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Abstract

Based on the introduction of notions of S*-doubly continuous posets and B-topology in [T. Sun, Q. G. Li, L. K. Guo,
Topology Appl., 207 (2016), 156-166], in this paper, we further propose the concept of B-consistent S*-doubly continuous posets
and prove that the Oj-convergence in a poset is topological if and only if the poset is a B-consistent S*-doubly continuous
poset. This is the main result which can be seen as a sufficient and necessary condition for the O;-convergence in a poset being
topological. Additionally, in order to present natural examples of posets which satisfy such condition, several special sub-classes
of B-consistent S*-doubly continuous posets are investigated.
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1. Introduction and preliminaries

The concept of O-convergence in partially ordered sets (posets, for short) was introduced by Birkhoff
[1], Frink [5], and Mcshane [9]. It is defined as follows: a net (x;)ic1 in a poset P is said to O-converges to

x € P (we write (xi)ic1 9, X in this paper) if there exist subsets D and F of P such that

(1) D is directed and F is filtered;
(2) supD =x =infF;
(3) forevery d € D and e € F, d < x4 < e holds eventually, i.e., there exists iy € I such that d < x; < e for

all i > io.

As what has been showed in [18], the O-convergence (Note: in [18], the O-convergence is called order-
convergence) in a general poset P may not be topological, i.e., it is possible that P can not be endowed with
a topology such that the O-convergence and the associated topological convergence are consistent. Hence,
much works has been done to characterize those special posets in which the O-convergence is topological.
The most recent result in [13] shows that the O-convergence in a poset which satisfies condition (A) is
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topological if and only if the poset is O-doubly continuous. This means that for a special class of posets,
a sufficient and necessary condition for O-convergence being topological is obtained. For more results on
O-convergence, the reader can refer to [8, 10, 14, 17].

The O;-convergence is a special type of O-convergence in posets and was also introduced by Birkhoff
[1]. In fact, the O;-convergence in a general poset may also not be topological. To search those special
posets in which the O;-convergence is topological, Riecanova [11] proved that the Oj-convergence in
any separable strongly compactly atomistic orthomodular lattice is topological. This result clarified a
special condition of posets under which the O;-convergence is topological. However, to the best of our
knowledge, the equivalent characterization to the O;-convergence in general posets being topological is
still unknown.

We continue to consider the Oj-convergence in poset with the aim of establishing the equivalent
characterization to the Oj-convergence in general posets being topological. More specifically, given a
general poset P, we hope to clarify the order-theoretical condition of P which is sufficient and necessary
for the associated O;-convergence being topological. To this end, in Section 2, we propose the notion of
B-consistent S*-doubly continuous posets by introducing condition (), and then obtain the main result
of this paper, that is: given a poset P, the Oj-convergence in P is topological if and only if P is a B-
consistent S*-doubly continuous poset if and only if the O;-convergence and the topological convergence
with respect to the B-topology on P are consistent. In Section 3, we study several special sub-classes of
B-consistent S*-doubly continuous posets.

Some conventional notions will be used in the sequel. Throughout this paper, given a set X, F C X
means that F is a finite subset of X. Let P be a poset and x € P, 1x and |x are always used to denote the
principal filter {y € P : y > x} and the principal ideal {z € P : z < x} of P, respectively. P is said to be bounded
if it has the least element L and the largest element T. Given a poset P and A C P, by writing sup A we
mean that the least upper bound of A in P exists and equals to sup A € P; dually, by writing inf A we
mean that the greatest lower bound of A in P exists and equals to inf A € P. And the set A is called an
upper set if A =1TA ={b € P: (Ja € A) a < b}, the lower set is defined dually.

Given a topological space (X, T) [4, 7] and a net (xi)ic1 in X, we take (xi)ier 7, x € X to mean that the

net (xi)ie1 converges to x with respect to the topology 7.
To make this paper self-contained, we briefly review the following notions and propositions.

Definition 1.1 ([6]). Let P be a poset and x,y,z € P. We say y < x if for every directed subset D of P with
x < sup D, there exists d € D such that y < d; dually, we say z > x if for every filtered subset F of P with inf F < x,
there exists e € F such that e < z.

