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Abstract

We analyze the role of the age structure of a prey in the dynamics of a tritrophic model. We study the effect of predation
on a non-reproductive prey class, when the reproductive class of the prey has a defense mechanism. We consider two cases
accordingly to the interaction between predator and reproductive class of the prey. In the first case, the functional response is
Holling type II and it is possible to show up to two positive equilibria. When we consider a defense mechanism the functional
response is Holling type IV. In both cases, we show sufficient parameter conditions to have a stable limit cycle obtained by a
supercritical Hopf bifurcation. Some numerical simulations are carried out.
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1. Introduction

The mathematical modelling has become a very useful tool in ecology because it can be used to answer
general or specific questions about an ecosystem. One of the interactions between species that has been
most studied is the predator-prey type. Its study began with the Lotka-Volterra model, from which
other models have been obtained considering more variables and more parameters in order to be closer to
reality, [13]. For example, it has been included the carrying capacity, the handling time, the interference
among predators and defense mechanism, among others. Since the age specific fecundity or fertility rate
of a population is one of the most fundamental parameter in both the theory and practice of populations
dynamics, [3], the study of age structured models is a topic of ecological interest.

The analysis of prey-predator interaction with age structure has been approached with different mod-
els. At first, the structure of ages was considered in the predator population, such is the case of Bed-
dington et al. work, who studied a difference equations system dividing the predator population into the
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young and adult class and assuming that each one has a different attack rate. They showed that stable
coexistence is possible, [1]. Hasting et al. analyzed a differential equations system with age structure in
the predator. They proved the existence of stable equilibria and determined the effect of age structure,
[6]. Cushing et al. studied an integro differential equations system derived from the McKendrick model.
They considered an age structure in the predator and proved the parameter conditions to have the coex-
istence, [3]. Toth analyzed the effects of age structure on the predator prey resource chemostat model, he
proved the coexistence equilibrium and the parameter condition to have a Hopf bifurcation, [19]. Xi et
al. analyzed a delayed tritrophic food chain model with stage structure in predator and superpredator
populations. They determined sufficient conditions to have positivity and permanence in the solution of
the system, [20].

On the other hand, in nature it has also been found predators that eat only adults, or immature prey, it
is the cicada case, which is preyed only in adult stage, or some species of perch which feed on immature
prey, [9-11]. Hence, it is important to study the model with age structure in the prey population. Zhang
et al. considered a predator prey model with two stage structure in the prey (immature and mature).
They supposed that predator feeds only on the immature class with Lotka-Volterra functional response
and they obtained necessary and sufficient conditions for the coexistence or extinction. Falconi, analyzed
a predator prey model, dividing the prey population in the reproductive and non reproductive class.
He considered three different functional responses to predation on the nonreproductive class and he
showed the conditions to have the coexistence, [5]. More recently, it has been considered the analysis of
predator prey systems with age structure in the population prey or in the population predator. Tang et al.
analyzed a predator prey model with age structure in the predator population. They showed the existence
and uniqueness of positive equilibrium and exhibit a Hopf bifurcation, [18]. Promrak et al. considered a
predator prey model with age structure in the prey population. They showed the stability solutions and
the bifurcation diagrams of the system, [15].

In this paper we analyze a tritrophic model focusing on two classes (reproductive and nonreproduc-
tive) in the prey population. Reproductive population will be denoted as w, the non-reproductive by x,
the predator and superpredator populations by y and z, respectively. We will assume that the predator
population attacks in a different way to the two classes in the prey. The non-reproductive class contains
the oldest organisms and its interaction with the predator is of a Lotka-Volterra type . The interaction
between the reproductive population and predator is modeled by a functional response Holling type II or
IV, this last functional response considers a defense mechanism in the reproductive class. Explicitly, we
have the following differential equations system

dw =wp (1— W+X> —fi(w,x)y —vw, dx =vw—dix — azxy,

?1; " ay “ d azy (1.1)
z 2

=2 — ciyfi(w, Ay — 22, 2o —d

It c1yfi(w,x) + crazxy 2y ot bzz T c;;y n bzz 3z

We consider two cases, which are obtained by considering that the functional response fi(w,x) =
e OF filw,x) = (53— Even though these functional responses are not precisely of the classi-
cal Holling type (see for instance [4, 17]), through this paper we will call them of Holling type II and
IV, respectively. We assume that the birth rate of the non reproductive population is proportional to
the reproductive one with proportionality constant v, hence the non reproductive population does not
extinguish unless the reproductive class does.

For ecological reasons, all the parameters are positive and we restrict our analysis to the positive set

r={wxy,z) eR*:w>0 x>0,y>0,z>0}.

2. Criteria for stability and Hopf bifurcation

In next lemma we characterize under some hypothesis the Routh-Hurwitz test, [16], and the necessary
condition to have a Hopf bifurcation.
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Let pol(A) = A* + AA% + AxA% + A3A + A4 be the characteristic polynomial for the linear approximation
of the system (1.1) at some equilibrium point P. Set
EQ := AZA; — A1AsA; + A2 (2.1)
On the other hand, to have a Hopf bifurcation of the differential system (1.1) at P it is needed that the
characteristic polynomial pol(A) at P factorizes as
A=A A=A (A2 +w?), w>0. (2.2)
In this notation we state the following criteria which will be used later.
Lemma 2.1. If A; > 0,1=1,...,4, the following statements hold.

(i) The equilibrium point P is locally asymptotically stable if and only if EQ < 0.
(ii) Assume that pol(A) factorizes as in (2.2). Then, its roots are

—ALE (AT — 4, +dw?
2

w =44/ — and )\3/4 =

if and only if EQ = 0.
Proof. We prove (i). Under the hypothesis, the claim follows directly observing that the Hurwitz determi-
nants for pol(A) are given by
det; = A1, dety = AjA; — A3, detz = —A% + A%(—Azl) + A1ALA3, dety = —Ay(—A1A A3+ A% + A%/\4)
and all are positive if and only if A, > %. We now prove (ii). Assume that pol(A) is as in the
hypothesis. Then it factorizes as
PA) = (A=) (A — a2) (A + w?),

where w > 0 if and only if

Al =—(og + ), Ar=(w?+oqon), Az=—(a1+0)w?, A= ajow?.
Equivalently,
Az = (W +x0n), Az=Ajw?, Ay=xonw’
That is,
oo = Ay — w?, Az = Alwz, Ay = oqoczwz.
Equivalently,
(A1 —o)on = Ay — //: and Ay = (Az - //:?) /Qi'
that is,
o+ Ajon + % =0and A2A; — A 1AA3 + A% =0.

This completes the proof. 1 O

Along this paper, the transversality condition to have a Hopf bifurcation will be computed by means
of the following result that appeared as an exercise in [7, p. 189].

Proposition 2.2. Let M(t) be a parameter-dependent real (n x n)-matrix which has a simple pair of complex
eigenvalues &(t) = iw(T) such that &(t9) = 0 and w(tg) := wo > 0. Then, the derivative of the real part of the

complex eigenvalues is given by
a0 pefotr (M)
3o (To) =Re <P < ) q>> ,

where p, q € C™ are eigenvectors satisfying the normalization conditions
p-q 8 g

M(To)q = iwpq, M'"(to)p = —iwpp, and p'"-q=1.
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3. Case f1(w,x) Holling II
Lemma 3.1. The differential system (1.1) has:
(i) A unique equilibrium point in T if

_ds+k dy = aicikika(asbads + dikq) _ aibads ty R— bi(aibads + ki(b1v +k2))

c3 (asbads + ki (d1 +v))(a1bads + ki (b1v + ko))" ©~  bikg ’ arbyds ’

az

where ky and ky are positive real numbers. The equilibrium is given by

P o b1k1k2(03b2d3+d1k1) b1k%k2\/ bods azbibocrcskikov
0 (a1bads+bi1kiv)(azbads+ki(di+v))” (arbads+bikiv)(asbads+ki(di+v))” ki 7 (a1bads+bikiv)(asbads+ki(di+v))

