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Abstract

This paper studies the global dynamics for discrete-time HIV infection models. The models integrate both long-lived
chronically infected and short-lived infected cells. The HIV-susceptible incidence rate is taken as bilinear, saturation and general
function. We discretize the continuous-time models by using nonstandard finite difference scheme. The positivity and bound-
edness of solutions are established. The basic reproduction number is derived. By using Lyapunov method, we prove the global
stability of the models. Numerical simulations are presented to illustrate our theoretical results.
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1. Introduction

Human immunodeficiency virus (HIV) destroys the human immune system by attacking the CD4" T
cells. Modeling within host dynamics of HIV has attracted the interest of several researchers (see, e.g.,
[1-3, 6-14, 19, 23, 26, 27, 32-34, 40, 41, 47]). The basic HIV dynamics model is given by [33]:

$=p —08s—ksp, z=ksp—dz, p=N.dz—cp,

where s, z and p are the concentrations of susceptible (uninfected) CD4* T cells, infected cells, and free
HIV particles, respectively. Parameters 3, §, and k represent the rate of birth, death, and infection of the
susceptible cells, respectively. The parameters d and c are the death rate constants of the infected cells
and free HIV particles, respectively. N, is the average number of HIV particles produced in the lifetime
of the infected cell.

Antiretroviral drug therapies such as reverse transcriptase inhibitors (RTI) and protease inhibitors (PI)
can significantly reduce the level of HIV in the blood. However, there still is a low viral load due to the
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presence of long-lived chronically infected cells. Callaway and Perelson [1] have proposed the following
HIV dynamics model with both short-lived infected and long-lived chronically infected cells:

$=pB—08s—(1—¢€)ksp, (1.1)
i=(1—o)(1—¢€)ksp—dz, (1.2)
U =o(1l—e€)ksp—au, (1.3)
p =Nzdz+ Nyau—cp, (1.4)

where z and u are the concentrations of short-lived infected cells and long-lived chronically infected cells.
A fraction (1 — «) and « with 0 < « < 1 are the probabilities that, upon infection, susceptible cell will
become either short-lived infected or chronically infected. The parameter a is the death rate constant of
the chronically infected cells. Ny, is the average number of HIV particles produced in the lifetime of the
chronically infected cells. The chronically infected cells produce much smaller amounts of HIV than the
short-lived infected cells and die at a much slower rate [1]. The RTI drug efficacy is denoted by e and
0<e«l.

Model (1.1)-(1.4) has been described by system of nonlinear ODEs, but the exact analytical solution
of the model is unknown. Therefore, a discretization can be used to obtain discrete-time model which
is an approximation of the exact one. Further, the use of digital computers in performing simulations
necessitated the investigation of discrete-time systems. Furthermore, it is important to note that scientists
often collect the data and analyze the results at discrete times. One of the very important task is to choose
a discretization scheme which preserves the properties of the corresponding continuous time model. In
1994 Mickens [30] has introduced nonstandard finite difference (NSFD) scheme for solving differential
equations. It has been proven that NSFD can preserve the main properties of several types of continuous
time models. NSFD has been used to investigate the global stability of equilibria of the corresponding
continuous time models in epidemiology [4, 5, 16, 18, 28, 39] and virology [17, 20-22, 24, 29, 35, 36, 41—
46, 48].

In this paper, our target is to study a class of discrete time HIV infection models with both short-lived
infected and long-lived chronically infected cells. We study the qualitative behavior of the models with
different forms of the infection rate. We investigate global stability of the equilibria of the models using
Lyapunov method.

2. Discrete-time model

Discretizing system (1.1)-(1.4) using NSFD method as in [30] and [31] we obtain

Sn+l—Sn =P —08n+1—KSni1Pn, (2.1)
Zn41 —2zn = (1 = a)ksn1pn — dzny1, (2.2)
Un41 —Un = &KSn4+1Pn — QUn 1, (2.3)
Pn+1—Pn = Nzdzni1 + Nyaun 41 —cpnya, (2.4)

where, k = (1—€e)kand n € N ={0,1,2,...}. We consider the initial conditions:
(s0,20,Ug, Po) € ]Ri ={(s,zu,p)|s>0,z>0,u>0,p >0} (2.5)

2.1. Preliminaries

Let us consider the region
N ={(s,z,u,p): 0<s,z,u<Ng,0<p <Ny},

where N; = % N, = le and & =min{3, d, a}.
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Lemma 2.1. Any solution (Sn,zn, Un, pPn) of model (2.1)-(2.4) with initial condition (2.5) is positive and ultimately
bounded.

Proof. From Egs. (2.1)-(2.4) we obtain

S _ B+sn
n+1_1+6+kpn/
z _ Zn +(1_“)k([3+5n)pn
T rd T A+ )1+ 5+ kpn)
u _ Un CXk(B‘i’Sn)pn
T T I+ )1+ 6+ kpa)
_ Pn n N.d Zn (1_0‘)k(ﬁ+5n)pn Nya Un o‘k(ﬁ‘i‘sn)pn
Pl = T e \1rd T 0+ d)(1+64kpn)) 1+c\Ita A+ra)d+6+kpn))

Since all parameters in (2.1)-(2.4) and the initial condition (2.5) are positive, then by induction we get
sn>0,z4 >0, uy >0and p,, >0 for all n € IN.
Define a sequence M, as:

Mp=sn+2zn+un.

Then
Miur1=Mn+pf—0sny1—dzni1 —aupnir S M + B —EMp g,
Hence M, 8
M STreTive

According Lemma 2.2 in [36] we obtain

1 \" B 1 \"
s (rrg) M) |

Consequently, lim sup M,, < Ny, lim sups, <Ny, lim supz, < Ny, lim supu, < Ni. We have
n—oo n—oo n— n—oo

Pn+1 —Pn = Nzdzn 1+ Nyaun 1 —cpny1 < (N2d+Nya) [2 — CPn+1,

Hence
Pt < Pn (Nzd+Nya) B _ _Pn (N2d +Nya) N
1+c (1+¢) & 1+c (1+¢)
By induction N N
Pn < (11+C> Po+ (N"‘At&N“am [1— <1ic> ] .
Consequently, nlgr;o sup pn < Nj. Therefore, the solution (s, zn, Un, Pn) converges to Il as n — oo. O

System (2.1)-(2.4) has two equilibria,

(i) HIV-free equilibrium Q°(s%,0,0,0), where s° = 3/5;
(ii) persistent HIV equilibrium Q*(s*,z*,u*,p*), where

* SO * B (1 B O() * OCB * b
S —RTO, z —TRO(\(RO—”/ u —(TRO(:RO—”z P —E(fRO—l)-
Clearly, Q* exists only when R > 1, where R is basic reproduction number and is given by:
k
Ro = —B(Nz(l—oc)+ocNu). (2.6)

- 8c



A. M. Elaiw, M. A. Alshaikh, J. Nonlinear Sci. Appl., 12 (2019), 420-439 423

2.2. Global Stability
We define the function G(x) > 0 as G(x) = x —Inx — 1. Hence,

Inx <x—1. (2.7)
Theorem 2.2. If Ry < 1, then QU is globally asymptotically stable.
Proof. Construct a discrete Lyapunov function Ly (Sn,zn, Un, pn) as
L, =s°G ( ) +Mizn +M2un +13 (1 +¢) pn,
where ni,1 = 1,2, 3 are positive constants to be determined below. Hence, L, > 0 for all s, >0, z, > 0,

Upn > 0 and pn, > 0. In addition, L, = 0 if and only if s, = s, zn =0, up =0and p, =0. Computing the
difference AL, =L, 1 — Ly, as:

AL, =5°G ( n+1) +MZnt1 FM2Unp1 13 (14 ¢) pry1 — { °G ( ) +Mizn +Mun +13 (1 +¢) pn

S S S
= < TSL(_)H - S% +In —= ) +M1(zZn+1—2n) +M2(Unt1 —un) +13 (1 +¢) (Prs1 —Pn)-