Remark 1.2 ([6]). Let P be a poset and x,y,z,a,b,c,d € P. Then

DD x<<y=x<yandz>x=2z 2= x;
2)as<x<Ky<b=a<g<bandczz>x>d=c>d.

Definition 1.3 ([16]). A poset P is called a doubly continuous poset if for any x € P, the set{y € P : y < x}is
directed, the set {z € P : z> x} is filtered and sup{y € P:y < x} =x =inflz € P: z>x}.

Remark 1.4 ([15]). Let P be a doubly continuous poset and x,y,z € P. If x < y, then there exists a € P such that
X < a < y; dually, if z > x, then there exists b € P such that z> b > x.

Example 1.5 ([3, 19]).

(1) Chains, antichains, and finite posets are all doubly continuous posets.

(2) Every completely distributive lattice is a doubly continuous lattice. But the converse may not be true. For example,
every non-distributive finite lattice is a doubly continuous lattice, but not a completely distributive lattice. In fact,
it has been shown that L is a completely distributive lattice if and only if it is a distributive doubly continuous
lattice.
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Definition 1.6 ([12]). Let P be a poset and x,y,z € P. We define y<sx if for every directed subset D of P with
supD = x, there exists d € D such thaty < d; dually, we define z>sx if for every filtered subset F of P with
inf F = x, there exists e € F such that z > e.

In what follows, for a poset P and x € P, we denote

(1) Isx={aeP:aksx}, fsx ={b € P:xksb};
2) llsx ={ceP:x>sc}, Tsx ={d € P: d>sx}.

Definition 1.7 ([12]). A poset P is said to be S-doubly continuous if for every x € P, the sets {lsx and Tsx are
directed and filtered, respectively, and sup {}sx = x = inf [Tsx.

Definition 1.8 ([12]). An S-doubly continuous poset P is said to be S*-doubly continuous if for every x € P,y € |sx
and z € sx, there exist yp € {sx and zg € Tsx such that TyoNlzp € sy N llsz.

Proposition 1.9 ([12]). If P is a doubly continuous poset, then P is S*-doubly continuous.

Definition 1.10 ([6]). Let P be a poset and U C P. U is said to be Scott open if and only if the the following two
conditions are satisfied:

(1) U =1U, that is to say, U is an upper set;
(2) supD e Uimplies D N'U # () for every directed subset D of P.

It can be formally verified that the collection of all Scott open subsets of P forms a topology on P,
which is called the Scott topology and denoted by op.

2. B-consistent S*-doubly continuous posets

In this section, the O1-convergence in posets is reviewed. Then, a special class of S*-doubly continuous
posets, named B-consistent S*-doubly continuous posets, is introduced. Finally, we present a sufficient
and necessary condition of a general poset which can precisely serve as an order-theoretical condition for
the associated O-convergence being topological.

Definition 2.1 ([1]). Let P be a poset. A net (xi)ic1 in P is said to O1-converges to x € P if there exist nets (ui)ic1
and (vi)ier in P such that

(O1) (ui)ier is an increasing net, i.e., uj, < uy, forany iy,i, € I'withi; < ip, and (vi)icy is a decreasing net, i.e.,
Vi, = Vi, forany iy,1p € IT'with i < ip;

(02) uy <xy<viforalliel;

(03) supfuj:ie I} =x=inflv; :i eI}

In this case, we write (xi)ic1 &> X.

It is worth noting that if (xi)icr is a net in a poset P, then (xi)iec1 &> x € P implies (xi)ier O, x. But
the converse implication may not be true. This fact can be illustrated by the following Example 2.2.
Example 2.2. Let P = {a,b,x} witha < xand b < x,and [ ={1,2,3} with 1 < 2 < 3. And let (xi)ic1 be the net
defined by x; = a,x, = b and x3 = x. By the definition of O-convergence, it is easy to verify that (xi)ic1 AN

Suppose (xi)ic1 1, . Then there exist an increasing net (ui)ic1 and a decreasing net (vi)ic1 which satisfy the
conditions (0O2) and (O3) in Definition 2.1. By (02), we have u; < x; = a < vy and up < x2 = b < vy, which
implies that u; = a,uy = b and u; € up. This contradicts the fact that (1;)ic1 is an increasing net. Thus, the net
(xi)ie1 does not O1-converge to x.