(ii) Two equilibrium points in T if

@ :k2< ka(wo +xo) W0+X0> _ d3(b2 +yo) @ = k1
dwoyo(2dixg + 2k + k) 2woyo cayo XoYo'
by — ko (wo + x0) o — 2(2cpc3kq (4dixo + 4K1 + ko) + kg) d — ok
YT 22dix0 + 2k + ko)” csko(ddixo +4kq +3ka) 2 yo |
2d 2k1 +k
R=2(wp+xp) and p = X+ da+ 2,

W
where k1, k2, ks, Wo, Yo and xg are positive real numbers. The equilibrium points are given by

2cpcskq (4dixo +4kg + ko) + ks
ds(4dixg + 4kq + 3k2) ’

P — k2W0 k2X0 kS
1= 4dixg + 4kq + 2k2’ 4dixg + 4kq + Zkzly(), 8d1dsxo + 8dskq 4+ 4dsks '

Py = <W0, X0, Yo,

Proof. In any case, since all the parameters are positive and the points of interest are in T', the equilibrium
points for the differential system (1.1) must satisfy the system

aiRy + (b1 + W +x)(R(v—p) + p(w+x)) =0,
vw —x(azy+d;) =0

’ 3.1
(bz +y)((b1 +W+X)(d2—a3C2X)—(11C1W)+(12Z(b1 +W+X) =0, ( )

—azczy + bads 4+ dsy = 0.
Assume that Py = (wy, X0, Yo, 2z0) € I is an equilibrium point satisfying system (3.1). From fourth equation

we have that yg = bi—‘lh where k1 = arec3 —dsz > 0, that is, ap = kl%f?’. Substituting yo in the other
equations, the system (3.1) at Py simplifies to
a;badsR + k1 (b1 +wp +x0) (R(v — p) + p(wo +x0)) =0,
vkiwo — Xo (azbads + dik1) =0,
caba((by +wo +x0)(d2 — azcaxg) — ajciwg) + kizo(by +wo +x0) = 0.
Solving second equation for wg, we have wg = w. Substituting wy in the other equations, the
system (3.1) at Py becomes

vZarbadskqR + (asbadsxg + ki v(by +x0) + dikixo) (asbadspxo + k1 (pxo(ds + V) + VR(v —p))) =0,

(3.2)
((azbadaxg + k1 v(by +x0) + dikixo) (baca(d2 — azcaxg) + kizo) — arbacicsxp(azbads + dikg)) = 0.
Solving second equation in (3.2) for zgp we have
bocs ajcixp(azbads + dikq) >
zo = + azcoxg—ds | . 3.3
T g (asbzdz—sxo Fkv(by +x0) + dikixg 0 o0 P 5.3)
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Substituting z in first equation in (3.2) we have that the system (3.1) simplifies to

- Z(asbads +kq(d 2
R(01b2d3+b1(vp)>+xo(blp+R(V p))(asbads +ki(di +v)) | pxplasbods +ka(di +v))°

1 kiv k.%VZ

Now, assume that R(v — p) +b1p < 0. Then there is a positive real number k; such that R(v —p) +bip =

—ks. Set p = k3 + v for some k3 > 0 and k3 = %. Then, R = bl(albzdg:rb‘zlc{flv+k2)). Substituting R and

p in the above quadratic equation with respect to xg it has a positive root xg given by

b1kkov
(a1bads + bikyv)(azbads +ki(d1 +v))’

Xo =

ajcixg(azbads+dikg)
aszbrdsxg+kiv(bi+xg)+dikixg

Finally, from (3.3) we have that zy > 0 if we take d; =
the claim (i).

We now prove claim (ii). We suppose that Py = (wy, X0, Yo, z0) € T satisfies (3.1). Solving first, second,
third, and fourth equation in the variables aj, as, az, and c;, respectively, one gets

. Hence we have proved

(b +wp+x0) (R(v —p) + p(wp +x0)) _ d3(bx+yo) ~ ywp —dixg
a =— , p=—"—""" aq=-———), and
Ryo c3Yo X0Yo
R(caes(dixg — vwg) + C3dzyo + dszg)

c3wo(VR + p(—R +wg + x¢))

Cl =—
Taking v = ‘hxw[’i:kl, dy, = C;—];l, R =2(wg+%p),and p = Zdl%zokﬁkz, where ki, ko > 0 we have that
_ ka(b1 +wo +x0) o ds(b2 +yo) 0 — kq o 2d3zo

7 7 — ’ 1
2woyo €3Yo X0Yo cska

ay

and Py € T is an equilibrium point for the differential system (1.1). Hence under these conditions for the
parameters aj, ap, az, and c; the system (3.1) takes the form

Yo(br +w+x) (2d1xg(w —wp + x — x0) + 2k1 (W —wp +x — Xg) + ka (W — 2w + x — 2x0)

)
+kay(wo +x0) (b1 +wo +x0) =0,
xoyow(di1xo + k1) —wox (xoyodi +k1y) =0, (3.4)
(b1 +w +x)(dsxoz(ba +yo) — cacski(ba +y)(x —x0)) _ dswzo(bz +y)(b1 +Wo+x0) _

X0 Wo
bods(yo—y) =0.

Assume that P; = (w1,x1,Y1,21) € T\ {Po} satisfies (3.4). We will give conditions to find expressions for
P1. Since all the parameters are positive, from fourth equation we have y; = yo and substituting y; in the
other equations we have that system (3.4) simplifies to

(w1 —wp +x1 —x0)(2k1 (W1 +x1) + ka (w1 —wp +x1)
+(—ka +2d; (w1 +x1))x0 + b1(2kq + k2 +2d1%xp)) =0,
wixg —wixp =0,
—wp (b1 +w1 +x1)(cacsks (x1 — x0) — daxoz1) — dswixozo(b1 +wo + x0) = 0.

Therefore, from second equation wy = WXL:] Substituting wy in first equation and solving the resulting
X0 (K2 (Wo+xp)—b1(2d1x9+2k1+ko
(wo+x0) (2d1x0+2k1 +k2)
xg) — b1(2d1x0 + 2k + k2) = ko for some kg > 0. Take kg = 2ko(wg + xg). Then, substituting wy and x; in
third equation we have z; = d3ZO(4d1XO+4Z:§2§3};§f§£iﬂ$‘ilxo+4k1+k2). Since z; must be positive, we take
kg > 0 such that —2cpc3kq(4ky + ko + 4d1xg) + d3(4k; + 3k +4d1x9)zo = ks. These conditions guarantee

that P; and Py are as claim (ii) states. O

equation for x;, we have x; = )| Since x1 must be positive, we have ka(wp +
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3.1. Dynamics of one equilibrium point
Lemma 3.2. If the hypothesis of Lemma 3.1 (i) are satisfied and

byv 2ds 3v 2738¢;
b2 ’ az Cs s as bz s dl v, 2 35 1V, C1 395 s
1295b1cov 27983097891d; 28749 > v £ 30421101094081d3

2370, | PN e < 16779436846v | 37756 16443848109080 ’

ki =d;3, a1 =

dy =

then the eigenvalues of the linear approximation Mo(bag) of system (1.1) at Py are

41948592115
\/ T2y
. 237
7\1,2 =t

8214 ’
10961510700d3v

703848295943 + v/745681+/d3(30421101094081d5 — 16443848109080) .

N34 =—

Proof. Assume that the hypothesis in Lemma 3.1 (i) are valid. To simplify the analysis we set k; = d3, a; =
bb” and az = dlbtv Then the characteristic polynomial for the linear approximation M(Py) of system (1.1)

at Pg is pol,(A, by) = A AN + AN 4+ AzA + Ay, where

4b,(2d1 +v) Eg — coka(d; +v)(2byv + k2)2

A= 8ba(d; +v)(2b1v + k2 )2 ’
Ay — ko (4v(2d1 + V) E1 +co(d7 +v)(2b1v + ko) E)
16b2(d1 —|—v)2(2b1v+k2)3 !
Ay — k2(2d1 + V) (4b1c1v® (8b3v(2ds 4+ v) — k3) + c2(2b1v + ko) Es)
16b2(d1 +v)(2b1v+k2)3 !