Using inequality (2.7), we have

S
ALn<Sn+l_5n+So< z

el - 1> +M1(zZnt1 —zn) FM2(Ung1 —un) +13 (1 +¢) (Prt1 —Pn)
n+

0

S

_ (1— 5 1) (Sms1— $) 411 (Zr 11— 20) + M2 (1 — ) 4713 (14 ) (Prest — Pr)-
n+

From Egs. (2.1)-(2.4), we have
0

S
AL, < <1 - s 1> (B—03sn+1 —ksnt1Pn) + M (1 — &)ksn1pn — dzny1)
n-+

+M2(aksnt1pn — aunt1) +MN3(Nzdzn 1 + Nyaun 41 — cpnt1) +N3¢(Pnt1 — Pn)-
Letni,i=1,2,3, be chosen such as
(I—aJn+omz =1, Nznz —m =0, Nynz —nz2 =0. (2.8)
The solution of (2.8) is given by

N, - Ny, - 1
oNu + (1 — )N,/ = Ne+ (1— )N, = N+ (1— N,

. (2.9)

The values of i, 1 =1, 2,3, given by (2.9) will be used thought the paper. Then

0

S
AlLn < <1 - ) (B —0sny1) + kSOPn —MN3CPn
Sn+1

-5
= (sne1— )2+ (ks —mac) pn
Sn+1
—d ksY (N + (1 — )N
— (Sn+l_50)2+n3c< ( u ( ) Z)_l) Pn
Sn+1 c
-5

(5n+1 - 50)2 +mnsc (RO - 1) Pn-

Sn+1
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Hence, for Ry < 1, we have AL, < 0 for all n > 0, hence L,, is a monotone decreasing sequence. we have
L. > 0, then there is a limit hm L., > 0. Therefore, hm AI_n = 0, which implies that 11m 1 Snt1 = sY and

lim (fRO —1)pn = 0. For the case Ry < 1, we have hm 1 Sl = s®and lim p, = 0. From Eqs (2.2)-(2.4),

n—oo

we obtam lim z,, =0and lim u,, =0. For the case JQO =1, we have 11m 1 Snt1 = s¥. From Egs. (2.2)-(2.4),
n—oo n—oo

we obtain lim p, =0, lim u, =0and lim z, = 0. Hence, in the Case 910 1, the HIV-free equilibrium
n—oo n—oo n—oo

QU is globally asymptotically stable. O
Theorem 2.3. If Ry > 1, then Q* is globally asymptotically stable.

Proof. Define

Un (Sn,zZn, Un, pn) =s*G ( ) +1Mz*G ( ) +Mou*G (t—:) + (1+c)nsp*G <I;:f) ,

where 1,1 = 1,2,3 are given by Eq. (2.9). Clearly, U (sn,zn, Un, pn) > 0 for all sn, zn, Uun, pn > 0 and
U, (s*,z*,u*,p*) = 0. Computing AUy, = Up4q — Uy, as:

AU, =s*G (SnH) +mMz"G ( ) +Mu*G (uzﬂ) +(1+c)nsp*G <p;:1>

_Fm( ) mzG () HmawG (T2 + u+dmp6(3ﬁ]

S S S uw uw u
—s*< 2:1——“+ln n >+mz* <Z“j1 S >+n2u*< 1‘1*“——“+1n n )
z

s* Sn+1 Zn+1 u* Un 41
+n3p” (pn:1 P P ) +cnzp” [G (an) -G (Pn)] .
p p* Pn+l p* 2

Using inequality (2.7), we get

S —S S . —
AU, < s* ( Tl.—l—l>k n + no 1) +n12* <2n+1>k Zn 4 Zn . 1> +T]2u* (un—H - Un n Un _ 1)
S Sn+1 z Zn+1 u Uni1

+T13P* (pn+1:pn n Pn _1> +CT]3P* [G (pn:1> _G (pr*t>:|
P Pn+1 P P
s* u*
= <1 - ) (Sni1—sn)+m ( ) Zni1—Zn) +M2 (1— > (Un41—Un)
Sn+1

Un 41
+n3 (1 - ) (Prnt1—Pn) +cnzp” I:G <pn+1>

i)-o (Gl

Pn+1

From Egs. (2.1)-(2.4), we have

S* *
AU, < (1 - ) (B 55ms1 —kSnpipn) £ 1 (1 - ) (1= @kSns1pn — dzn 1)
Sn1 Zn+1
+m2 (1 - ) (ks y1Pn — QUn 1) +M3 <1 - P ) (Nzdzny1 +Nyaun 1 —cpnyt)
Un+1 Pn+1

o6 (5 <(2)]

Since 3 = 6s* 4+ ks*p*, then

* *

AU, < <1 — ) (6™ +ks*p* — 8841 —KSn1Pn) +M1 (1 — ) ((1—a)kspy1pn —dzna1)

Sn+1 Zn+1
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* *
+m2 (1 - ) (ockSn11Pn — aUny1) +M3 (1 - ) (Nzdzn 1 +Nyaup 1 —cpnyt)
Un+1 Pn+1
% | Pn+1 Pn Pn
+cns3 {——Fln}
P e Prt1
S* * S* *. ok * Z* *
= (1 - ) (8s™ —dsny1) + (1 - ) ks™p® +ks"pn —m (1—a)ksni1pn +mdz
Sn+1 Sn+41 Zn+1
—12 oKsp {1Pn +M2au” —13 (Nzdzn 41+ Nyaun 1) +cnsp” +cngp” (—p: +In pn) :
Un+1 Pn+1 P Pn+1

Using the conditions of Q*
(1—o)ks™p* = dz”, aks* p* = au’, N.dz" + Nyau* = cp¥,
P P P
we get
ks*p* =mdz* +mau” =nscp”,

and

*

AUpn < —(sny1— s*)? + <1 —
Sn+1

s z*

> (mdz* +npau*) —my (1 — a)ks*p* ntiPnz
Sn+1 $"P Zn+1
+Mdz* —mpaks*p %Jrcmzu —n3Nzdz Tilp -
$TP Un+1 Z"Pn+1 UWPn+1

Pn
Pn+1

+cnsp™ +enap” In

—d

Sn+1

S z*

%12 «Sn+1Pn

(smaa =72+ 1= Pt
mn-+

S 1 u* Zn+1 * Un 41 *
o nZau* T:Jr*pﬂ + GTIZU* o ﬂldl* 1L+ P o HZGU* ::+ P
TP Unt1 Z"Pn+1 UWPn+1

Pn
Pn+1

> (Mmdz* +mpau®) —1n1dz +ndz*

Sn+41

+mdz* +npau”

+ (Mdz* +nzau*) In

—b s* S ¢ z *
_ (Sn+1 o s*)z +T]1dl* <3 o o ‘:Jr:pn . 1*1+1p +1n Pn )
Sn+1 Sn+1 STP Znt1 Z7Pn+l Pn+1

s* Sne1PnW*  Unp1p*
+Mpau* <3— — :+*pn — P P,
Sn+1 STP Un41 W Pn4l Pn+1

_6 * 3 *
A PP omaz [6 () ve () ve (257
Sn+1 Sn+1 STPZn+1 Z*Pn+1

s* S u* u *
—npau” {G < > +G (T*Hipn > +G <:+1P )} .
Sn+1 TP Un41 U Pn+1
Thus, U, is monotone decreasing sequence. Because U, > 0, there is a limit li_I)n U, > 0. Therefore,
n o0

lim AU,, =0, which implies lim s, =s*, lim z, =z*, lim u, =u* and lim pn, =p™. O
n—oo n—oo n—oo n—,oo n—,oo

3. Model with saturated incidence

It has been reported in [37, 38] that HIV dynamics model with saturated incidence is more accurate in
case of high concentration of the HIV particles. Thus we consider the following model:

k 1—a)k k
sop_ss— P, U—aksp = P
T+up T+pp

where u is the saturation constant. Using the NSFD method we obtain

4

—au, p =Nzdz+ Nyau—cp,

k3n+1pn

Sn+1_5n:[5_65n+1_ 1+HP ’
n

(3.1)
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(1 - O‘)ksn+1pn

Znil—2Zn = T+ 1pn —dznq, (3.2)
_ okspy1pn

Uni1—Un = = o aUn g1, (3.3)

Pn+1—Pn = Nzdzni1 + Nyaun 41— cpna. (3.4)

Now we study the basic and global properties of model (3.1)-(3.4).

