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Abstract

The purpose of this article is to define Dass and Gupta’s contraction in the context of F-metric spaces and obtain some new
fixed point theorems to elaborate, generalize and synthesize several known results in the literature including Jleli and Samet [M.
Jleli, B. Samet, J. Fixed Point Theory Appl., 20 (2018), 20 pages] and Dass and Gupta [B. K. Dass, S. Gupta, Indian J. Pure Appl.
Math., 6 (1975), 1455-1458]. Also we have provided a non trivial example to validate our main result.
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1. Introduction and preliminaries

In the field of fixed point theory, to find the solution of fixed point problems, the contractive conditions
on underlying functions play a significance role. The fundamental result in metric fixed point theory is
Banach contraction principle [2] which was first introduced by the great Polish Mathematician Stephan
Banach in this way.

Theorem 1.1 ([2]). Let (X, d) be a complete metric space, and let T : X — X be a self mapping. If there exists
w € [0,1) such that
d(T(x), T(y)) < pd(x,y),

forall x,y € X, then T has a unique fixed point x* € X. Moreover, for any xg € X, the sequence {xn} C X defined
by

Xn+1 = T(Xn)/ ne N/
is F-convergent to x*.

Over the years, due to its importance and applications in different fields of science, several authors
generalized and elaborated the well known Banach Contraction Principle by introducing rational contrac-
tions in complete metric spaces. One of these attempts is due to Jaggi [5] in this way.
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Theorem 1.2. Assume that (X, d) be a complete metric space and let T : X — X be a self mapping. If there exist
w1, W € [0,1) with w + wo < 1 such that

d(T(x), T(y)) < mdlx,y) + p2

forall x,y € X with x # vy, then T has a unique fixed point x* € X.
On the other hand, in [7] Khan proved the following fixed point theorem.

Theorem 1.3. Assume that the pair (X, d) be a complete metric space and T be a self~-mapping on X that satisfies
the following contractive condition

d(x, Tx)d(x, Ty) + d(y, Tx)d(y, Ty)

T < ,
d(Tx, Ty) < u d(x, Ty) +d(y, Tx)

(1.1)

forall x,y € X and for some w € [0,1). Then T has a unique fixed point in X.

Remark 1.4. In the inequality (1.1) if the denominator vanishes, then x = Ty and y = Tx and consequently

also the numerator vanishes. Moreover, we have d(Tx, Ty) = d(y,x) and so the contractive condition is
not well defined.

In 1975, Dass and Gupta gave the following fixed point theorem of new rational contraction to gener-
alize the Banach contraction principle.

Theorem 1.5 ([3]). Let (X,d) be a complete metric space, and let T : X — X be a self mapping. If there exist
w1, w2 € [0,1) with w + ywy < 1 such that

[1+d(x, T(x))]d(y, T(y))

AT00, T(y)) < padlxy) + gy S,

then T has a unique fixed point x* € X.

Very recently, Jleli and Samet [6] established an interesting generalization of a metric space in the
following way.

Let J be the set of continuous functions f : (0, +00) — R satisfying the following conditions:
(F1) fis non-decreasing, i.e., 0 <s <t == f(s) < f(t);
(32) for every sequence {tn} C RT, limp o 0ty = 0 if and only if limy o0 f(atn) = —o0.

Definition 1.6 ([6]). Assume that X be a nonempty set, and D : X x X — [0, +00) be a given mapping.
Suppose that there exists (f, x) € F x [0, +00) such that

(Dl) (le) € X x X/ D(X/U) =0<&==x =Y,
(D2) D(x,y) = D(y,x), for all (x,y) € X xX;

(D3) for every (x,y) € X x X, for every N € N, N > 2, and for every (ui)]i\':1 C X with (u,un) = (x,y)
we have

N—-1
D(x,y) >0 = f(D(x,y)) < f(D_ Dlxi,xi11)) + o
i=1

Then D is said to be an F-metric on X, and the pair (X, D) is said to be an F-metric space.

Remark 1.7. They showed that any metric space is an F-metric space but the converse is not true in general,
which validate that the concept of F-metric space is more general than the standard metric concept.
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Example 1.8 ([6]). The set of real numbers R is an F-metric Space if we define D by

[ (x—=y)?* if (x,y) €100,3] x [0,3],
D(X,y) - { |X_U| lf (le) g [013] X [0/3]1

with f(t) = In(t) and a = In(3).
Definition 1.9 ([6]). Assume that (X, D) be an F-metric space.

(i) Let{xn}be a sequence in X. We call the sequence {x, } is F-convergent to x € X, if {x,,} is convergent
to x with respect to the F-metric D.

(ii) A sequence {xn} is called F-Cauchy;, if

Iim D(xn,xm) =0.
n, m—oo

(iii) If every F-Cauchy sequence in X is F-convergent to a certain element in X, then the pair (X, D) is
called F-complete.