Ay = Czd3kg\/(2d1 +v)

8b2(2b1V +k2)2
Eo = v (8b3v? + 8b1kov + 3k3) +2d1 (2b1v + kz)z,
E1 = bicyv (8b3v? — dj (ko — 2b1v) (4b1v + ko) — K3v) + 4boka(dy + v)?(2b1v + ka),

Ex = v (v (8b3v? + 8bikav + K3) +2d3(2b1v + ko) ) +2d; (d3(2b1v + k2)* +4b1v3 (b1v + ka)) ,
E; = v (16b7v° + 8b1v?(b1ds + ka) + 8b1dskov + 3d3k3) +2d; (2b1v + k) (2b1dsv + 4b1v2 + dska) .

Therefore, setting d; = 2v expression (2.1) becomes the function, in the variable by,

5Kk3 (36002(2b1v + ka)? (Go)* — (SLUGE) 4 36crdgkpv2(2byv + K22 (Ga)?)

EQ(b,) = ’
Q(by) 165888b3(2by v + k)8

where

Go = 4b1c1v? (40b3v2 —K3) + cov(2b1V + ko) (48b7v2 + 24b1v? (b1 d; + ko) + 24b1dskav + 7d3k3)
G = 20byv (24b2v? + 24b1kav + 7K3) — 3ok (2b1V + k2)?,
Gy = 4b1c1v? (40b3v2 —K3) + cov(2b1V + ko) (48b7v? + 24b1v? (b1 d; + ko) + 24b1dskav + 7d3k3)
G3 = 20v? (bycq (24b3v? — 4brkav — 3K3) + 36boka (2b1V + k2))

+3cov(2b1V + ko) (v (24b3v* + 24b1kov +K3) + 6d3(2b1v + k2)?),
Gy = 3c2ka(2b1V + ka)? — 20byv (24b7v2 + 24b1 ko v + 7K3) -

Now, if k, = 35b;v, then
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_30625b;v* (12v2(2738¢; — 395¢1) Gs + 9154363015180278b3c3d] + Ge)

EQ(b
Qlb2) 582678191652046848b3

where

7

G5 = —28749b7¢,(75820¢1 — 231879c¢5) + 4b1b,(598861900c; + 5322323571c,) — 352036944003,
Gy = 37b1c2d3v(37756b,(598861900c; — 8080460229¢;) — 28749b1 ¢, (832468060c; — 9699735333¢;) ).

Taking c; = 255<2,

we have

B 105577244385d3v
~ 18375071202d3 + 8389718423V’
_ 5v2(417079125059936669046d; + 70387375217225606929v)

1

A
Z 15990341652 (18375071202d + 8389718423v) ’
. 18686990554143624575d3v3
3 = 67469796(18375071202d5 + 8389718423v)’
214375573
Ay 3V

- 27983097891d; , 28749\
10952 ( 16779436846y 37756)

Hence, (2.1) simplifies to

30625b7c5d3v*(8389718423v(28749b; ¢y — 37756bs) + 528264921986298b1 c2d3)
33624234580359168b3

EQ(by) =

and EQ(byg) = 0, where byg = bycy (2176978739%9376%9416‘1/3 + ?73;‘512) . The proof follows from Lemma 2.1 (ii). O
Lemma 3.3. If the hypothesis of Lemma 3.2 are valid and dz = 10, c; = %, c3 = %, by = 1, then there exist
Vo, V1 positive real numbers such that the first Lyapunov coefficient for the system (1.1) at Py is positive if either
0 < v < wvyorv > vy, and it is negative if vo < v < vi.  Moreover, the transversality condition holds:

dRe(A
a2l (by) #0.

Proof. 1f the hypothesis are valid, using Proposition 2.2 for the transversality condition and the Kuznetsov
formulae (see [2, 7, 8]) for the first Lyapunov coefficient, the Mathematica software allows to get by a
direct calculation:

dRe(A12) (bao) 22070466729033979537997184429118254339826180728050v3
— = \V20) = —
db, s1(v)

#0,

where
s1(v) = 118072143 (495438258997050555621520705567241281 10412
—153100675464069678846765525147766678141320v
+ 31089982892973169931537646413835378802713600) .

And that €1 (Pg, byy) = —E—?, where

No ::351936876086128034645\/§§1§2§§ZZZQ§§V

X (66100655705229180407012562120741326878526172401290087447529295055585272751069329615626823335v5

— 5976171976577332106606135926837595167406791205883486650756176985676594548604919209508115326404v*
— 76596224628557684030051225997470099342353475309263857165708452193625218362629656244443950086020v>
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— 6170102643931266987022838519078935939108816686869336913207841796659032566131751047615550510714400v>
— 5653648766502639134187836199614462873235179102144729125824880862755619868039896864986829728800000v

+1 574303131909464229944026194947529078952694682667394044189255748718719649104366999659556460800000) ;
N; = 6573938 (87624:141:3169778296389971715034:9773’3\/2 + 75662348547641698853038918874340v

+ 828574316667181373417609314915800) (4954382589970505556215207055672412811041\/2

—153100675464069678846765525147766678141320v + 31089982892973169931537646413835378802713600)

X (4954382589970505556215207055672412811041\/2 + 124490364366450894812917026926295506809680v

+ 8258827593974963520933437147080834871447100) .

A numeric calculation shows that the positive roots of £;(Py, byy) are vy ~ 0.223694 and v; ~ 108.971
which satisfy the desired properties (see Fig. 1).

a) {1(Py) <0 b) £1(Po) > 0 or £;1(Pg) <0
0.05
0.00004

0.04
0.00002 0.03
0.02
0.05 0.10 0.15 0.20 0.25 0.30 0.01

0.00002 20 40 60 80 100 120
. -0.01

Figure 1: First Lyapunov coefficient.

O

Theorem 3.4 (f; Holling II, one equilibrium point). Assume that the parameters of system (1.1) satisfy the
hypothesis of Lemma 3.3. Then, the system exhibits a Hopf bifurcation at Py with respect to the parameter by and
its bifurcation value is byy. This bifurcation is supercritical if 0 < v < vg or v > vy, and it is subcritical if
Vo <V <<V

Proof. 1t follows from Lemma 3.2 and the Andronov-Hopf Theorem [8, 12, 14]. O

3.2. Dynamics of two equilibria
Lemma 3.5. If the hypothesis of Lemma 3.1 (ii) are satisfied and

- 3651:]() di = 2920d3 Ky — 365d3W0 Ky — 2920d3W0

2= g, T ey @ 87 2 87
97254250bc3d2wo 2361971095625y
8 = , and by = ,
7569 131632971184

then the eigenvalues of the linear approximation Mg(bag) of system (1.1) at Py are

s [ BB26 T3 (1056:ti, 677949239) ds
v 1668424897 ©> "4 T 27968 :
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Proof. The proof is similar to the given for Lemma 3.1 (i). Assume that the hypothesis in Lemma 3.1 (ii)
hold. In order to simplify the calculations set xg = wy,
ke = bacs (24d3w3 + 18d1kowy + 24k3 + 18k k; + k3) and ¢y = 20 (24d3wj + 18d1kywyp + 24k? + 18k k; + k3)
8kiwp(4dywyg + 4kq + k3) '

4W0

Now making ki = % and ky = d;wp we have that the linear approximation at Py for the system (1.1) has
characteristic polynomial
pOlOO\, by) = A + A107\3 + Azo)\z + AzoA + Ay,

where

d; d1(803by(11d; +48d3) —20233d1yo)

Alp=—, Axpy= ’
5 25344y
_ 73d3(22b,(d; + 3304d3) — 38261d1yo) and A — 10439b,d3ds
0 2027520y, ’ 40 5120y,
In this case, expression (2.1) is EQ = AL where
’ : 20554186752000y2

Ty = —176660b3(d; + 3304d3)(87d; — 2920ds)
+ 572b,d1y0(46255055d; — 3097232904d3) + 472394219125d%2.