3.1. Preliminaries

Lemma 3.1. Any solution (sn,zn,Un,pn) of model (3.1)-(3.4) with initial conditions (2.5) is positive and ulti-
mately bounded.

Proof. From Egs. (3.1)-(3.4) we obtain

(B +sn)(1+ pupn)

Sn+l = 14+8+ (WI1+8)+K)pn’
2 _ Zn i (1_“)kpn(ﬁ+sn)
T Ird T A+ d) (146 + (W(1+8) +K)pn)
v _ Un i O(kpn([3+5n)
T dra T I+ a) (146 + (W1 +8)+K)pn)’
_ Pn N_d < Zn 4 (1_0()kpn([3+sn) >
Pt = e T T e\ 11 d T A+ d) A+ 6+ (W(1+3)+Kpn)
Nca < Un + okpn (B +sn) )
1+c\14+a (A+a)(1+8+(r(1+d)+k)pn)/

The solution of (3.1)-(3.4) with initial (2.5) satisfies s, > 0,z > 0,u4,;, > 0 and py, > 0. The boundedness
of solutions of model (3.1)-(3.4) is similar to the proof of Lemma 2.1. O

System (3.1)-(3.4) has two equilibria,

(i) HIV-free equilibrium QY(s°,0,0,0) where s° = 3/5;
(ii) persistent HIV equilibrium Q*(s*,z*,u*,p*), where

«  BBINz(1—o)+aNyl+c . (1—o)cd (Ro—1)
S = (k4 8u) [NL(1— o) + Ny’ 2= d(k+op) [NL(1— o) + Ny 0 !
% ocd . 5

YT (ko) INL(1— o) + aNw] (Ro—1), p

where Ry is given by Eq. (2.6).

3.2. Global Stability
Theorem 3.2. If Ry < 1, then QU is globally asymptotically stable.

Proof. Construct a discrete Lyapunov function L (sn, Zn, Un, Pn) as:
0~ (Sn
L,=5G (@) +MN1zZn +M2Un +T]3(1 + C)pn/

where 1i,1 = 1,2,3 are given by Eq. (2.9). Hence, L, > 0 for all s, > 0, z, > 0, up > 0 and p, > 0.
In addition, L,, = 0 if and only if s, = s% zn =0, up = 0 and pp = 0. Computing the difference
AL, =L 41— Ly as:

S S
ALn =G (251 ) +mznss +Maun i1 +13(1+ Jpnst = [$°6 (35 ) +mzn +nzun +13(1 + clpn
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S S S
= SO < TSL(_)'_1 B STO1 +In Sn1> +M1 (Zn+1 _Zn) + 12 (un+1 _un) +T\3(1+C) (pn+1 _pn)-
+

Using inequality (2.7), we have

S
ALy < Sny1—5Sn +SO <n -

— 1> +1M1 (Znt1 —2zn) + M2 (U1 —un) +13(1 +¢) (Pnt1 —Pn)
n—+

SO
= <1 5 1) (Sn+1—5Sn) +M1 (Znt1 —2zn) +M2 (Uny1 —un) +13(1+¢) (Pnt1 —Pn) -
n+

From Egs. (3.1)-(3.4), we have

s? KSny1pn <(1 — a)ksn1Pn >
AL, < (11— —0s - | + —dz
( Sn+1> <B n+1 1+ upn > m 1+ upn n+1

oks
+n <n+1pn — aun+1> + M3 (Nzdzni1 + Nyauny1 —cpnst) +13¢ (Prsi — Pn)
1T+ upn
s? ksopn
— (1= 5 _0Pn
( Sn+1> (B—08sn+1) + T py,  BPn

—d 0\ 2 kSOPn C )
= — + —
Sn+1 (Sn+1 ) ) <1 + Upn Nz(l - OC) + CXNu Pn
—b (N, (1— o) + aNy) ks
—1)pn

0 2 C
= —s) +
Snt1 (sn41=57) Nz (1T — o) + Ny, ( ¢ (14 upn)

_6 0 2 < RO )
= s —s) +msc -1
Snil ( n+1 ) HE 1+ HPn Pn

—d 2 R
= (snp1—s°)" +msc (Ro — DofPn 1) Pn

Sn+1 1+ upn
= 02 Roup?

= S —s) —msc———— +1n3c (Ro—1 .
_— (Sn+1 ) —ns3 T+ i N3¢ (Ro—1) pn

Hence, for Ry < 1, we have AL, < 0 for all n > 0. This yields that L, is a monotone decreasing sequence.
The proof can be completed similar to that of Theorem 2.2. O

Theorem 3.3. If Ry > 1, then Q* is globally asymptotically stable.

Proof. Let us consider

Un ($n, Zn, Un, D) = § G( )+mz G( )+n2u G( >+n3(1+c)p G <z“>.

Clearly, Uy (sn, zn, Un, pn) > 0 for all sy, zn, Un, pn > 0 and Uy (s*,z*5,u*,p*) = 0. Computing AU,, =
U1 — Uy as:

At =6 (522) e (220 e (4222) <m0 (222

[sG( )—i—lzG( )—l—nuG( >+n3(1+c)pG<zn>]

$ z z z u u u
e oA (e SOy P S VMUV (e Rt R P
s* s* S+l z* u*

o p pn+1 p* p
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Using inequality (2.7), we get

— — jue — 1w uw
AUy, < *(S“+l* gt —1> +mz* (Z““ ny —1) +nzu*< R T —1)
n+1

z* Zn+1 Un 41
+n3p* (pn+1 *_pn 4 Pn . 1> +n30p* [G <pn*+1> _G (P:ﬂ
p Pn+1 p p
s* z* u*
= (1 - ) (Sne1—sn)+m (1 - ) (Zn41—2zn) +M2 (1 - > (Unt1—un)
Sn+1 Zn+1 Un1

+n3 (1 ~ P > (Pn+t1—Pn) +13cp” I:G <pn+1> -G (Pn)] .
Pn+1

28 p*
From Egs. (3.1)-(3.4), we have

n Zn+1 14 upn

u* okSn+1Pn ) ( P
+ 1-— —au + 1—-
2 ( Un+l> ( 1+ ppn e s

* k * 1—a)k
st < (1) (5 sy ) (1 ) (Ut )
Sn+1 1+up
) (Nzdzp 1 +Nyaup 1 —cpnst)
Pn+1
+nscp® (vgﬂ P Pn)

p Pn+1
s* ks*pn z* (1—o)ksni1Pn
=(1-— (B—0sn+1) + - +mpdz”
( Sn+l> P st o Mo T4 e m
—n u® oksn1pn *

+mn2au’ fnapp (Nzdzp 41+ Nyaun 1) +m3ep™ +mnzep” (Pn +In pn> :
n+1

2
Unt1 1+ ppn

*

Pn+1
Using the conditions of Q*
B =06s"+ 5P , (1= aJks™p =dz* sl au’, cp® =Nzdz" + Nyau®,
1+ pp* T+ pp* 1T+ pp*
we get
=mdz* +nrau* =nzcp”,
1+ pp* T M2 nscp
and
ALth <1__ S > <5§k+ S p ——6Sn+1>'+ S pn '_nl( “)S*p Sn+1pnz ( +_Hp:
Sn+1 1+ pp* 1+ upn T+up

$*p*zn+1 (1 + ppn)
k KoK * 1 *
g — 1 KSR Snr1Pnlt (1+up*)

