the Hammerstein equation 0 € u+ KFu and v* € Fu*.
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