Taking d; = 29§gd3’ we have that all the coefficients of pol,(A, by) are positive and EQ(by) = 0, where

2361971095625y,
2 131632971184
The proof concludes using Lemma 2.1 (ii). O

Lemma 3.6. Under the hypothesis of Lemma 3.5 the first Lyapunov coefficient for the system (1.1) at Py is negative.

Moreover, the transversality condition holds: ngg:l'Z) (bag) # 0.

Proof. Similarly to the proof of Lemma 3.3, a calculation proves that

dRe(A17) (bay) = — 9287262564940698723330882878656d3 20
db, 2007 41362560595546268863797036236319y
and that the first Lyapunov coefficient is £;(Pg) = —E—?, where

Np = 8507365617004380447171374616484388706047917265654519261322268539426856405245286959597

3296251668192129005094347738419204 / % ;

N = 9430175494429761358556394005879301699402603777598726258708502056302804492108705495457
x (48807341380019929 (777031385380692461328125c§ + 186770227571152422912) Y2
+3353725607660164343881855230232467456W3).
O

Under the hypothesis of Lemma 3.1 (ii), a direct calculation shows that the characteristic polynomial
for the linear approximation of system (1.1) at P; has constant term
B bodskg(dixo + k1) (4d1xg + 4k1 + ko)
32c3woxoYo(b2 +Yo) (2dixo +2k1 + k)’
which is negative since all the parameters are positive. Hence from the Routh-Hurwitz test we have that

the equilibrium point Py is locally unstable. In summary, we have proved next result, which follows from
Lemma 3.6 and the Andronov-Hopf Theorem.

Ay =

Theorem 3.7 (f; Holling II, two equilibrium points). Assume that the parameters of system (1.1) satisfy the
hypothesis of Lemma 3.5. Then, Py is locally unstable and the system (1.1) exhibits a supercritical Hopf bifurcation
at Py with respect to the parameter by and its bifurcation value is byy.
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4. Case f1(w,x) Holling IV

Lemma 4.1. The differential system (1.1) has:
i) An equilibrium point in T if

. ds +kq _ k%\/z + kg _ ajcikikgv(azbods + dikq) . a1bpds(azbods + dlkl)z
a = , by = 5, dy = 5 , p= 55 +vand
c3 (asbads + diky) (K3v2 + ky) ki (Kv2 +ky)
_ (fv? +k4) (asbads +ka(dq +v)) (a1bads(asbads + diki)* + k3> + kikyv)
a1bydskyv(azbads + dikg)* ’
where k1, k4 are positive real numbers . The equilibrium is given by
P k4 k4 b2d3 a3b202C3k4
0= .
asbodskqv + dlk%\/, (azbods + dlkl)zl ki ki(asbads + dikq)?
ii) Two equilibrium points in T if
. (1w +2kyw3 + 2k3) (6dyw§ + 12kyw3 + 7k3)2 o= B2tye) 2
1= 7 2 = s 3 = ’
32woyo (dgwd +2kw2 + k3)” c3Yo wyg
1 k3 (12d;w§ + 24kqw3 + 13k 2
b1—w%<3( e E 3)+12>/ dy = 2, R=wo(wp +2),
16 (dlwé + 2k1w% + k3) 0
o — w3 (2ca¢3ky (diwo* + 2kg w3 + 2k3) (4dywi + 8kgw3 + 3ks) + ks) and o — 2 (dywd + 2k w3 + k)
= . = - ,
csks < S Y k3) (6d1w + 12k w3 + 7k3) wp

where wy, Yo, ki1, k3 and ks are positive real numbers. The equilibrium points are given by

> w2 2cpcskq (dywi 4+ 2kgw3 + 2k3) (4dywi + 8kgw3 + 3k3) + ks
= wWo, = ’ ’
0 07 7 ¥ dsks (6d1wA + 12k;w2 + 7k3)
P, _ kzwg kaw3 ks
U7\ 2wl + 8kgw2 +4ks” 8 (dywd + 2kind + ks) Y 8ds (dywh + 2kqw? + ka) (dywh + 2kw? + 2ks) )
iii) Three equilibrium points in T if

3 (d1w + 2kqw3 + 2k3) (4d;w + 8kqw3 + 5k3) (12d3w§ + 24k w3 + 13k3)

a; = 7
128woyo (dywh + 2k w2 + k3 )
ds(b 2k 3 ks (16dywi + 32kgw? + 17k
ay = 3(b2tyo) o _ K b= 2w 3 (16d1wj 1o 23)+16 )
c3Yo woYo 64 (diwd + 2Ky w3 + ks)
¢ = W% (40203]{1 (dlw‘é + Zklw% + 2k3) (8(111/\% + 16k1W% + 7k3) + k6> ey — C2k1
4 7 7
3esks (1570 4 kyw] + ks ) (4dywd + 8kywi + 5ks) Yo
2 (dywi +2Kkw2 + k
R=wo(wg+2), and p= ( 170 170 3),
W

where wo, Yo, k1, k3, and ks are positive real numbers. The equilibrium points are

> ( wl  depesky (dywd + 2k wd + 2k3) (8d1w3+16k1wg+7k3)+k6>
0= | Wo, 5 Yo, ’

2 3dsks (4dywg + 8kyw3 + 5k3)
_ kawyg kzw3 ke
P1= i > ’ 1 V] Yo 7 V] 1 V] ’
8 (Wi + 2k 2 + k)" 16 (dywi + 2k +k3) 7 32d3 (dywi + 2k w2 + k3) (dywd + 2kiw2 + 2k3)
3kawy 3kaw3
P2 = 4 2 7 4 2 r‘JO/ Z’Z 7
8 (dywj 4 2kqwj +k3) " 16 (dyw§ + 2kywj + k3)
where
3(8cacskik3+ke) 32(ke—9c2c3k1k3) 11k
. Ta(dwit2kiwitka) | Ka(ddiwi 18wl 15Ks) 192¢ze3k — ks (diwi+2kiwi+2ks) -
2 = .

9%6d;
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Proof. The proof of i) and ii) is analogous to the given for Lemma 3.1. We only will prove claim iii). In
the present case, since all the parameters are positive and the points of interest are in I', the equilibrium
points for the differential system (1.1) must satisfy the system

1Ry + (b +w? +x)(R(v — p) + (w+x)p) =0,
—x(d1 + azy) +wv =0,

(—arjciw + (b +w? +x)(da — azeax)) (ba +y) + az(by +w? +x)z =0, 4.1)
—azczy +ds(ba+y) =0.

Assume that Py = (wo, X0, Yo, 20) € T is an equilibrium point satisfying system (4.1). Solving first, second,
third, and fourth equation in the variables aj, as, as, and c;, respectively, one gets

(b1 + w3 +x0) (R(v—p) + p(wo +x0)) dz (b2 +yo) vwg — dixg
ap = — , a2 = , a3 =
Ryo €3Yo XoYo
¢ = _R(C203(d1X0 —vWy) + c3dayo + dszp)

csWo (VR + p(—R +wg + xg))

Taking v = dlxwoi:]q, dy = ngl, R =2(wg+xg) and p = W, where ki, ko > 0 we have that

VA 2 VA 3 - 7 1 V4
2woyo €3Yo X0Yo csko

_ k2 (b1 + Wi +x0) ds(b2 +yo) Kk ~ 2dszp
ap = a —, a —, C

and Py € I' is an equilibrium point for the differential system (1.1). Hence under these conditions for the
parameters a;, ap, az, and c; the system (4.1) takes the form
(b +W2 + %) (ko (w —2wg + x — 2xg) + 2kq (W — wg +x —xg) + 2d1 (w —wg + x — xg)xg)
+(1/yo)ka(wo +x0) (b1 +W§ +x0)y =0,
—kiwoxy + xo(kgw — dywox + dywxg)yg =0, (4.2)
(1/%0) (b1 +W? +x)(—cacsks (x — %) (ba +y) + dax(ba +Yo)z) — (1/wg)dsw(by +W§ +x0)(ba +y)zo =0,
bads(—y +yo) =0.
Assume that P; = (w1, x1,Y1,21) € T\ {Po} satisfies (4.2). We will give conditions to find expressions for