* *p*zn+1 *p*uﬂ+1 *
+mnrau” —mdzt ———— —mpaut — +13¢
1+ up* s*p*uny1 (1+ upn) Pny12* Prnru” P
n

s* kS*p* s* ks*p* Pn (1 + MP*)
=(1- (08" —8sn41) + (1 )+
( Sn+1> MU 4 e sni1/  1+up*p* (1+ upn)
« Sn41Pnz* (1 4+ up*) * « Snp1Pnu” (14 up*) * «Zn1p”
—m1dz +m1dz* —mpau +Mnau” —mpdzt ———
m $*p*zn 11 (1+ upn) m 2 s*p*uny1 (14 ppn) 2 m

Z*pn—i—l
< Un41pP” " «, ks'p” Pn Pn
—nau’ ———— +mdz" +mau” + ——— <— —i—ln)
WPni1 T4+ pp* \ p* Prt1
-

 Snil 1+ pp* p*(I+upn) px  1+4pup*

ks*p* 1 * 1
(smaq 552 4 5P <_1 Pn(1+pp*)  pn +upn)
s snpnz (L4 wp™)  znap®  ldwpn o pn]
Pn+1

+m1dz” [4—

Snt1 S*P*zZni1 (L+ppn)  2'pny1 1+ pp*
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s*  Snapauw (1+pp*)  unppt 1+ ppn L n P

+mpau* |4 —
2 Snt1 S*P*uny1 (1+upn)  Wpnyr 14 pp* Pn+1
We have )
pn(1+pp*) pn  1+ppn _ 1(pn —Pp*)
p*(I+upn) px  1+4pp p*(1+up*)(1+ upn)
Then

= ks*p* 1 (pn —p*)?
AlUp < — 2 (spa1—s*)? —
" 5n+1( n+1=8") 1+ pp* (p*(1+up*)(1+upn)

oz [G < s >+G (3:—0—1an (1+pp )) e (zn+1p >+G < +up:>]
Sn+1 $*p*zn+1 (14 pupn) Z*Pnt1 1+ pp

—mpau’ [G< s >+G <sn+1pnu (1+up )) e <uz+1p >+G< +up:>} .
Sn+1 s*p*un+1 (1+ ppn) U'Pn1 T+ pp

Thus, U;, is monotone decreasing sequence. Because U, > 0, there is a limit lim U,, > 0, and hence,
n—oo

lim AU, = 0, which implies that 11m 1 Sn = s*, lim z,, = z*, lim u, = u* and hm 1 pn = P*. O
n—oo "m0 n—oo

4. Model with general incidence

In this section, we assume that the incidence rate is given by f(s,p), where f is a general function.
$=p—0s—f(s,p), z=(1—a)f(s,p) —dz, u = «af(s,p) —au, p = N.dz+ Nyau—cp.

Using the NSFD method we get

Snt+1—Sn =B —08sn1— f(Sn+1,Pn), (4.1)
Zni1 —2zn = (1= )f(sni1, Pn) — dznya, (4.2)
Un41 —Un = of(Sni1,Pn) — aUnt1, (4.3)
Pn+1—Pn = Nzdzni1 + Nyaun 1 —Cpnya. (4.4)

4.1. Preliminaries
The function f(s,p) is assumed to satisfy the following conditions:

(A1) f(s,p) >0, and f(0,p) =f(s,0) =0foralls >0,p > 0;
(A2) &TgR) >0, 20e®) > 0, 200 > 0 forall s > 0, p > 0;

(A3) E (afa(foo ) >Ofor all s > O

(A4) Tsp) g decreasing with respect to p for all p > 0.

Lemma 4.1. Any solution (sn,zn,Un,pn) of model (4.1)-(4.4) with initial conditions (2.5) is positive and ulti-
mately bounded.

Proof. From Egs. (4.1)-(4.4) we obtain

Sn+ B —f(snt1,Pn)

Sn+1 - 1+6 7
zZn + (1 —o)f(s ,
iy = 2 E LS onePo) @5)
n f 7 n
g =& + of(sni1, P )/ (4.6)

14+a
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Pn + Nzdzny1 + Nyaun g

1+c 47)

Pn+1 =
When n = 0 we prove that (sq,z1,u1,p1) exists and is positive. From Eq. (4.1) we have
(1+6)s1—so— B+ f(s1,p0) =0.
Let ¢ be defined as:
@(s1) = (148)s1—s0o— B +f(s1,p0) =0, @(0) =—sp—p <0, Jim @(s1) = oo.

From Assumption (A2), ¢ is a strictly increasing function in s;. Hence, there exists a unique s; > 0 such
that @(s1) = 0. From Egs. (4.5)-(4.7) we have z; > 0, u; > 0 and p; > 0. Therefore, by using the induction,
we obtain s, > 0, zy > 0, uy > 0 and p,, > 0 for all n > 0. The boundedness of solutions can be shown
similar to Lemma 2.1. O

Lemma 4.2. For model (4.1)-(4.4) let (A1)-(A2) hold true, then there exists a threshold parameter Ry > 0 such that

(i) if Ro < 1, then there exists only an HIV-free equilibrium QY;
(ii) if Ro > 1, then there exist two equilibria, Q° and a persistent HIV equilibrium Q*.

Proof. Let Q(s,z,u,p) be any equilibrium of model (4.1)-(4.4) satisfying

f—0s—f(s,p) =0, (4.8)
(1—)f(s,p) —dz =0, (4.9)
af(s,p) —au =0, (4.10)
N.dz+ Nyau—cp =0. (4.11)
From Egs. (4.8)-(4.10) we have
z= (1_02):(3’]9), = o‘f(Z’p), f(s,p) = B — s. (4.12)

Substituting from Eq. (4.12) into Eq. (4.11) we get
(N2(1 —a) +Ny«x) f(s,p) —cp =0. (4.13)

From Assumption (A1), we have p = 0 is a solution of (4.13). Therefore, s = s, z = 0 and u = 0 which
leads to the HIV-free equilibrium Q%s%0,0,0) where s° = % If p # 0, then, from Egs. (4.12), (4.13), we
obtain

_yf(s,p) _ v(B—2ds) 0o PC

— e P S:S_ir
P c c v

where, y = N, (1 — «) + Ny «. Then, Eq. (4.13) becomes
yf <so — Ycép,p> —cp =0.
Let a function {1 be defined as:
bi(p) = vf <s0 - %pm) —cp=0.
From Assumption (A1), we have {1(0) =0, and 1 (p) = —cp < 0, where p = % > (0. Moreover,

of(s%,0) e (y 9f(sY,0) B 1)

/
0) =
¢1()Yap ¢ op
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Therefore, 1’ (0) > 0 if the following condition is satisfied

v 9f(s?,0)

c O0p

> 1. (4.14)

It follows that, if condition (4.14) is satisfied, then there exists p* € (0, p) such that P (p*) = 0. Hence, we
can define the basic reproduction number of system (4.1)-(4.4) as:

0
Ry = y of(s ,O).
c O0p

Moreover, let p = p* in Eq. (4.8) we get
B—0s—f(s,p*) =0.

Let us define
Pa(s) =B —ds—f(s,p*).

We have »(0) = B > 0 and o (s°) = —f(s?,p*) < 0. Since f (s, p) is strictly decreasing with respect to
s, then 1 (s) is strictly decreasing with respect to s. Hence, there exists a unique s* € (0,s”) such that
P1(s*) = 0. From Eq. (4.12) and Assumption (A1) we have

R 011G 40 NP G B

a 5 0.