Remark 2.3. Let P be a poset and (xi)ic1 a netin P.
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(1) Tf (xq)ic1 is a constant net in P with value x, then (xi)ic1 &> x since the increasing net (u)ic1 defined by
u; = x for all i € I and the decreasing net (v;)ic1 defined by vi = x for all i € I satisfy the conditions (O2) and
(03) in Definition 2.1.

(2) Suppose (xi)ic1 O, x € P. Then there exist an increasing net (uj)ic1 and a decreasing net (vi)icy in P that
satisfy the conditions (O2) and (O3) in Definition 2.1. This can imply that the subsets {u; : 1 € I} and {v; : i € I}
of P are directed and filtered, respectively.

(3) The Op-convergent point of a net (xi)icy in P, if exists, is unique. Indeed, suppose (Xxi)ic1 &> x1 € P and
(xi)ier O xp € P. Then we have (xi)ic1 o, x1 and (Xi)ier 9, xp. By Remark 2.3 (2) (the O-convergent
point of a net (xi)ic1 in P, if exists, is unique.) in [19], x; = x».

(4) Let D be a directed subset of P and F a filtered subset of P such that sup D and infF exist. Define the net
(xda)daep by xq = d for all d € D and the net (ye)ecror by ye = e forall e € F. Then (xq)aeD O, sup D

and (Ye)ecFor O infF.

Next we recall the definition and the fundamental properties of B-topology on posets, which has been
introduced in [12].

Definition 2.4 ([12]). Given a poset P, a subset Ll C P is called a B-open set if for any filter F in P that order-
converges to x € U, there exists F € J such that F C U. (Note: for the definition of order-convergence in posets, one
can refer to Definition 2.1 in [12].)

For a poset P, let Tp denote the set of all B-open subsets of P. It is routine to check that Jp forms a
topology on P. And this topology is called the B-Topology on P.

Proposition 2.5 ([12]). Let P be a poset and U C P. Then U € Tp if and only if for any directed subset D of P and
any filtered subset F of P with sup D = infF = x € U, there exist dy € D and ey € F such that Tdo N ey C UL

Recall that given a topological space (X, T), a subfamily B of T is called an open base for the topological
space (X,7T) (sometimes, called an open base of 7) if B C T and for every point x € X and every
neighborhood V of x there exists U € B such thatx € U C V.

Theorem 2.6 ([12]). If P is S*-doubly continuous, then Bp = {{{sy N llsz : y,z € P} forms an open base of the
B-topology Tp.

Definition 2.7 ([16]). Let P be a poset. A family op of subsets of P is called the Bi-Scott topology on P if op =
op V opor, where POP is the dual poset of P. Obviously, 6p has an openbase B ={UNV:U € op,V € opor}.

Theorem 2.8 ([12]). Let P be a doubly continuous poset. Then Gp = Tp.

Depending on the introduction and discussion of B-topology on posets [12], we are now in the position
to clarify the order-theoretical condition for posets, under which the O;-convergence is topological.

Definition 2.9. The O;-convergence in a poset P is said to be fopological if there exists a topology T on P such that
T 0
(xi)ier = x € P <= (xi)ier — x.

Definition 2.10. An S*-doubly continuous poset P is said to be consistent with respect to the O1-convergence (for
short, B-consistent) if it satisfies the following condition for any net (x;)ic1 in P and any x € P:

xi € TyNlz eventually forany y € {sx and z € [Tgx = (Xi)ier 91y (%)

Lemma 2.11. If P is a B-consistent S*-doubly continuous poset, then the O1-convergence in P is topological.
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Proof. By Remark 2.3 (2) and Proposition 2.5, it is not difficult to show a net

o T
(xi)ie1 —> X € P = (xi)ie1 —2 .

To prove the theorem, it suffices to show a net
T 0,
(xi)ier = x € P = (xi)ie1 — X.

Now we suppose the net (xi)ic1 7%, x. For any y € {sx and z € T]sx, since P is an S*-doubly continuous poset,
there exist yp € {sx and zg € Isx such that TypoNlzg C sy N |l sz. According to Theorem 2.6, we have that
xi € f'syo N |lszp eventually. Thus x; € syo N llszo € TyoNlzo C ftsynN sz € ty N}z holds eventually. It

follows from the assumption of P satisfying condition (x) that the net (xi)ic1 9y Ul
Conversely, we have the following Lemma.