P1. Since all the parameters are positive, from fourth equation we have y; = yp and substituting y; in the
other equations we have that system (4.2) simplifies to

ko (wg +x¢) (b1 —i—w% +x0) + (bq —|—w% +x1) (ko (W1 —2wg +x1 — 2x9)
+2kq (W1 —wp +x1 —xg) +2d1 (w1 —wg +x1 —x0)xg) =0,

4.3)
wixg —wox1 =0,
—Wo(b1 + W% + Xl)(C2C3kl (Xl — Xo) — d3XOZl) — dzwxg (bl + W% + XO)Z{] =0.
From the third equation in (4.3) and solving for z; we have an expression in terms of x;
L W1z0 (b1 +wo?+x0) = cacski(x1 —x0) (4.4)
1= : :
Wy (b1 + W% + Xl) dsxg
Now, from second equation wy = *. Substituting w; in first equation we have the equation
1
5 (x1 —%0) (Wo +x0)So = 0, (4.5)
W()XO

where Sy is a quadratic polynomial in the variable x:

So = W3 (2k1 + ka + 2d1x0)x3 + xo (ko (—W3 +x0) + 2x0 (k1 + d1x0))xq
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+ x5 (—ka (W5 4 x0) + b1 (2k1 + ko +2d1%0)).
Suppose that x; # x¢ and let k3 > 0 such that ka(—w3 +x0) + 2x0(k1 + d1xo) = —k3 and x¢ = WTOZ Then,
ky = 2kq + (2k3) /w% + dlw% and Sy simplifies to
So = (1/8)(4bywi (ks + 2kiwi + diwg) — 3(2kawg + 2kiw§ + diw))
— (1/2)kawdxq + 2(k3 + 2kyw3 + dywi)x3.
Let k4 > 0 such that 4b1w%(k3 + 2k1w% + dlwé) — 3(2k3w8 + 2k1w8 + dlwg) = kg4, that is,

b 3diwh + 6k wh + 6kawi + kg
DT 4dwh o+ 8kywh + dkaw?

and equation (4.5) becomes the condition
So = (ka/8) — (1/2)kawix + 2(k3 + 2kyw3 + dywg)x3 = 0.
Solving Sp = 0 for x; we have two roots which without loss of generality will be labeled as
kg
2k3w3 2/ wh (1§ — 4diks) — Bkakaw] — 4ksks

X12 =

Let ks > 0 such that w§ (k3 —4diks) — 8kikgwj — 4ksks = k2. Taking ks = kswj/2 we have ks =
3k§w3
16( d;wi+2k1w3+ks

] and

kw3 3kaw3
fr , Xy = .
16 (wd +2kw2 £ k3)” = 16 (dywh + 2kin? + ks)

X1

kawo
8( d]W%‘FZk] W%+k3)

Since wy = WQ;“, we have that wy takes two values at x;, given by wy =

and w, =
3k3W0
8( d]W%+2k1W%+k3) ’
On the other hand, from (4.4) we have two values for z; given by

3dskazo (4diw§ + 8kqwj + 5k3) — 4cacsky (dawi + 2kqwd + 2k3) (8dywi + 16kiw3 + 7k3)
N 32d; (dywh + 2kgw2 + k3) (dywd + 2k w2 + 2ks)

3dskszo (12d1wo? + 24k w3 + 13k3) — deacsky (dywg + 2kgw3 + 2k3) (8dywi + 16k w3 + 5ks)
B 32d; (dywd + 2kgw2 + k3) (dywh + 2k w2 + 2ks)

Z1

4

Z3

Since z; must be positive, let ks > 0 such that
3dskszo (4d1wj + 8kaw§ + 5k3) — 4cacsky (diw + 2kqw§ + 2ks) (8d1wi + 16kqw§ + 7ks) = ke
and hence solving this equation for zy we have

_ 4eacesky (diwg +2kyw§ 4 2ks) (8diwi + 16kiwj 4 7k3) + ke

Z
0 3dsks (4d;wE + 8kyw2 + 5ks)

Since y; = Yo we have obtained two points P1, P, € '\ {Po} that are equilibrium points for system (1.1)
and hence Py, P; and P, satisfy the conditions as in claim iii) which completes the proof. O

4.1. Dynamics of one equilibrium point

In this case we will consider that the hypothesis in Lemma 4.1 i) are valid. And that the linear
approximation of the differential system (1.1) at Py is a one parameter matrix with respect to dz, which
we denote as My(d3). We will guarantee that a Hopf bifurcation takes place.
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Lemma 4.2. If the hypothesis of Lemma 4.1 i) are satisfied and

a_i(m—i-ﬂv a—@ a—L b1 =2, ¢c1=b c—E
1 — 4b2 7 2_C3, 3_2b2/ 1 — 4 1 — 02, 2_2/
v 1 32 m+15
A=~ dy=—(m+7)v, Re —>_ 44 p= . and
1= 50 d=qplm+7)v miy v P g m
(m+7) (20m+7 (/m(25m —354) 1 4489 67 ) ) v
da1 = 1024 ’

where m > 0, then the eigenvalues of the linear approximation Mo(da1) of system (1.1) at Py are

Mo = +iy/Rov and Mgy = 7% (iﬁ\/ﬂTl + 56) v,
where
(m+7) (Sm + /m(25m — 354) 1 4489 — 45)
Ro = 1024 >0,
R =7 <\/m(25m "~ 354) 1 4489 + 157) rm (—5m +\/m(25m — 354) + 4489 — 102) .
We have that

Ri>0ifm<my:=147403;, Ry =0if m=my; and Ry <O0if m > my.

R

1500
1000

500

mo
5 10 1 20M
-500

Figure 2: Graphic of Rj(m).

Proof. We assume the hypothesis as in Lemma 4.1 i) are valid. In this occasion we set az = g;g; , kg = k%vz,
d; = 5 and k; = d3. Then we have that the linear approximation Mo(d3) has characteristic polynomial

poly(A, ds) = A* + AoA% + A% + Ago) + Agp,

where
CoV a%b%cl + a;byv(2by —¢1) + 8cadsv
Alp=Vv——"—, Ay = ,
v (Sa%b%q 4+ 28aibrcrv + 64C2d3‘v) 1 5
Azg = d Aypg=— dsv-.
30 256b, an 40 64 aica2dsv
In this case, we have that (2.1) is EQ = 65;?;%3, where
2

Fy =D, (3(1%b%c1 + 28aibrcrv + 64C2d3V)2 —2(4by —¢3) % (a%b%cl + a;byv(2by —¢q) + 802d3V)
X (3a%b%cl +28a1bycov + 64crd3v) + 64a;bycodsv(cp — 4by)2.
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Make ¢, = %, c1 =by,a; = k54+bzv, and ks = mv, where m is a positive real number. Then, we have that

EQ(d31) = 0, where

(m+7) (29m +7 <\/m(25m —354) + 4489 — 67)) v
1024

dz = >0

and all the coefficients of pol,(A, d3;) are positive. The roots of the characteristic polynomial are obtained
from Lemma 2.1 (ii) and a direct calculation shows that R, satisfies the claimed properties (see Fig. 2). [

Lemma 4.3. If the hypothesis of Lemma 4.2 are satisfied and m = %, then the first Lyapunov coefficient for the
system (1.1) at Py is negative. Moreover, the transversality condition holds: IRelMa) () #0.

dds
Proof. Under the hypothesis of Lemma 4.2 if m = 33, we have that
0Re(A12) 10720000
dds (da1) = 2218824689 7 °
and that the first Lyapunov coefficient is ¢1(Pg) = —%’ < 0, where

/2
No = 18789363664718319688470457812986851 €9,
N1 = 9534260680917181346060000(18351686591 + 766720b3 (15341 + 125¢3)).

Next theorem follows from Lemma 4.3 and the Andronov-Hopf Theorem.