This shows that if Ry > 1, then there exists a persistent-HIV equilibrium Q* (s*, w*, u*,p*). O

4.2. Global stability
Theorem 4.3. Suppose that Ry < 1, then QO of system (4.1)-(4.4) is globally asymptotically stable.

Proof. Define

Sn 0
L. 0 J i f(S ,P)

=Sn—8 — m dt 1+c)pn.
snosi— | im o +Mzn +M2un +M3(1 +¢)pn

Hence, L, > 0 for all sn, zn, un, pn > 0 and L,, = 0 if and only if s, = sY, 2z, =0, up, = 0 and pn =0.
Computing the difference AL,, = L1 — Ly as:

Snt1 f(s%,p)
AL, = —s0— li ’
nT S S J p0+ F(T,p)

dT +M1zni1 +M2Ung1 +M3(1 4 ¢)pnt1

— |Sn — s’ = an lim ﬂso,p) dt+mM1zn +M2un +M3(1 +¢)pn
s0 p—0+ f(T,p)

Sn+41 0
lim fis"p)
p—0+ f(T,p)

— Sns1—n —j AT+ (Zns — 2n) 4712 (st — tn) +M3(1+¢) (Prost — Pu)

Sn

Using Lemma 3.1 in [22], we get

f(s%,p)
P (g ) <
A sy, p) (S )

Sn+41 0 0
J lim fls 'p)d < lim f(s”,p) (Sni1—Sn).

sn P20t f(T,p) T T po0t fsn, p)

f(s°, p)

o M) (Snt+1—Sn) +1M1 (Znt1 —2zn) +M2 (Unt1 —un) +M3(1+¢) (Pnt1 —Pn) -
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From Egs. (4.1)-(4.4), we have

0
AL, < (1 im0
p—0 f(5n+1/p)

+M2 (otf(Sn1,Pn) — Ang1) +M3 (Nzdzn41 + Nyaun 1 — cpnt1) +M3¢ (Pnt1 —Pn) -

> (B - 6Sn+l - f(SnJrlr p‘ﬂ)) +M ((1 - O()f(SnJrl/pTl) N dszrl) (415)

Collecting terms of Eq (4.15) and using s° = %, we obtain

of(s°,0)/0p of(s%,0)/0p
AL, <65 (1= 301 (1= £
ns s ( s0 ) 0f(sn+1,0)/0p 0f(sn41,0)/0p
_ 50 (1_Sn+1>< ~0f(s%,0)/9p > ( 0f(s,0)/0p f(sn+1,Pn)

s0 0f(sn+1,0)/0p 0f(sn+1,0)/0p Pn

(Sn+1,Pn) —M3CPn

—1130) Pn.

From Assumption (A4) we have

f(Sni1,Pn) < lim f(sni1,P)
Pn p—0* P
_ af(sn—l—l/ O)
ap

then, we get

0f(s?,0)/d of(s’,
_ 650 (1_ STSLS_l> (1 (S /0)/ P > + ( (;p 0) _TISC) Pn

- 0f(sn+1,0)/0p
0 Sn+1 af(sol O)/ap Y af(sO, 0)
=55 (1— 1 8 TP Y 1
os ( s0 ) < 0f(sn11,0)/0p +mse c O0p pn
_ <0 _ Sn+1 . af(SO, O)/ap B
=85 (1202 <1 3s. 1 0)0p ) e (Ko =1 pn.

Snt1 of(s%,0)/dp
(1-=%") (1 - f(an,O)/ap) <0

Hence, if Ry < 1, we have AL,, < 0 for all n > 0. Obviously, AL,, = 0 if and only if sn = sY and
(Ro—1)pn = 0. We discuss two cases:

o if Ry <1, then lim p,, =0. then we get lim z, =0 and lim u, =0;
n—o00 n—o00 n—oo

e if Rp =1, then by using li_r)n sn = sV and from Eq. (4.1), we obtain (s, pn) = 0. Because s > 0, we
n o

have f(s%, pn) > f(0,pn) = 0 (use Assumptions (A1) and (A2)). Thus, liﬁm pn =0.
n oo

By the aforementioned discussion, we deduce that the largest compact invariant set in {(sn, zZn, Un, pn)l
(AL,,) =0} is the just the singleton QY. Therefore, Q° is globally asymptotically stable by the LaSalle’s
invariance principle [15, 25]. O

Remark 4.4. Assumptions (A2) and (A4) imply that

(f(s,p) ~ f(s/f*)> ((s,p) — (s, p™)) <O,
P p

f(s, p) _p) < _f(s,p*)>
(f(s,p*) p* ! f(s,p) S0

which yields
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Theorem 4.5. Suppose that Ry > 1, then Q* of system (4.1)-(4.4) is globally asymptotically stable.

Proof. Consider

Sn f(g ,
un(sn; Zn/unlpn) =Sn— S Js* f‘((’f/;) ))

Clearly, Uy (sn, zn, Un, pn) > 0 for all sn,zn, Un, pn > 0 and Uy (s*, 2", u*, p*) = 0. Computing AU,, =
U1 — Uy as:

dt+mz* G< )—i—n u G< >+n3(1+c)p G (2“)

Snil f(s*, p*) Pn+i
=Sy —SF— 1 G
AUp =Spy1—S L* FT, p") >+T]3( +c)p” ( P

o[ e () e (32) e (22)

—oner s [ ISP gz 6 (F0) -6 (22)] e [6 (Mmet) 6 (32)

S

+n3(1+c>P*[G<pgrl> ( >]

From Lemma 3.1 in [22], we have

<1_]1:(s*,p*)> (Snt1—sn) < 5n+1_5n_J TP < (1_]c(f(s*,p*)> (Sn+1—8n).

——dt+nz* G( T 1)+n2u*G< e

(sn,P*) sn Tt p*) Sn+1,P*)
Then
f */ *
AUy < <1— (Sp)> (Sns1—Sn) +mz" (anl . P > Fmout (u“:jl e >
f(sn+1,P*) z z Zn+1 u u Un+1

Pn+t1  Pn Pn Pn+1 Pn
+ I >+ c [G( )-e()]
Tsp” ( pr e Ty T p* p*

Using inequality (2.7), we get

f *’ * .
Al < <1—(Sp)) (Sn4+1—sn)+m <Zn+1_zn+z ( En —1>)

f(3n+1zp*)
+T12 <un+1_un+u*< —1>>
Un41
+1ns3 <Pn+1pn+p*< Pn 1>)+n3cp* <G (Pn:l>G(pT*L>)
Pn+1 P P
f(S*,P*) z* u*
(1 5P _ 1 B - B
( f(Sn+1,P*)> (Sn41—sn)+m < Zn+1> (Znt1—2zn) +M2 ( Un+1> (Uns1—un)
R <1 - ) (Pn+1—Pn) +n3cp (G <> —G (p*)) .

p*

Pn+1

From Egs. (4.1)-(4.4), we have

AUy, < <1 - f(S,'p)) (B —0sn+1—f(snt1,Pn))+m <1 -

f(sny1,P*) ) (1 =) f(snt1,Pn) — dzn41)

Zn+1

* *

+12 (1 — ) (af(sm1,Pn) — QUny1) +M3 (1 _ P ) (Nzdzn 1+ Nyaup41 —Ccpnyi)

Un+1 Pn+1

+13¢ (Pny1 —Pn) +13cp™ In P
Pn+1
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(s*,p*) f(s*,p*) 2* .
= e ) B0 o /Pn)— 1—a)f , d
< f(sny1, %) (B =88n1)+ f(Snt1,p*) (41, Pn) =M Zn+1( «)f(sny1,Pn) +n1dz
ocf(sn+1/Pn) +T]2au* —13 (NZdZTI+1 + Nuaun+1) +T]3Cp* —M3CPn +n3CP* In L
et P+l Pn+1

—MN2

Using the conditions of Q¥,

B =20s"+1f(s",p*), (1—)f(s*,p*) =dz", of(s*,p*) = au”, N.dz* + Nyau® = cp¥,

we get
f(s*,p*) =mdz" +npau® =nzcp”
and

f(S*,p*) > * * ok f(S*,P*)
AU, < (1= 5P ) (5% 4 (6%, p*) — Bspaq) + P ) g5 1)
n ( f(anrl/p*) ( ( P ) TL+1) f(sn+1,p*) (n+l pn)

f(Sny1,pn) 27 f(Sni1,Pn)
—mi(1—)f(s*,p*) +M1dz" —mpaf(s™, p*)
P f(s*,p*) zni1 P f(s*,p*) uUnp1

Z * u *
+Zn+1P —T]ZGU* r+lp +T]1dZ* +T]2CLU* o f(s*,p*)pl +n3cp* In P
Pn+1 UWPn+1 P« Pn+1