Lemma 2.12. [f the O1-convergence in a poset P is topological, then P is a B-consistent S*-doubly continuous poset.
The proof of Lemma 2.12 is divided into the following three steps (Facts 2.13, 2.14, and 2.15).

Fact 2.13. If the Oq-convergence in a poset P is topological, then P is an S-doubly continuous poset.

Proof. Suppose that the O1-convergence in P is topological. Then there exists a topology T on P such that a net

0 T
(xi)ie1 — x &= (xi)iel — X

for every x € P. Let D = {(w, W) € (UNy) x Ny : w € W}, where Ny, ={W € T: x € W}. Define the order < on
D by
(V(w1, W1), (w2, W2) € D) (w1, W) < (w2, Wa) <= W, C W.

It can be verified straightforwardly that < is a preorder and D is directed. Let x(,, w) = w for every (w, W) € D.
Then for any V € Ny, we have that x,, ) = w € W C V for every (w,W) > (x,V). This means

the net (X(y,w)) (w,W)eD T, X. Hence (X(w,w)) (w,Ww)eD 91« And thus, there exist an increasing net
(U(w,w)) (ww)ep and a decreasing net (V(y, w))(w,w)ep satisfying the conditions (O2) and (O3) in Definition
2.1.

Let D = {upy,w) : (W, W) € D}and F = {v(,, w) : (W, W) € D}. Then by Definition 2.1 and Remark 2.3 (2),
D is directed, F is filtered, and sup D = x = inf F. For every d = u(y,,, w,) € D and e = v(y,,, w,) € F,as (W, W N
Wa) = (wq, Wy), (w2, W>) for every w € W1 NW,, we can conclude that d = Uy, w,) < Umo,winw,) <
X(w,WinW,) =W < Vi WinW,) < Viw, W,) = € for each w € W N Wa, which implies W1 "W, C td N Je. Let
D’ be a directed subset of P with sup D’ = x. Consider the net (x4+)q/cp- defined by x4 = d’ forall d’ € D’. By

Remark 2.3 (4), the net (xq/)a/ep- 91, \. This implies the net (xq/)a/ep- 5 X. Thus, there exists dj € D’ such
thatxqr = d’ € WiN'W, C tdNleforevery d’ > dj. In particular, we have Xap = dy € 1d N le, and thus d<sx.
Because d is arbitrarily taken from D, we have D C |sx and supD = sup |sx = x. For y;,y> € |sx, since D
is directed and sup D = x, by the definition of <, there exist d, d> € D such that y; < d; and yp < dp. Hence
there exists dg € D C | sx such thaty; < d; < dp and ys < dp < dg. Therefore, the set {}sx is directed. It can be
similarly proved that the set Tsx is filtered and inf 7T sx = x. Therefore, P is S-doubly continuous. O

Fact 2.14. If the O;-convergence in a poset P is topological, then P is an S*-doubly continuous poset.

Proof. Foranyy € {sxand z € 1]sx, it follows from the definitions of <(s and t>g that there exist dy = Wy, W) €
D and e; = v, w,) € F such that y < dy and e, < z. By the discussion in Fact 2.13, we have W3 N Wy C
tdynle, Ctynilz. Iy ={tanlb:ac sx &b € Tsx}and [y = {(k,K) € (UL,) x I} : k € K}. And define
the order < on Iy by

(V(k1, K1), (k2, K2) € Ip) (ki1, K1) < (ko, K2) <= K C K;.
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One can easily check that < is a directed preoder. Let x(x k) = k, U x) = a and v k) = b for every (k,K) =
(k,fan|b) € Ip. Then the nets (x(i x))(kKk)e1,> (U(kK))(kK)e1, (increasing) and(v(y x))(k k)e1, (decreasing)
satisfy the conditions (O2) and (O3) in Definition 2.1, and hence the net (x(i k))(k,k)eI, &> x. Thus, the net

(X(,k)) (k,K) €T, 7, x. This means that there exists (ko, Ko) = (ko, Tyo Nlzp) € Iy, where yo € {sx and zy € Tsx,
such that x(, k) = k € W3NWy C tdy Nle, € Ty Nz forall (k,K) = (ko,Ko). In particular, it holds that
(k, Ko) = (ko, Ko) for all k € Ko, which implies x(y k,) = k € W3NWy C tdy Nle, € tynlzforall k € K.
Thus, we conclude that Ko = TypoNlzg € W3 NWy Ctdy Nle, Ctynlz.