Theorem 1.10 ([6]). Let the pair (X, D) be an F-metric space and T : X — X be a given mapping. Assume that the
following conditions are satisfied

(i) (X,D) is F-complete;

(ii) there exists k € (0,1) such that
D(T(x), T(y)) < kD(x,y).

Then T has a unique fixed point x* € X. Moreover, for any xo € X, the sequence {xn} C X defined by
Xn41 = T(Xn)/ ne N/
is F-convergent to x*.

Afterward, Hussain et al. [4] considered the concept of 3-1p-contraction in the setting of F-metric
spaces and established the fixed point theorem given below.

Theorem 1.11 ([4]). Let the pair (X, D) be an F-metric space and T : X — X be (3-admissible mapping. Assume
that the conditions given below are satisfied

(i) (X,D) is F-complete;
(ii) there exist two functions 3 : X x X — [0, +00) and \p € V¥ such that

B(x,y)D(T(x), T(y)) < »(M(x,y)),
where
M(x,y) = max{D(x,y), D(x, Tx], D(y, Ty)},
forx,y e X;
(iii) there exists xo € X such that (xg, T(xg)).
Then T has a unique fixed point x* € X.

Later on [1] Alnaser et al. defined relation theoretic contractions and extended Jleli et al. [6] results
and some known results of literature.

In the present paper, first we define Dass and Gupta’s contraction in the context of F-metric spaces
and then prove some new fixed point theorems. In this way, we extend, generalize and elaborate several
known results of the literature. We also support our main result by providing a non trivial example.
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2. Main results

In this section, we first define Dass and Gupta’s contraction in the context of F-metric space and then
establish a new fixed point theorem.

Definition 2.1. Assume that (X, D) be an F-metric space. A self mapping T on X is said to be Dass and
Gupta’s contraction, if there exist py, uo € (0,1) with p; + p2 < 1 such that

[1+D(x, T(x))D(y, T(y))

D(T(x), T(y)) < mD(x,y) + 2 1+D(x,y)

7

for (x,y) € X x X.

Theorem 2.2. Assume that (X, D) be an F-metric space, and let T : X — X be a Dass and Gupta’s contraction. If
(X, D) is F-complete, then T has a unique fixed point x* € X. Moreover, for any xo € X, the sequence {xn} C X
defined by

Xni1 = T(xn), €N, (2.1)

is F-convergent to x*.

Proof. First, we observe that T has at most one fixed point. In fact, if (u,v) € X x X are two fixed points of
T with u # v, ie.
D(u,v) >0, T(u) =, T(v) =v.

As T: X — Xis Dass and Gupta’s contraction, so

(1+D(u, T(u))ID(v, T(v))

D(w,v) = D(T(u), T(v)) < D (w,v) + 12 1+D(w,v)

[1+D(u,u)]D(v,v)
1+ D(u,v)

=wD,v)+ 1

= HlD(U/V)
< D(u,v),

which is a contradiction.
Next, let (f, ) € F x [0, +00) be such that (D3) is satisfied. Let € > 0 be fixed. By (), there exists
5 > 0 such that
O0<t<d=f(t) < f(6) — (2.2)

Let xo € X be an arbitrary element. Let the sequence {x,,} C X be defined by (2.1). As T : X — X is Dass
and Gupta’s contraction, we have

D(anxn+1) = D(T(Xn—l)z T(Xn)) < HlD(Xn—lz Xn)
[1 +D (anl/ T(anl ) HD (an T(Xn))
1+ D(anlzxn)
= HlD(Xn—lr Xn)
14+ D(xn—1,%n)ID(Xn, Xn+1)
1+ D(anlzxn)
= HlD(Xn—lz Xn) + uD (Xn, Xn+1)
H1
1—p

+ U2

+ U2

<

D(xn—ll Xn)/

which further yields that
H1

1—p

D(anxn+l) < D(anlr Xn)~ (23)
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Similarly

D(xn—1,%n) = D(T(xn—2), T(xn—-1)) < mD(xn—2,%n_1)
[1+D(xn—2, T(xn—2))ID(xn—1, T(xn-1))
14+D(xn_2,%Xn_1)

= wD(xn—2,%n1)

[14+D(xn_2,%n_1)I1D(Xn_1,%n)
14+D(Xn_2,%Xn_1)

<D (xn—2,%n—1) + 12D (xn—1,%n),

+ U2

+ U2

which further yields that
H1

1—m

Let A = 1EL2 < 1. Then from (2.3) and (2.4) and continuing the process, we get

D(anlz Xn) < D(Xn—Zr Xnfl)~ (24)

D(xn,Xn+1) <A"D(x9,x1), mne€N.