. Snt1 f(s*,p*) . . f(s*, p*) « sy F(Sn41,Pn)
=8s*(1— 1——>rF 7 d 1——=28 0 ) 4 f(s*,p*) 2 in

(. )( foner,p)) T Mzt (1= s ) P o o)
* f(5n+1rpn) z* +T]1dZ* _nzau* f(5n+1/pn) u
f(S*/P*) Zn+1 f(S*/p*) Un+1
o ﬂle* Zn+1P n+1p

" —maut — +mpdz” +mpau” — (s, p ) B 4 nsept In 2,
Z"Pn+1 UWPn+1 P« Pn+1

AU, < 85" <1—( ) ) (1 2252) + (5%, p") [—1+ PuflSni1 P7) | Hsni1, pr) —p“]
Sn+1,‘P ) s* p*f(SnJrl/pn) f(5n+1/p*) P*

e [4 _ flsnipn) 2 zng1p”  Paflsninp?) | pn}
sn+1, ) f(s*,p*) zZn+1  Z'Pnt1 P f(sn+1,pn) pn+1

4 mau® [4 ) flsnanpn) w5 Unaap”  poflsnin, ) 0 Pn }
Sn+1/ P*) f(s*,p*) Uny1  WPni1  Pf(Sni1,pn) Pnt1

. f(s*,p*) ) Sni1 . [ Pnf(sni1,p*)  flsni1,pn) pn}
o5t (1P ) (1 (s, pY) | —1+ + _Pn
< f(Snt1,P*) ( s* > (s%7) P*f(snst,Pn)  flsSne,p*)  pP*

—mdz” [G <f(s*’p*)* ) +G (f(snfl'fn) a ) +G (Zlf“p*) +G <p?f(sn+l'p*)>]
f(sn+1,P*) f(s*,p*) znt1 Z"Pn+1 p*f(sni1,Pn)
pau® [G< (s*,p ) >+G< (snil,gn) u >+G <ur+1p >+G (p: (Sn+1,P ))]
f(sna1,P*) f(s*,p*) Unp1 UWPn+1 P*f(sni1,Pn)
Because f(s, p) is strictly increasing with respect to s, we obtain that

f(s*,p*) ) Snil
1———F ) (1— <0.
< f(sn+1,P*) < s* )

+npau’

*

+mpau”

Based on Remark 4.4, we have

Pn | Pnf(sni1,P) | flsni1,Pn) f(sni1,P*)\ (flsnt1,Pn)  Pn
-1-—= + =(1-— —— 1 <0
p* p*flsnt1,Pn)  f(Snt1,p*) f(snt+1,Pn)/ \ flsnt1,p*) P
Thus, U, is monotone decreasing sequence. Because U,, > 0, there is a limit 1i_r>n U, > 0. Therefore,
n 0
lgn AU, =0, which implies that hm 1 S = s* li_r>n zn =2z%, lim u, =u* and hrn 1 pn = P*. O
n o0 oo TL—)OO
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5. Numerical simulations

We perform our simulation by choosing Crowly Martin incidence rate

ksp
1+2As) (1+0p)’

where A > 0 and 0 > 0. Therefore, system (4.1)-(4.4) becomes

f(SIP) = (

(1—¢€) E5n+1pn

—s, =B —20 — , 5.1
(1—a)(1—e)kspni1pn

o, — —d i 52

I T T Nspy) (L Opy) 62
B okSp 11Pn B

Pn+1—Pn = Nzdzni1 + Nyaun 1 —Cpnta- (5.4)

For this system, the basic reproduction number is given by

v(1—e)ks®
Ry= ——""—.
c(1+2As9)
We verify the assumptions (Al)-(A4) as:
(1—¢€)ksp
= = =0 for all
f(s,p) A+ As) (11 6p) >0, and f(0,p) = f(s,0) =0foralls >0,p >0,
of(s,p)  (1—e)kp
s~ (170p) (11 As? >0 forall s >0, and p >0,
of(s,p) (1—e€)ks

= 5 forall s >0, and p >0,
op (1+As) (1+6p)

of(s,0) _ (1—e)ks >0 forall s >0,

op 1+As
d ([ 0f(s,0) (1—e)k
— = for all
ds( ap > (1+?\s)2>0 oralls >0,

d<f(s,p)): —OU=ekS _fforalls >0, and p > 0.
dp \ p

(1+As) (14 6p)?
Then, function f(s,p) satisfies Assumptions (A1)-(A4) and hence Theorems 4.3 and 4.5 are applicable for
such function.

Remark 5.1. We note that Assumptions (A1)-(A4) can also be satisfied for other types of the incidence rate

function such as: Beddington-DeAngelis incidence f(s,p) = H;fs%ep and Hill-type incidence f(s,p) =
ks™

o, M > 0.

The numerical simulations for system (5.1)-(5.4) will be conducted using the following data: = 10,
=001, xa =05 d=03,a =025 ¢ =2, N, =10, Ny, =5, A = 0.0001 and 6 = 0.0001. The other
parameters will be chosen as bellow.

Let us consider the initial values

IV1: s(0) =800, w(0) =10, u(0) =20, p(0) = 20,

IV2: s(0) = 600, w(0) =2, u(0) =15, p(0) =15,

IV3: s(0) =400, w(0) =5, u(0) =10, p(0) = 10.

Case (I) Effect of k of stability of equilibria:

We choose € = 0.5 and k is varied as:
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(i) k = 0.0001. This yields Ry = 0.1705 < 1. Figures 1-4 show that, the concentration of susceptible cells
increases and tends to the value s® = 1000. In addition, the concentrations of long-lived infected
cells, short-lived infected cells and free HIV decrease and tend to zero for the initial values IV1-IV3.
This shows that Q" is globally asymptotically stable and Theorem 4.3 is valid.

(ii) k = 0.001. With this value we obtain Ry = 1.7045 > 1. Figures 1-4 show that for the initial values
IV1-1V3, the solutions of the system tend to the equilibrium Q* = (564.4143,7.2953,8.7541,16.4141).
Therefore, Q* exists and it is globally asymptotically stable. This validate the result of Theorem 4.5.

Case (II) Effect of the drug efficacy € on the HIV dynamics:

For this case, we take IV2 and choose the value k = 0.001 and ¢ is varied. Figures 5-8 and Table 1 show
the effect of drug efficacy e on the stability of the system. We observe that, as € is increased, the infection
rate is decreased, then, the concentration of the susceptible cells are increased, while the concentrations
of the long-lived infected cells, short-lived infected cells and free HIV particles are decreased. In addition

(i) if € < 0.70666, then Q* is globally asymptotically stable;
(i) if e > 0.70666, then Q' is globally asymptotically stable.

1000 : Lo ZSssWwEETew -
Le-T22z2=7 R <1
PR 0
- -7
wr L7 0
’ ’ 4
’ 4 4
’ ’ K4
, 1, II
800 i
[
! ’
‘o
~ ‘.
gm0y,
/ 1
1
1 1
600 ! R0>1
1
1
500
/
400 | | | | | |
0 100 200 300 400 500 600

Figure 1: The simulation of susceptible cells of system

(5.1)-(5.4) for Case (I).

35

n

700

77

n . .
0 100 200 300

Figure 3: The simulation of long-lived infected cells of

system (5.1)-(5.4) for Case (I).

n

.
400
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30

25

=
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L
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L L L L .
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Figure 2: The simulation of short-lived infected cells of

system (5.1)-(5.4) for Case (I).
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Figure 4: The simulation of pathogens of system (5.1)-(5.4)

for Case (I).
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Figure 5: The simulation of susceptible cells of system
(5.1)-(5.4) for Case (II).

60

—e=0
— =03

50+ —e=0.5|
—e=0.7
— =09

40 1

£301
20
10
0 !
0 100 200 300 400 500 600 700

Figure 7: The simulation of long-lived infected cells of
system (5.1)-(5.4) for Case (II).
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Figure 6: The simulation of short-lived infected cells of
system (5.1)-(5.4) for Case (II).
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Figure 8: The simulation of pathogens of system (5.1)-(5.4)
for Case (II).