We finally show TyoNJzg € fisy N |lsz. Suppose that D" is a directed subset of P with supD” = r €
tyo N zo. Then by Remark 2.3 (4), the net (xq~)qrep~ defined by xq» = d” for all d”” € D" O1-converges to T,

and thus the net (xgq~)qrepr Ty v It follows that there exists d{/ € D" such that Xqy = df e WsnW, Ctynlz,
which implies y<gr. It is analogous to prove zt>sr. Hence, we have Typ Nlzg C ffsy N || sz. Therefore P is an
S*-doubly continuous poset. O

Fact 2.15. If the O;-convergence in a poset P is topological, then P satisfies condition (x).

Proof. Let (x;)jey beanetin P withx; € Ty ]z eventually foranyy € |sx and z € [Tsx. By what has been shown

in Fact 2.14, the net (x (i x)) (k,k)eI, 7, X. This means that for every W € Ny there exists (k1, K1) = (K1, Ty1 N
lz1) € Ip, where y1 € |sx and z; € Tsx, such that x(, k) = k € W for all (k,K) > (ki,Kq). In particular,
(k, K1) = (k1,Kq) for all k € Ky, ie., x(xk,) = k € W for all k € Ky, which implies K; = ty; N]z; € W.

By the assumption that x; € Ty; N]z; € W eventually, it follows that the net (x;)jej T x. Therefore, the net

(x5)5e7 91, . This shows P satisfies condition (*). O

The combination of Lemma 2.11 and Lemma 2.12 gives the main result of this paper.

Theorem 2.16. For a poset P the following statements are equivalent:

(1) The Oq-convergence in P is topological.
(2) P is a B-consistent S*-doubly continuous poset.

T
3) For any net (Xi)iel inP, (Xi)iel &> X € P<«— (Xi)iel Py x.

Proof.

(H)=-(2): By Lemma 2.12.

(2)=(3): By the proof of Lemma 2.11.

(3)=(1): Itis straightforward. O

Corollary 2.17. Let P be a B-consistent doubly continuous poset. Then
(1) The Oq-convergence in P is topological.

(2) For any net (xi)ic1 in P, (xi)ie1 R (xi)ie1 Ty
(3) For any net (xi)ic1 in P, (xi)ie1 O e P = (xi)ie1 P x.
Proof.

(1): By Proposition 1.9 and Theorem 2.16.

(2): By Proposition 1.9 and Theorem 2.16.
(3): By Theorems 2.8 and 2.16. O

3. Special B-consistent S*-doubly continuous posets

In this section, we will discuss several special B-consistent S*-doubly continuous posets. We first give
a basic property of B-consistent S*-doubly continuous posets.
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Proposition 3.1. Every B-consistent S*-doubly continuous poset is bounded.

Proof. Suppose that P is a B-consistent S*-doubly continuous poset. Let I = P U{0, 1} and define the order < on I
as follows: 0 < 1 < 1 forevery i € 1. Then I is directed since 1 is the largest element in I. For every x € P, let
xo =x1 = xand x; = iforalli € P. Since x; =x € fyN ]z foreveryy € Jsx and z € 1] sx, by condition (x), the

net (xi)icr O x. This means that there exist an increasing net (uj)ic1 and a decreasing net (vi)ic1 satisfying the
conditions (O2) and (O3) in Definition 2.1, which implies that ugp < x; =1 < vg for all i € P. Thus uyg is the least
element in P and vy is the largest element in P. Therefore, P is bounded. OJ

A ordinal number A, from the order-theoretical point of view, is indeed a linearly ordered set of which
every nonempty subset has the least element. It is easy to see that if a subset Ag of A has an upper bound
in A, then sup Ag = min U(Ag), where U(Ag) is the set of all upper bound of Ag in A. One can refer to [2]
for a more detailed discussion about ordinal numbers.

Let P and Q be two posets. A mapping f: P — Q is an order embedding if for any x,y € P, f(x)<qf(y)
in Q if and only if x<py in P. Similarly, a mapping g : P — Q is a dual order embedding if for any x,y € P,
g(x)<q g(y) in Q if and only if x>py in P. We should note that both f and g are injective but need not to
be bijective.