Theorem 4.4 (f; Holling IV, one equilibrium point). Assume that the parameters of system (1.1) satisfy the
hypothesis of Lemma 4.3. Then, the system exhibits a supercritical Hopf bifurcation at Py with respect to the
parameter dz and its bifurcation value is ds;.

4.2. Dynamics of two equilibrium points

If the hypothesis of Lemma 4.1 ii) hold and k; = dlwé and k3 = dlw‘é, then a direct calculation shows
that the linear approximation for the system (1.1) at P; has a characteristic polynomial with constant term
equals to zero. Hence, from the Routh-Hurwitz test we have that in these conditions Py is locally unstable.

Now, we will consider the linear approximation of system (1.1) at Py as a one parameter matrix with
respect to by, which we denote as My(b,).

Lemma 4.5. If the hypothesis of Lemma 4.1 ii) are satisfied and

o _ 92015625ds o, _ da(b2 +y0) . _ 58890d3 b 24
1™ 7246208y, ’ 2 Yo 37 3847y, 1= 6a”
o 351(by +yo) . 351(b, +yo) | 204454 L 13689d5(by + yo)
2500 ' 6040 ' 3847 7694y,
R g _ 471120ds by — 23480385736y0
' 3847 16391886457

then the eigenvalues of the linear approximation Mo(bag) of system (1.1) at Py are

353340 \/ —ooams 117 (94375$i 194109621935) ds
L2 = 63059587200079 ° 34~ 1923500 '

Proof. Suppose that the parameters of the system (1.1) satisfy the hypothesis as in Lemma 4.1 ii). As
was made in the other cases, setting k; = dlw% and k3 = dlwé, the linear approximation My(b2) has
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characteristic polynomial pol,(A, by) = A% 4+ B1A3 4+ BoAZ + B3A + By, such that

1 755c,w3 125(11wg + 6) ) dywo(Ko)
By=———d; (2270 256y 4+ 20T g, ,
17125 1( b2 + Yo wo wo +2 27 31250(wo + 2)yo (b2 + yo)
Ba — czd%wé(ﬂcl) B 16308b2czd%d3w(3)

7 15625(wo +2)yo(ba +yo)’ + 625yo(ba +yo)
where

Ko = b (wo + 2) (cowp (85315d;wp — 14812d; + 188750d3) + 135000d1y0)
+ dyyo(cawo(wo(471875w, — 1147312) — 1162124) + 135000 (wg + 2)yo),
K1 = ba(16d1wo(229wg — 12902) + 755d3(wo (256w — 863) — 750)) + 4d1wo (102841wq -+ 152242)yp.

Setting wp =2, cp = W and d; = 29;;:’7‘13, we have that (2.1) is

O — 1092211792881596337270411d5(95480385736y — 16391886457b,)
B 2532346607490523417913281250y¢

95480385736y

Moreover, all the coefficients of polj(A, ba) are positive and EQ(bx) = 0, where by = “e5o1sse7-
O]

Therefore, the proof is concluded using Lemma 2.1 ii).

Lemma 4.6. If the hypothesis of Lemma 4.5 are satisfied, then the first Lyapunov coefficient €1(Po, bao) for the

system (1.1) at Py is negative. Moreover, the transversality condition holds: %}j‘zlg)(bzo) # 0.

Proof. Under the hypothesis of Lemma 4.5 we have that

aReU\LZ)( ) 11801569339356166931213599722872813535d3
5 (b)) =

— 0
0by 19478350806921655804860578959172649472y¢ 7

and that the first Lyapunov coefficient is {1 (Pg, byg) = —%ﬁ’ < 0, where

My = 217676423201567543587668555270113809421753406988141195772466

315297936000395
4261 ’
My = 607150697028745575459137144567343632577578601721847016911101682580953931726107867136

x (2409398303445653547654 (457623738857453785461 c% +49265302500061 71875) y%

9764374472301079117588144055366058034338623801083047117711125\/

—+ 2222387263720308745543173079281 14420046875) .

Next theorem follows from Lemma 4.6 and the Andronov-Hopf Theorem.

Theorem 4.7 (f; Holling IV, two equilibrium points). Assume that the parameters of system (1.1) satisfy the
hypothesis of Lemma 4.6. Then, the system exhibits a supercritical Hopf bifurcation at Py with respect to the
parameter by and its bifurcation value is byg.

4.3. Dynamics of three equilibrium points

If the hypothesis of Lemma 4.1 iii) hold and k; = dlw(z) and k3 = dlwé, then a direct calculation shows
that the linear approximation for the system (1.1) at P, has a characteristic polynomial with a negative
constant term. Hence, from Routh-Hurwitz test we have that under these conditions the equilibrium
point P, is locally unstable.

This time we will consider the linear approximations of system (1.1) at Py and Py as one parameter
matrices with respect to by, which we denote as My(b,) and M;(b2), respectively.
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Lemma 4.8. Assume that the hypothesis of Lemma 4.1 iii) are satisfied.

a) If
o _ 819909405d;  _ ds(batyo) | _ 65619d; 963 _ 317(b2 +yo)
U7 45928192y, © 2 cayo | 0 717628y,” 1 647 1T 333200
317(b2 +yo) 65619d;3 10048943 (bs -+ yo) 262476d5
=", d = , dy = , R=24, p=22028 gy
1622880 1435256 703275440y, 179407
13416348622408722y,

7

20 582645121928723
then Py is locally stable and the eigenvalues of the linear approximation Mg(boo) of system (1.1) at Py are

951 (57477 - i\/31910155004111) ds

19316813
— i d Mgy =—
M2 il393714\/104530613389866407261 ds and A3 23911364960
b If
. _ _ 326483386887d3 W _ dslbatyo) _ 7617820000ds - _ 47187
17 29814521554138240y” > sy | °  46585189928341y,” | 640000
o _ 5441300(by +yo) __ 13603250(b; +yo) 38089100005 _ 11843098276000d3 (b; + yo)
1= 332367 | 2 4047057 ' 46585189928341° 2 549658655964495459y,
399 8531958400d; 1283288513820972429108420117140000y,

R= 625’ 0= 46585189928341° and by = 1003762066972593392736885855153
then Py is locally unstable and the eigenvalues of the linear approximation M (ba1) of system (1.1) at Py are

_ 1473121548605
Ma =+l 761782000\/18186082630409313413515160609495761 d

272065 (—1-210492409575823459 F V- 44189378141813568890621430192477481) ds
Ao = 462833171939453734903948632 '

Proof. Suppose that the parameters of the system (1.1) satisfy the hypothesis as in Lemma 4.1 iii). To
simplify the calculations set k; = dlw% and k3 = dlwé.

We prove claim a).
The linear approximation My(b,) has characteristic polynomial poly(A, by) = A* + BgiA® + BooA? +

BosA + Bgg, such that

By — d; (_ 5120wg 16 ) B 620coc3d3wl’ + ke By — So ’
2499 wo+2 51csd2wd(ba +yo) 254898c5 3w (wo + 2)yo (b2 + yo)
Bos — 84 . 3596byd; (620csca 3wl + k)
254898¢5d;w§ (wo + 2)yo (b2 + o)’ 42483c3w7yo (b + yo)

where
8o = ba(wg +2) <4C3 diwp (cawy (349525wq — 189991) + 275094y) + 3098760c,¢c3d3 dswil 4 dike (2255w — 2048) + 4998d3k6>

+diyg (403 d3wi (cawo (wo (1936725w¢ — 4838131) — 5028122) 4 275094 (wp + 2)yo) + ke (W (12495wq — 32036) — 34084)) ,
81 =by < — 2d5(wp (5120w — 17249) — 14994) (620c2c3 d3wll + k6)

— dywy (02C3 3 (999565w — 868998) Wi + ke (3011w + 7974)) )
— d;woyo (cm d3 (14376685w( + 25885242)wi’ + ke (24587wq + 51126 )) .