Table 1: The values of Ry for system (5.1)-(5.4) with different values of e.

€ Equilibria Ry

0 Q* 3.4091
0.3 Q* 2.3864
0.5 Q* 1.7045
0.7 Q* 1.0227

0.70666 Q° 1

0.8 QY 0.6818
0.9 QY 0.3409

References

[1] D.S. Callaway, A. S. Perelson, HIV-1 infection and low steady state viral loads, Bull. Math. Biol., 64 (2002), 29-64. 1, 1
[2] R. V. Culshaw, S. G. Ruan, A delay-differential equation model of HIV infection of CD4 " T-cells, Math. Biosci., 165

(2000), 27-39.


https://doi.org/10.1006/bulm.2001.0266
https://doi.org/10.1016/S0025-5564(00)00006-7
https://doi.org/10.1016/S0025-5564(00)00006-7

A. M. Elaiw, M. A. Alshaikh, J. Nonlinear Sci. Appl., 12 (2019), 420439 438

3]

R. V. Culshaw, S. G. Ruan, G. Webb, A mathematical model of cell-to-cell spread of HIV-1 that includes a time delay, .
Math. Biol., 46 (2003), 425-444. 1

D. Q. Ding, X. H. Ding, Dynamic consistent non-standard numerical scheme for a dengue disease transmission model, J.
Difference Equ. Appl., 20 (2014), 492-505. 1

D. Ding, W. Qin, X. Ding, Lyapunov functions and global stability for a discretized multigroup SIR epidemic model,
Discrete Contin. Dyn. Syst. Ser. B, 20 (2015), 1971-1981. 1

A. Dutta , P. K. Gupta, A mathematical model for transmission dynamics of HIV/AIDS with effect of weak CD4™ T cells,
Chinese J. Phys., 56 (2018), 1045-1056. 1

A. M. Elaiw, Global properties of a class of HIV models, Nonlinear Anal. Real World Appl., 11 (2010), 2253-2263.

A. M. Elaiw, Global properties of a class of virus infection models with multitarget cells, Nonlinear Dynam., 69 (2012),
423-435.

A. M. Elaiw, N. A. Almuallem, Global properties of delayed-HIV dynamics models with differential drug efficacy in
cocirculating target cells, Appl. Math. Comput., 265 (2015), 1067-1089.

A. M. Elaiw, N. A. Almuallem, Global dynamics of delay-distributed HIV infection models with differential drug efficacy
in cocirculating target cells, Math. Methods Appl. Sci., 39 (2016), 4-31.

A. M. Elaiw, N. H. AlShamrani, Stability of a general delay-distributed virus dynamics model with multi-staged infected
progression and immune response, Math. Methods Appl. Sci., 40 (2017), 699-719.

A. M. Elaiw, I. A. Hassanien, S. A. Azoz, Global stability of HIV infection models with intracellular delays, ]J. Korean
Math. Soc., 49 (2012), 779-794.

A. M. Elaiw, A. A. Raezah, Stability of general virus dynamics models with both cellular and viral infections and delays,
Math. Methods Appl. Sci., 40 (2017), 5863-5880.

A. M. Elaiw, S. A. Azoz, Global properties of a class of HIV infection models with Beddington-DeAngelis functional
response, Math. Methods Appl. Sci., 36 (2013), 383-394. 1

S. Elaydi, An introduction to Difference Equations: Third ed., Springer, New York, (2005). 4.2

Y. Enatsu, Y. Nakata, Y. Muroya, G. Izzo, A. Vecchio, Global dynamics of difference equations for SIR epidemic models
with a class of nonlinear incidence rates, ]. Difference Equ. Appl., 18 (2012), 1163-1181. 1

Y. Geng, J. H. Xu, J. Y. Hou, Discretization and dynamic consistency of a delayed and diffusive viral infection model, Appl.
Math. Comput., 316 (2018), 282-295. 1

K. Hattaf, A. A. Lashari, B. El Boukari, N. Yousfi, Effect of discretization on dynamical behavior in an epidemiological
model, Differ. Equ. Dyn. Syst., 23 (2015), 403—413. 1

K. Hattaf, N. Yousfi, A generalized virus dynamics model with cell-to-cell transmission and cure rate, Adv. Difference
Equ., 2016 (2016), 11 pages. 1

K. Hattaf, N. Yousfi, A numerical method for delayed partial differential equations describing infectious diseases, Comput.
Math. Appl., 72 (2016), 2741-2750. 1

K. Hattaf, N. Yousfi, A numerical method for a delayed viral infection model with general incidence rate, J. King Saud
Uni.-Sci., 28 (2016), 368-374.

K. Hattaf, N. Yousfi, Global properties of a discrete viral infection model with general incidence rate, Math. Methods
Appl. Sci., 39 (2016), 998-1004. 1, 4.2, 4.2

G. Huang, Y. Takeuchi, W. Ma, Lyapunov functionals for delay differential equations model of viral infections, SIAM J.
Appl. Math., 70 (2010), 2693-2708. 1

A. Korpusik, A nonstandard finite difference scheme for a basic model of cellular immune response to viral infection,
Commun. Nonlinear Sci. Numer. Simul., 43 (2017), 369-384. 1

J. P. Lasalle, The stability and control of discrete processes, Springer-Verlag, New York, (1986). 4.2

B. Li, Y. M. Chen, X. J. Lu, S. Q. Liu, A delayed HIV-1 model with virus waning term, Math. Biosci. Eng., 13 (2016),
135-157. 1

M. Y. Li, L. C. Wang, Backward bifurcation in a mathematical model for HIV infection in vivo with anti-retroviral treatment,
Nonlinear Anal. Real World Appl., 17 (2014), 147-160. 1

J. L. Liu, B. Y. Peng, T. L. Zhang, Effect of discretization on dynamical behavior of SEIR and SIR models with nonlinear
incidence, Appl. Math. Lett., 39 (2015), 60-66. 1

K. Manna, S. P. Chakrabarty, Global stability and a non-standard finite difference scheme for a diffusion driven HBV model
with capsids, ]. Difference Equ. Appl., 21 (2015), 918-933. 1

R. E. Mickens, Nonstandard Finite Difference Models of Differential equations, World Scientific Publishing Co., River
Edge, (1994). 1, 2

R. E. Mickens, Dynamics consistency: a fundamental principle for constructing nonstandard finite difference scheme for
differential equation, ]. Difference Equ. Appl., 11 (2005), 645-653. 2

P. W. Nelson, J. D. Murray, A. S. Perelson, A model of HIV-1 pathogenesis that includes an intracellular delay, Math.
Biosci., 163 (2000), 201-215. 1

M. A. Nowak, C. R. M. Bangham, Population dynamics of immune responses to persistent viruses, Science, 272 (1996),
74-79. 1