Let P and Q be two posets and Q1,Q2 € Q. An order embedding f : P — Q is said to be cofinal in
Qi if f(P) € Qq, and for any q; € Q; there exists p; € P such that f(p1)>gq;. Similarly, a dual order
embedding g : P — Q is said to be dually cofinal in Q if g(P) C Q2, and for any q> € Q there exists
P2 € P such that g(p2)<gqa.

Definition 3.2. An S*-doubly continuous poset P is called locally ordinal embedded if for every x € P, there exist
ordinal numbers Ay, [Ly, an order embedding fyx : Ay — P and a dual order embedding g : iy — P such that fy is
cofinal in {}sx and g is dually cofinal in Tsx.

Proposition 3.3. Let P be an S*-doubly continuous poset. If P is locally ordinal embedded and bounded, then it is
B-consistent.

Proof. Suppose that an S*-doubly continuous poset P is locally ordinal embedded and bounded. Then for every
x € P, there exist ordinal numbers Ay, [Ly, an order embedding f : Ax — P and a dual order embedding g : 1y — P
such that fy is cofinal in {sx and gy is dually cofinal in {Tsx. Let (xi)ic1 be a net in P with that x; € Ty Nz
eventually for every y € |Jsx and z € [ sx. For every i € I, we define

X, Aer:(Vj=1ix5 = fx(A)}=A
Ui = ¢ fr(suph € A (Vi = 1)x5 = fx(N)}), 0 AN €A (V) = 15 > f (N} & Ay,
1, Aer:(Vj=1ix = 1f(A)}=0,
and
X, {hepx: (Vi Zi)x < gx(p)} =y,
Vi =9 gx(sup{p € px 1 (Vj = 1)x5 < gx (W)}, D #{n € px: (Y = 1)x5 < gx(W} & 1y,

where | and T are the least and largest elements of P, respectively .
It is tedious but straightforward to check that the nets (1 )ic1, (vVi)ie1 are respectively increasing and decreasing,

and satisfy the conditions (02) and (O3) in Definition 2.1. Thus the net (xi)ic1 &> x. By Definition 2.10, P is
B-consistent. O

Definition 3.4. We say that an S*-doubly continuous poset P is locally countable if |{}sx|,|1Tsx| < wq for every
x € P, where [|sx| and |{Tsx| denote the cardinalities of the sets {lsx and {]sXx, respectively, and wy is the first
infinite cardinal number.

Proposition 3.5. Let P be an S*-doubly continuous poset. If P is locally countable, then P is locally ordinal embedded.
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Proof. For every x € P, we consider the following two cases:

(Case 1.) If x € sx, let Ax = 1 and define fy : 1 — P by f(0) = x. Now we can easily see that f,, : 1 — P is an
order embedding and is cofinal in {sx.

(Case 2.) If x &€ |sx, then |lsx is directed and |{}sx| = wq since P is S*-doubly continuous and locally countable.
Without loss of generality, we assume {sx = {yo, Y1,Y2,Y3, ...} Let Ax = wy and define fy : wg — P by inductive
approach with respect to wy:

(Step 1.) Let fx(0) = yo.

(Step 2.) Suppose that all of £y (0), f (1), fx(2), ..., fx(n) have been defined. Then we can take a y™*! € ||sx such
that y™*! > y; and y™*! > £, (1) forall i < n. Now let f(n+1) = yn+l,

It is clear that fy : wg — P is an order embedding which is cofinal in {}sx.

In sum, we have proved that there exist an ordinal numbers A, and an order embedding fyx : Ax — P such that
fx is cofinal in {}sx. It can be similarly showed that there exist an ordinal numbers . and a dual order embedding
gx : Ux — P such that gy is dually cofinal in {]sx. Hence P is locally ordinal embedded. Ul

Definition 3.6. An S*-doubly continuous poset P is said to be weakly locally countable if for every x € P there always
exist a countable directed subset D of || sx and a countable filtered subset Fy of 1]sx such that sup Dx = x = inf Fy.

Proposition 3.7. Let P be an S*-doubly continuous poset. If P is weakly locally countable, then P is locally ordinal
embedded.