Setting kg = cocad3wi®, wop =4, ky = L, ¢n = M, and d; = 5619ds it follows that (2.1) for Po
g ™o 10 1622880 1435256

becomes
EQ, — 590603773376433329361449973dg(13416348622408722y0 —582645121928723b,)
Po = 526097508598209708322692022112329253539418243072000y
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. . _ __ 13416348622408722y,
Moreover, all the coefficients of pol (A, byg) are positive and EQp, (b2g) = 0, where by = 5535157055735

Therefore, the proof of the claim for Pj is concluded using Lemma 2.1 (ii). Now, we prove the claim for
P1. Under these assignations as above a calculation shows that the characteristic polinomial pol,(A) of
M1 (bz) has positive coefficients and that (2.1) for Py is

22195448555703486537d3 Jo

E = — <0,
Qe, 36987799937559506249199370394982860028164827198259200000000y%

where

Jo = 17776155316167905958812163517b3 -+ 1095685583423619310437058086372b,y0
+ 1077907578968001990869491705056 3.

Hence, from Lemma 2.1 (i) Py is locally asymptotically stable.

We now prove claim b).

The linear approximation Mj(b,) has characteristic polynomial pol,(A,bz) = A 4 BA3 + BpAZ +
B13A + B1y, such that

B —d (,M,¥+E>, ke Boo — Do
HETUT3920 2(wo+2) 4 ) 6d0c3d3w(by+yo) - 2508800c3d2w8 (o +2)yo(ba +yo)”
D
- . and Buy— 93b,dske

" 2508800c3dy w8 (wo + 2)yo(ba + o) 2508800c3w7yo(ba + o)
where

Dy = by (wp +2) (20c5d 7w (cawo(773109wy + 3872) +2976yq) + d1 ke (24939wg — 128) + 3920d3ke )
+2d1yo (1OC3d§’ (Wo + 2)W3(cawo(773109wq + 3872) + 2976yq) + ke (wo(12495wq + 18556) — 11888)) ,

Dy = by (d1w0 (20coc3d3 (2351229wy + 4764062) Wi + ke (73431wy + 148786)) + dake (o (12638 — 51wy) + 23520))

+2dywoyo (10czc3dﬁ (2351229wq + 4764062) W + ke (36669wg + 74300)) .

. _ 3..10 _ 28 _ 2 _ 13603250(ba+yo) __3808910000d3
Setting ks = cacadywy’, Wo = p, k7 = €2 = 2047057 and d1 = 5535750928341/

157 we have that
equation (2.1) is

Dy
EQp, = ,
Qp, 91868984290256955917703199862023417243228416635468310974676089991421968882194679209837255865548448y
D1 = 551669191500464941759890880349889453125 dg (1003762066972593392736885855153b,
— 1283288513820972429108420117140000yg).

Moreover, all the coefficients of pol, (A, ba1) are positive and EQp, (b21) = 0, where

_1283288513820972429108420117140000y0
21 T1003762066972593392736885855153

Therefore, the proof is concluded by using Lemma 2.1 ii). Finally, under these parameter conditions a
calculation shows that the characteristic polynomial pol(A, bz1) has positive coefficients and EQp,(b21) >
0. Hence claim for Py follows from Lemma 2.1 i). O]

Lemma 4.9.

i) If the hypothesis of Lemma 4.8 a) are satisfied, then the first Lyapunov coefficient €1(Po, byo) for the system

(1.1) at Py is negative. Moreover, the transversality condition holds: %b)\zm)(bzo) £ 0.

ii) If the hypothesis of Lemma 4.8 b) are satisfied, then the first Lyapunov coefficient €1(P1,ba1) for the system

(1.1) at Py is negative. Moreover, the transversality condition holds: %b}‘z“)(bm) # 0.
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Proof. Proof of claim i): Under the hypothesis of Lemma 4.8 a) we have that

0Re(A12) (bs) = — 83966322790024614390702183754882228526848866556509d3
0b, 200 = 560365662081392491481014219333781446381362348589949294y
and that the first Lyapunov coefficient is {1 (Pg, byg) = —%? < 0, where

Jo = 65108103224918914363893060962780 \ﬂ 58833390947229894479548164019310703020583084463339583499808327
7521455881344535933813014375028123233745774466401515794984655051823072
9424619846403866903862305677316411299296215210484026129430957410007553
2702430128458655852906518055999193476399240810745150112683711440889205
645543737105859057067802577242101,/19316813),

Hy = 135750239588722107527224073922273432429534300327621012960131383507859631752974912752548439494
1032826238376353233980675799(149014220778833149749810123716943909346072211821852591354202912

+70372176667364736659077623(417323813582325947581870707654400 + 23383467340027183581 8792866445430% Jy % ).

Proof of claim ii): Under the hypothesis of Lemma 4.8 b) we have that aRg (3212) (by) = % # 0, where

1

To =47671642942992449797220740874336686735021383216432164461984587938993170270841661065492697 d3,
T1 =8660650070812536285392147610785201852358859609440080367793759296208919851350789498468218223447310664565380 ¢,

and that the first Lyapunov coefficient is ¢1(P1,b21) = —f—f < 0, where

Ly = 6503722355183270578986766038515916230112374732311207160516265784528904
3153320886782792177614429546205729992837090314159291751234486162303263
4656439013516076244599512292579159910216834713481092680382200019744055
7432486287623580845946403420610582397043771383526920963463168628907547
106947691435788481666011312625306834124000000

X x/f636512892064325969473030621332351635/42089187103L

L1 =1238643346392328912044675932710950343631164158700044380545912113846936
0791269184611969358195576410247489562144022760515809253707052505638169
7947297683537158372905436825837200512339727096499853148746706661906624
7656923(4345553384671872346235422851807062198737763810095857262301925
1110349971499132513730659984821588845514436143324311469
+ 84144203552867157412129081289671638443958865502261810000000
x (14528750538623337057293427186537423079390182027665096772538931652

-+ 572583807522980563175352059472333142429712816870609580978125 c%)y%)

Next theorem follows from Lemma 4.9 and the Andronov-Hopf Theorem.

Theorem 4.10 (f; Holling IV, three equilibrium points).

i) Assume that the parameters of system (1.1) satisfy the hypothesis of Lemma 4.8 a). Then, Py is locally stable
and the system exhibits a supercritical Hopf bifurcation at Py with respect to the parameter by and its bifurcation
value is byg.

ii) Assume that the parameters of system (1.1) satisfy the hypothesis of Lemma 4.8 b). Then, Py is locally unstable
and the system exhibits a supercritical Hopf bifurcation at Py with respect to the parameter by and its bifurcation
value is by.
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5. Numerical examples

In all cases, the coexistence of the three species takes place due to the existence of a supercritical Hopf
bifurcation with respect to the corresponding parameters. A direct calculation shows that the hypothesis
of the proved theorems for the differential system (1.1) are valid for parameters values with ecological
sense, we show this in the following numerical examples.

5.1. f; Holling 11

In the following two examples the functional response f; in the system (1.1) is Holling type IL

Example 5.1. From the hypothesis in Theorem 3.4 the differential system (1.1) takes the form

1 37y . 3y

= -7 _2w—2x+37]), = ——=Z_2 ,
w 37vw< bo(w +x +1) w X + > X v<x< b, >+w>
(v (3R +3555x —6475) 40z ,_ 102(y —by)
v=y 118500, bty )’ T bty

Therefore, the equilibrium point is Py = (12, %, b,, 1%) and by = % (%%ég + }3%98991751%292%55). Taking v = 110

we have that by ~ 0.0913051 and Py is (14.5833,2.91667,b,,4.8125). The first Lyapunov coefficient is
€1(Po, bao) =~ —0.00118615. Hence the system exhibits a supercritical Hopf bifurcation at Py with respect to
by. Setting by = by — 103 ~ 0.0903051, we have in Figure 3 a projection to the (x,y,z) space of an orbit
with initial condition Qg = (14.5933,2.92667,0.100305, 4.8225) which tends to the stable limit cycle. Figure
4 shows the corresponding time series.

010

Figure 3: Projection of limit cycle (one equilibrium, f; Holling II).