C. M. A. Pinto, A. R. M. Carvalho, A latency fractional order model for HIV dynamics, ]. Comput. Appl. Math., 312
(2017), 240-256.1


https://doi.org/10.1007/s00285-002-0191-5
https://doi.org/10.1007/s00285-002-0191-5
https://doi.org/10.1080/10236198.2013.858715
https://doi.org/10.1080/10236198.2013.858715
http://dx.doi.org/10.3934/dcdsb.2015.20.1971
http://dx.doi.org/10.3934/dcdsb.2015.20.1971
https://doi.org/10.1016/j.cjph.2018.04.004
https://doi.org/10.1016/j.cjph.2018.04.004
https://doi.org/10.1016/j.nonrwa.2009.07.001
https://doi.org/10.1007/s11071-011-0275-0
https://doi.org/10.1007/s11071-011-0275-0
https://doi.org/10.1016/j.amc.2015.06.011
https://doi.org/10.1016/j.amc.2015.06.011
https://doi.org/10.1002/mma.3453
https://doi.org/10.1002/mma.3453
https://doi.org/10.1002/mma.4002
https://doi.org/10.1002/mma.4002
https://doi.org/10.4134/JKMS.2012.49.4.779
https://doi.org/10.4134/JKMS.2012.49.4.779
https://doi.org/10.1002/mma.4436
https://doi.org/10.1002/mma.4436
https://doi.org/10.1002/mma.2596
https://doi.org/10.1002/mma.2596
https://www.springer.com/gp/book/9780387230597#aboutBook
https://doi.org/10.1080/10236198.2011.555405
https://doi.org/10.1080/10236198.2011.555405
https://doi.org/10.1016/j.amc.2017.08.041
https://doi.org/10.1016/j.amc.2017.08.041
https://doi.org/10.1007/s12591-014-0221-y
https://doi.org/10.1007/s12591-014-0221-y
https://doi.org/10.1186/s13662-016-0906-3
https://doi.org/10.1186/s13662-016-0906-3
https://doi.org/10.1016/j.camwa.2016.09.024
https://doi.org/10.1016/j.camwa.2016.09.024
https://doi.org/10.1016/j.jksus.2015.10.003
https://doi.org/10.1016/j.jksus.2015.10.003
https://doi.org/10.1002/mma.3536
https://doi.org/10.1002/mma.3536
https://doi.org/10.1137/090780821
https://doi.org/10.1137/090780821
https://doi.org/10.1016/j.cnsns.2016.07.017
https://doi.org/10.1016/j.cnsns.2016.07.017
https://doi.org/10.1007/978-1-4612-1076-4
http://dx.doi.org/10.3934/mbe.2016.13.135
http://dx.doi.org/10.3934/mbe.2016.13.135
https://doi.org/10.1016/j.nonrwa.2013.11.002
https://doi.org/10.1016/j.nonrwa.2013.11.002
https://doi.org/10.1016/j.aml.2014.08.012
https://doi.org/10.1016/j.aml.2014.08.012
https://doi.org/10.1080/10236198.2015.1056524
https://doi.org/10.1080/10236198.2015.1056524
https://books.google.com/books?hl=en&lr=&id=WC1qDQAAQBAJ&oi=fnd&pg=PR7&dq=Nonstandard+Finite+Difference+Models+of+Differential+equations&ots=ErWCtHX_wL&sig=FRle9g0oraPUQubbbItm7qsrhYo
https://books.google.com/books?hl=en&lr=&id=WC1qDQAAQBAJ&oi=fnd&pg=PR7&dq=Nonstandard+Finite+Difference+Models+of+Differential+equations&ots=ErWCtHX_wL&sig=FRle9g0oraPUQubbbItm7qsrhYo
https://doi.org/10.1080/10236190412331334527
https://doi.org/10.1080/10236190412331334527
https://doi.org/10.1016/S0025-5564(99)00055-3
https://doi.org/10.1016/S0025-5564(99)00055-3
http://doi.org/10.1126/science.272.5258.74
http://doi.org/10.1126/science.272.5258.74
https://doi.org/10.1016/j.cam.2016.05.019
https://doi.org/10.1016/j.cam.2016.05.019

A. M. Elaiw, M. A. Alshaikh, J. Nonlinear Sci. Appl., 12 (2019), 420439 439

(35]
[36]
(37]
(38]
(39]
[40]
[41]
[42]
[43]
(44]
(45]
[46]
[47]

(48]

W. D. Qin, L. S. Wang, X. H. Ding, A non-standard finite difference method for a hepatitis b virus infection model with
spatial diffusion, J. Difference Equ. Appl., 20 (2014), 1641-1651. 1

P. L. Shi, L. Z. Dong, Dynamical behaviors of a discrete HIV-1 virus model with bilinear infective rate, Math. Methods
Appl. Sci., 37 (2014), 2271-2280. 1, 2.1

X. Y. Shi, X. Y. Zhou, X. Y. Song, Dynamical behavior of a delay virus dynamics model with CTL immune response,
Nonlinear Anal. Real World Appl., 11 (2010), 1795-1809. 3

X. Y. Song, A. U. Neumann, Global stability and periodic solution of the viral dynamics, J. Math. Anal. Appl., 329
(2007), 281-297. 3

Z. D. Teng, L. Wang, L. F. Nie, Global attractivity for a class of delayed discrete SIRS epidemic models with general
nonlinear incidence, Math. Methods Appl. Sci., 38 (2015), 4741-4759. 1

L. C. Wang, M. Y. Li, Mathematical analysis of the global dynamics of a model for HIV infection of CD4™ T cells, Math.
Biosci., 200 (2006), 44-57. 1

J. P.Wang, Z. D. Teng, H. Miao, Global dynamics for discrete-time analog of viral infection model with nonlinear incidence
and CTL immune response, Adv. Difference Equ., 2016 (2016), 19 pages. 1, 1

J. Xu, Y. Geng, J. Hou, A non-standard finite difference scheme for a delayed and diffusive viral infection model with general
nonlinear incidence rate, Comput. Math. Appl., 74 (2017), 1782-1798.

J. H. Xu, J. Y. Hou, Y. Geng, S. X. Zhang, Dynamic consistent NSFD scheme for a viral infection model with cellular
infection and general nonlinear incidence, Adv. Difference Equ., 2018 (2018), 17 pages.

Y. Yang, X. S. Ma, Y. H. Li, Global stability of a discrete virus dynamics model with Holling type-II infection function,
Math. Methods Appl. Sci., 39 (2016), 2078-2082.

Y. Yang, J. L. Zhou, Global stability of a discrete virus dynamics model with diffusion and general infection function, Int.
J. Comput. Math., 2018 (2018), 11 pages.

Y. Yang, J. L. Zhou, X. 5. Ma, T. H. Zhang, Nonstandard finite difference scheme for a diffusive within-host virus dynamics
model both virus-to-cell and cell-to-cell transmissions, Comput. Math. Appl., 72 (2016), 1013-1020. 1

Y. Zhao, D. T. Dimitrov, H. Liu, Y. Kuang, Mathematical insights in evaluating state dependent effectiveness of HIV
prevention interventions, Bull. Math. Biol., 75 (2013), 649-675. 1

J. L. Zhou, Y. Yang, Global dynamics of a discrete viral infection model with time delay, virus-to-cell and cell-to-cell
transmissions, ]. Difference Equ. Appl., 23 (2017), 1853-1868. 1


https://doi.org/10.1080/10236198.2014.968565
https://doi.org/10.1080/10236198.2014.968565
https://doi.org/10.1002/mma.2974
https://doi.org/10.1002/mma.2974
https://doi.org/10.1016/j.nonrwa.2009.04.005
https://doi.org/10.1016/j.nonrwa.2009.04.005
https://doi.org/10.1016/j.jmaa.2006.06.064
https://doi.org/10.1016/j.jmaa.2006.06.064
https://doi.org/10.1002/mma.3389
https://doi.org/10.1002/mma.3389
https://doi.org/10.1016/j.mbs.2005.12.026
https://doi.org/10.1016/j.mbs.2005.12.026
https://doi.org/10.1186/s13662-016-0862-y
https://doi.org/10.1186/s13662-016-0862-y
https://doi.org/10.1016/j.camwa.2017.06.041
https://doi.org/10.1016/j.camwa.2017.06.041
https://doi.org/10.1186/s13662-018-1560-8
https://doi.org/10.1186/s13662-018-1560-8
https://doi.org/10.1002/mma.3624
https://doi.org/10.1002/mma.3624
https://doi.org/10.1080/00207160.2018.1527028
https://doi.org/10.1080/00207160.2018.1527028
https://doi.org/10.1016/j.camwa.2016.06.015
https://doi.org/10.1016/j.camwa.2016.06.015
https://doi.org/10.1007/s11538-013-9824-7
https://doi.org/10.1007/s11538-013-9824-7
https://doi.org/10.1080/10236198.2017.1371144
https://doi.org/10.1080/10236198.2017.1371144

	Introduction
	Discrete-time model
	Preliminaries
	Global Stability

	Model with saturated incidence
	Preliminaries
	Global Stability

	Model with general incidence
	Preliminaries
	Global stability

	Numerical simulations