Proof. Suppose that an S*-doubly continuous poset P is weakly locally countable. Then for every x € P, there exist
a countable directed subset Dy of |lsx and a countable filtered subset Fy of TTsx such that sup Dy = x = infFy.
By the technique of induction used in the proof of Proposition 3.5, we can get ordinal numbers Ay, [Lx, an order
embedding fx : Ax — P and a dual order embedding g« : px — P such that fy is cofinal in Dy and gy is dually
cofinal in Fy. Furthermore, One can easily check by the definitions of <g and [>g that fy is also cofinal in {sx and
g« is dually cofinal in 1T sx. Hence P is locally ordinal embedded. O

Theorem 3.8. If P is an S*-doubly continuous, locally ordinal embedded and bounded poset, then the O1-convergence
in P is topological.

Proof. Straightforwardly from Theorem 2.16 and Proposition 3.3. O

Corollary 3.9. Let P be a poset. Then

(1) If P is S*-doubly continuous, bounded and locally countable, then the O1-convergence in P is topological.

(2) If P is a countable poset, i.e., |P| < wy, then the O1-convergence in P is topological if and only if P is S*-doubly
continuous and bounded.

(3) If P is a finite poset, i.e., |P| < wy, then the O1-convergence in P is topological if and only if P is bounded.

Proof.
(1): Straightforwardly follows from Proposition 3.5 and Theorem 3.8.

(2): Let P be a countable poset. If the Oj-convergence in P is topological. Then, by Theorem 2.16, P is a B-
consistent S*-doubly continuous poset. It follows from Proposition 3.1 that P is bounded. Conversely, suppose that P
is S*-doubly continuous and bounded. Since P is a countable poset, it is locally countable. By Proposition 3.5, P is
locally ordinal embedded. Thus we can conclude by Theorem 3.8 that the O1-convergence in P is topological.

(3): Itis straightforwardly from (2) if we notice the fact that every finite poset is a doubly continuous poset and hence

an S*-doubly continuous poset. O

Definition 3.10. An S*-doubly continuous poset P is said to be locally complete if for any x € P, A C |lsx and
B C 1Tsx, both of sup A and inf B in P exist.
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Proposition 3.11. If P be an S*-doubly continuous, locally complete and bounded poset, then P is B-consistent.

Proof. Suppose P is an S*-doubly continuous, locally complete and bounded poset. Let (xi)ic1 be a net in P with
that x; € Ty Nz eventually for every y € |lsx and z € T]sx. For every i € I we define

o sup{y’ e dsx: (Vj = i)x5 >y’ {y' edsx: (Vj =i =>y'} #0,
L {y’ € lsx: (Vj = 1x5 >y} =0,
and dually define
o inflz’ € MTsx: (Vj > i)x; <z2'}, {2/ € 1lsx: (Vi =i <z} #0),
ST, {z/ € MMsx: (¥ = 1)x <z} =0,

where, 1 and T are the least element and largest element of P, respectively.
One can straightforwardly verifies that the increasing net (1;)ic1 and decreasing net (v;)i¢c1 satisfy the conditions

(02) and (0O3) in Definition 2.1. Hence the net (xi)ic1 &> X. Thus, P is B-consistent. O
€

Theorem 3.12. If P is an S*-doubly continuous, locally complete and bounded poset, then the O1-convergence in P
is topological.

Proof. Straightforwardly from Theorem 2.16 and Proposition 3.11. UJ

Corollary 3.13. Let P be a poset.

(1) If P is a complete lattice, then the O1-convergence in P is topological if and only if P is S*-doubly continuous.
(2) If P is a completely distributive lattice, then the O1-convergence in P is topological.
(3) If P is a complete chain, then the O1-convergence in P is topological.

Proof.

(1) Let P be a complete lattice. If the O1-convergence in P is topological, then P is S*-doubly continuous by Theorem
2.16. Conversely, suppose P is an S*-doubly continuous poset. Since P is a complete lattice, it is locally complete
and bounded. By Theorem 3.12, the O;-convergence in P is topological.

(2) Noticing that every completely distributive lattice is doubly continuous, and hence is S*-doubly continuous, by
(1), the Oq-convergence in P is topological.

(3) Noticing that every complete chain is completely distributive, by (2), the O1-convergence in P is topological. []
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