This implies that

m—1

n
Y D(xi,xis1) < %D(XOIM), m>n.
=N
Since .
Jim. _}\D(XO/Xl) =0,
so there exists some N € IN such that
n
0< 1_7\D(x0,x1) <4 n>=N
Hence, by (2.2) and (J7), we have
m—1 A
f(Q_ Dixixisn)) < fl3—5Dlxoxa)) < fle) e (25)
1=Nn

for m > n > N. Using (D3) and (2.5), we obtain D(xn,Xm) >0, m > n > N implies

m—1

f(D(xn, xm)) < () Dlxi,xit1)) +x < f(e),

i=n

which indicates by (1) that D(xn,xm) < €, m > n > N. This shows that {x,} is F-Cauchy. Since the pair
(X, D) is F-complete, there exists x* € X such that the sequence {x,,} is F-convergent to x*, i.e.,

lim D(xn,x") =0. (2.6)

n—oo

We shall show that x* is a fixed point of T. We declare by contradiction that D(T(x*),x*) > 0. By (D3), we
get
f(D(T(x"),x™)) < f(D(T(x"), T(xn)) + D(T(xn),x*)) +«, meN.

As T : X — Xis Dass and Gupta’s contraction. By (J), we get

[1+D(x*, T(x*))ID (xn, T(xn))

F(D(T(x*),x*)) < FuD(x*, xn) + 12 14 D(x*,xn)
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+ D(xn+1,x%)) + o,
for n € N. On the other hand, using (J7) and (2.6), we have

* T * TI/T n
T}gr;of(ulD(x*,xn)+u2 [1+D(X1/+(S(BEDX(X) ben)

+D(xny1,x%)) + & = —00.

This is a contradiction. Hence, we have D(T(x*),x*) = 0, i.e.,, T(x*) = x*. Therefore it concludes that

x* € X is the unique fixed point of T. O

Example 2.3. Let X = [0,3) endowed with F-complete F-metric D given by

eyl fx ,
Dixy) { 0 ifxiﬂ.

Take f(t) = 7! and « = 1. Define T: X — X by

lx+1), ifogx<1
_ 2 ’ X X 4
Thx) = { 0, otherwise.

Case I If x € [0,1]. Then D(x,y) = e ¥l and D(T(x), T(y)) = ezx=vl. Now for W = % and W = %, we

have TR
byl ¢ Loy 10+ 2led e
R I R s

7

which shows that

[1+ D(x,T(X))]D(y,T(y))_

D(T(x), T(y)) < mD(x,y) + 2 1+ D(xy)

Hence T is Dass and Gupta’s contraction.

Case II: If x ¢ [0, 1]. Then trivially T is Dass and Gupta’s Contraction. Thus all the hypothesis of Theorem
2.2 are satisfied. So we conclude that T has a unique fixed point which is x* = 1.

Remark 2.4. It can be easily observed that the result of Jleli and Samet cannot be applied to Example 2.3,
as
D(T(x), T(y)) > kD(x,y),

for all x,y € X.

Corollary 2.5 ([6]). Assume that the pair (X, D) be an F-metric space, and let T : X — X be a given mapping.
Suppose that the conditions given below are satisfied

(i) (X,D) is F-complete;
(ii) there exists w1 € (0,1) such that

D(T(x), T(y)) < mD(xy), (xy) e XxX

Then T has a unique fixed point x* € X. Moreover, for any xo € X, the sequence {x,} C X defined by
Xni1 = T(xn), n€N,
is F-convergent to x*.

Proof. Taking pp = 0 in Theorem 2.2. O
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Corollary 2.6. Assume that the pair (X, D) be an F-metric space, and let T : X — X be a given mapping. Suppose
that the conditions given below are satisfied

(i) (X,D) is F-complete;
(ii) there exists wp € (0,1) such that

[1+D(x, T(x))]D(y, T(y))

D(T0), Tly) < o1 p e~

forall (x,y) € X x X.
Then T has a unique fixed point x* € X. Moreover, for any xo € X, the sequence {xn} C X defined by
Xnt1 = T(xn), Nn€N,
is F-convergent to x*.

Proof. Setting n; = 0 in Theorem 2.2. O

Now, we consider some special cases, when our result deduces several well-known fixed point theo-
rems of the existing literature.

Corollary 2.7. By Remark 1.7, we can have Dass and Gupta’fixed point theorem 1.5 from our main result 2.2.
Remark 2.8. By setting iy = pand pp = 0 in above Theorem, we can obtain the classical Banach contraction
principle 1.1.

If we take py = 0 in Corollary 2.7, then we have the following result in complete metric space.
Corollary 2.9. Assume that (X, d) be a complete metric space, and let T : X — X be a self mapping. If there exists
w € (0,1) such that
d(x, T(x))d(y, T(y))

1+d(x,y)
forall x,y € X, then T has a unique fixed point x* € X. Moreover, for any xo € X, the sequence {xn} C X defined
by

7

d(T(x), T(y)) < w2

Xn+1 = T(Xn)/ ne N/

is F-convergent to x*.

3. Conclusions

Recently, Jleli and Samet [6] introduced the concept of F-metric space and proved a new version of
well known Banach contraction principle in the setting of this F-metric spaces. In this article we defined
Dass and Gupta’s contraction and establish some fixed point theorems in the context of F-metric spaces.
Our results generalized and modified several known results in the literature.
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