Remark 5.2. The bifurcation parameter value byy depends directly on v and is bounded below. Near the
bifurcation value, the third coordinate of Py (predator density) is approximately byg. The fourth coordinate
of Py (superpredator density) is directly proportional to v.
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Figure 4: Time series (One equilibrium, f; Holling II).

Example 5.3. From the hypothesis in Theorem 3.7 the differential system (1.1) takes the form

. 36bdsw 1560wy 169(w + x)
~ 1131 <_13wyo +4woyo+13xyg  2wg

«— 365d3(9wyo —x(y + 8yo))

87yo ’
. day (133225(44byw +yo(31w—4wp —13x))  3828z(by +yo)  133225x
Y~ 3828 < (13w + 4wg + 13x)yo B yocs(by +y) wWo >'
4= badzz(y —yo)

Yo(b2 +y)

+ 221),

2361971095625y
Therefore, b20 = “3raz0711ss -

13713 "9 " 4504

522

5 2 2 133225b
C3(b2+yo)> and Py = ( Wo ZWo 2C3>

2664
Po = ( wo, wo, Yo,

1000

Taking c3 = %, d3 =1, wp = 58 and yp = 1 we have that byy ~ 17.9436 and the first Lyapunov coefficient
at Py is £1(Po, ba) ~ —0.0000736782. Hence the system exhibits a supercritical Hopf bifurcation at Py with
respect to by. Setting by = by — 107! & 17.8436, we have in Figure 5 a projection to the (x,y, z) space of an
orbit with initial condition Qg = (58.01,58.01,1.01,480.937) which tends to the stable limit cycle. Figure 6

shows the corresponding time series.
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Figure 5: Projection of limit cycle with respect to Py (two equilibria, f; Holling II).
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Figure 6: Time series with respect to Py (two equilibria, f; Holling II).

Remark 5.4. When the system (1.1) has two equilibrium points and the parameter b; is near to the bifur-
cation value by, the third and fourth coordinates of Py are directly proportional to yo.
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5.2. f1 Holling IV
In the following three examples the functional response f; in the system (1.1) is Holling type IV.

Example 5.5. From the hypothesis in Theorem 4.4 the differential system (1.1) takes the form

. 529 8y o1 x(b2 +y)
2w (Y xt4 — v (2w X27Y
¢ SOOVW< b2 rxr2) VT ) X V<W b )’

. 1 4w 800d3Z . dgz(y — bz)
=—yl(v|29|———"——-1)+100x )| ————— |, z=——"—"=°
Y 400y( ( <w2—|—x—l—2 ) ) 03(b2+y)> b2ty
Therefore, if v =110, by, = %, c3 = %, then d3; = 2938260809027 ~ 933.404 and the positive equilibrium point
is Po= (11,3, 6%).
The first Lyapunov coefficient is {1(Pg, d3;) ~ —0.222841. Hence the system exhibits a supercritical
Hopf bifurcation at Py with respect to ds. Setting d3 = bs; + 107! =~ 933.504, we have in Figure 7 a

projection to the (x,y, z) space of an orbit with initial condition Qg = (1.00001,1.00001, 0.50001, 0.00737472)
which tends to the stable limit cycle. Figure 8 shows the corresponding time series.

0.007375

0.007370

0.007365

0.50005

0.9999 y
0.50000

0.49995

1.0000

1.0001

Figure 7: Projection of limit cycle with respect to Py (one equilibrium, f; Holling IV).

Example 5.6. From the hypothesis in Theorem 4.7 the differential system (1.1) takes the form

. 29445d;(3wyo — x(2y + yo))
X = ’
3847yo

. 29445dsw B 3125y
yo(

— 128w —128x+832 |,
246208 w2 +x+ 21 W Lsox )

5 badsz(y —yo)
Yo(bz +y)

+
cs(bat+y)  w2+x+ 2

. day(ba+yo) [ 984832z  51675975w
984832y, 241

+ 876096x — 1752192) ,

__ 95480385736y
Therefore, by = 501530157 and

2067039¢3(bs + o) 11 13689cs(bs +yo)
Po= (22 p— (L1
0 ( 90 192350 » T8 Y T 1231040

Takingyo=1, dz =1, c3 = %, we have that byg ~ 5.82486 and the first Lyapunov coefficient is {1 (Pp, byo) ~
—1.91318. Hence the system exhibits a supercritical Hopf bifurcation at Py with respect to b,. Setting b, =
byo — 10! = 5.72486, we have in Figure 9 a projection to the (x,y, z) space of an orbit with initial condition
Qo = (2.01,2.01,1.01,36.1435) which tends to the stable limit cycle. Figure 10 shows the corresponding
time series.
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Figure 8: Time series with respect to Py (one equilibrium, f; Holling IV).

Figure 9: Projection of limit cycle with respect to Py (two equilibria, f; Holling IV).

Remark 5.7. When the system (1.1) has two equilibrium points and the parameter b; is near to the bifur-
cation value by, the third and fourth coordinates of Py are directly proportional to yo.
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Figure 10: Time series with respect to Py (two equilibria, f; Holling IV).

Example 5.8. From the hypothesis in Theorem 4.10 i) the differential system (1.1) takes the form

o 2873dsw [ 37485y
45928192\ yo (W2 +x+ )

. _ 65619d5(6wyo —x(2y + o))
- 1435256y ’
__dsylbatyo) (o ( 703275440z
180038512640y c3(b2+y)

5 _ b2dsz(y — o)
Yo(b2 +y)

— 100489) +

— 128w — 128x + 2496) ,

3057779781w

+ 3215648x |,
w2 4 x + % X)

We have that byy = 13216338622408722y0 511 the positive equilibrium points are

582645121928723

11

23911364960

2080122

(11 100489(ba+yo)) o, _ (33
1= {8 29" 900192563200 ) 27

gr Z/UO/

2066958241 (b + o)
15303273574400

Taking d3 =1, c3 = % and yo = 40, the first Lyapunov coefficient is {;(Po, byg) ~ —0.0134592. Hence the
system exhibits a supercritical Hopf bifurcation at Py with respect to b, and P; is locally asymptotically
stable. Setting by = by — 10~2 ~ 921.055, we have in Figure 11 a projection to the (x,y,z) space of an
orbit with initial condition Qo = (4.01,8.01,40.01,0.846051) which tends to the stable limit cycle. Figure

12 shows the corresponding time series.

Remark 5.9. When the system (1.1) has three equilibrium points and the parameter b, is near to the
bifurcation value by, the third and fourth coordinates of Py are directly proportional to yo.
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Figure 12: Time series with respect to Py (three equilibria, f; Holling IV).

6. Conclusions

The dynamics of the tritrophic chain model with age structure in the prey given by the differential
sytem (1.1) is determined under sufficient conditions on the parameter space. We considered two different
types of interaction between predator and reproductive population prey: through a Holling type II or IV
functional response f;.

If f; is Holling type II it is possible to have one or two positive equilibria Py and P;. There are
parameters conditions such that the differential system (1.1) has a Hopf bifurcation at Py with respect to
the parameter b, representing the handling time. If there is only one equilibrium point, the bifurcation
could be sub- or super-critical, whereas if there are two equilibria, it is only supercritical and the the other
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equilibrium point is locally unstable.

When f; is Holling type IV, there are sufficient conditions to have one, two or three positive equilibrium
points, Py, P1, P2. In all cases the differential system (1.1) exhibits a supercritical Hopf bifurcation at Py.
In the first case, the bifurcation is with respect to d3 which represents the mortality superpredator rate
growth. In the second case, the bifurcation is with respect to b, and P; is locally unstable. In the third case,
there is a non simultaneous Hopf bifurcation at Py and P; with respect to by, and P; is locally unstable.
From Theorems 3.4, 3.7, 4.7, and 4.10 we have that given a predator density there are parameters values
that guarantee the coexistence coming from a supercritical Hopf bifurcation whose bifurcation value is
approximately the predator density. Finally, we emphasize that the differential system (1.1) may presents
bistability (see Theorem 4.10 i)) when there is defense in the prey.
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